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DeTerMINE THE RANGE: Y= 2+sec(3x%)

UNDERSTANDING THE RANGE OF A FUNCTION IS A FUNDAMENTAL ASPECT OF ANALYZING ITS BEHAVIOR IN MATHEMATICS. \W/HEN
DEALING WITH TRIGONOMETRIC FUNCTIONS SUCH AS SECANT, IT’S ESSENTIAL TO UNDERSTAND HOW TRANSFORMATIONS AFFECT
THEIR DOMAIN AND RANGE. N THIS COMPREHENSIVE GUIDE, WE WILL EXPLORE HOW TO DETERMINE THE RANGE OF THE FUNCTION \(
Y=2+ \SEC(3X) \), BREAKING DOWN THE PROCESS STEP BY STEP, AND PROVIDING INSIGHTS INTO THE PROPERTIES OF THE
SECANT FUNCTION, ITS TRANSFORMATIONS, AND HOW TO IDENTIFY ITS RANGE EFFECTIVELY.

UNDERSTANDING THE BASIC SECANT FUNCTION

BEFORE ANALYZING THE SPECIFIC FUNCTION \( Y= 2 + \sec(3x) \), IT IS CRUCIAL TO UNDERSTAND THE FUNDAMENTAL
PROPERTIES OF THE SECANT FUNCTION ITSELF.

\WHAT IS THE SECANT FUNCTION?

THE SECANT FUNCTION, DENOTED AS \( \sec(x) \), IS ONE OF THE SIX FUNDAMENTAL TRIGONOMETRIC FUNCTIONS. |T IS DEFINED
AS THE RECIPROCAL OF THE COSINE FUNCTION:

\[

\sec(x) = \rrac{ 1}{\cos(x)}

\]

For ALL \( x \) where \( \cos(x) \neq O \).

Key ProperTIES OF \( \sec(x) \)

- Domain: ALL ReaL NUMBERS \( X \) sucH THAT \(\cos(x) \neq O \). Since \( \cos(x) =0 \) a7 \( x = \rrac{\rP1}{2}
+k\p1 \) wHere \( k \) IS ANY INTEGER, THE DOMAIN EXCLUDES THESE POINTS.
- Ranae: Because \( \sec(x) \) 1s THe reciProcAL of \( \cos(x) \), ITS VALUES ARE:

\[
\sec(x) \LeQ -1 \quab \TexT{or} \QuaD \sec(x) \GeqQ T
\]

EXCLUDING THE INTERVAL \((=1, T)\). THis 1s bUE To THE FACT THAT \(\cos(x)| \Leq 1 \), so \(\sec(x)| \Geq 1 \).

- GRAPHICAL BeHAVIOR: THE GRAPH OF \( \sec(x) \) FEATURES BRANCHES THAT EXTEND TO INFINITY IN BOTH THE POSITIVE
AND NEGATIVE DIRECTIONS, WITH VERTICAL ASYMPTOTES WHERE \( \cos(x) =0 \).

ANALYZING THE FUNcTION \( Y= 2 + \sec(3x) \)

OUR GOAL IS TO FIND THE RANGE OF THE FUNCTION:

Y =2 + \sec(3x)
THIS INVOLVES UNDERSTANDING HOW THE BASIC SECANT FUNCTION IS TRANSFORMED BY THE VERTICAL SHIFT AND THE
HORIZONT AL COMPRESSION DUE TO THE COEFFICIENT \( 3 \).

STeP 1: UNDERSTAND THE TRANSFORMATION

- HorizonT AL CoMPRESSION/STRETCH: THE ARGUMENT \( 3X \) CAUSES A HORIZONTAL COMPRESSION BY A FACTOR OF \(
\FRAC{ 1} 33} \). THIS AFFECTS THE PERIOD OF THE FUNCTION.



- VERTICAL SHIFT: ADDING 2 SHIFTS THE ENTIRE GRAPH VERTICALLY UPWARD BY 2 UNITS.

Step 2: DeTerMINE THE RANGE oF \( \sec(3x) \)

GIVEN THE BASIC PROPERTIES:
- \(\sec(3x) \LeQ -1 \) or \(\sec(3x) \ceq 1)

THIS IS BECAUSE THE SECANT FUNCTION, LIKE COSINE, IS UNDEFINED AT CERTAIN POINTS BUT ITS RANGE OUTSIDE THOSE POINTS
IS:

\[
C-\inFTy, =1 \cue [ 1, \iNFTY)

\]

Step 3: INCORPORATE THE VERTICAL SHIFT \( +2 \)

Since \( Y = 2 + \sec(3x) \), THE RANGE oF \( Y \) Is OBTAINED BY SHIFTING ALL VALUES of \( \sec(3x) \) upwArD BY
2:

- For \(\sec(3x) \ceq 1\),\( Y \ceq 2+ 1=3\)

- For \(\sec(B3x) \Leq -1 \),\( Y \Le 2-1=11)

THEREFORE, THE OVERALL RANGE OF \( Y \) Is:

\[
-\inFry, 1] \cue [3, \INFTY)

\]

DeTAILED STEP-BY-STEP DERIVATION OF THE RANGE

T O FORMALIZE THE DERIVATION PROCESS, LET’'S EXAMINE STEP BY STEP HOW THE TRANSFORMATIONS INFLUENCE THE RANGE.

Step 1: Basic RanGe oF \( \sec(x) \)
\[

\Boxen{

\texT{RANGE oF } \sec(x): \Quab (-\iNeTv, - 1] \cup [ 1, \INFTY)
}

\]

THIS IS DUE TO THE RECIPROCAL RELATIONSHIP WiITH \( \cos(x) \):
- WHen \( \cos(x)l < 1\), \(\sec(x)[ > 1\)

- WHeN \(\cos(x)l = 1\), \(\sec(x) = \pm 1)

Step 2: EFFecT oF HorizonTAL Compression \( 3x \)

- THe periobd of \( \sec(x) \) 1s \( 2\pi \).

- For \('\sec(3x) \), THE PERIOD BECOMES:

\[

\rrac{2\rPi}{3}

\]

- THIS COMPRESSION AFFECTS HOW FREQUENTLY THE FUNCTION ATTAINS ITS MAXIMUM AND MINIMUM VALUES, BUT DOES NOT
CHANGE THE SET OF POSSIBLE VALUES For \( \sec(3x) \).



Step 3: VerTICAL SHIFT \( +2))

- ADDING 2 To \(\sec(3x) \) SHIFTS THE ENTIRE GRAPH UP\W/ ARDS.
- THEREFORE, THE RANGE SHIFTS ACCORDINGLY:

\[

ANy, 1] \cur [T, \iNFTY) \QUAD \xrIGHT ARROW{\ TEXT{SHIFT UP BY 2}} \QUAD (-\INFTY, 1]+ 2 \cur [T, \INFTY) +
2

\]

WHICH SIMPLIFIES TO:

\[

\inety, 1+ 2] \cup [1 + 2, \iINFTY) \QuAaD \RiGHTARROW \QUAD (-\INFTY, 3] \cup [3, \INFTY)

\]

SINCE THE UNION OF THESE TWO SETS IS THE ENTIRE REAL LINE EXCEPT PERHAPS SOME INTERVAL BETWEEN THE TWO, BUT NOTE
THAT THE POINTS AT EXACTLY 3 ARE INCLUDED IN BOTH SETS, THE COMBINED RANGE IS:

\[

(-\ineTy, 3] \cup [3, \iNeTY) = (-\INFTY, \INFTY)

\]

However, BecAUse \( \sec(3x) \) CANNOT TAKE VALUES BETWEEN -1 AND 1, THE SHIFTED FUNCTION \( Y = 2 + \sec(3x)
\) CANNOT TAKE VALUES BETWEEN 2 + (-1) = 1 AND 2 + 1 = 3. THIS MEANS:

- THE FUNCTION CANNOT ATTAIN VALUES IN THE INTERVAL \( (1, 3) \).

THUS, THE ACCURATE RANGE IS:

\[
-\inFTy, 1] \cup [3, \iNFTY)

\]
SUMMARY:

| OriGINAL \( \sec(x) \) vaLues | TransForMed \( Y= 2 + \sec(3x) \) VALUES

|
I\N(\te@ =T D) [\(\eeq 1) |
I\(\ee@ T\ [\(\eeQ 3 V)|

FINAL RANGE:

\[

\BoxED{

Y AN GAINeTY, 1] \cup [3, \INFTY)
3

\]

GRAPHICAL INTERPRETATION

VISUALIZING THE FUNCTION HELPS SOLIDIFY UNDERSTANDING OF ITS RANGE:

- THe GRAPH oF \( \sec(3x) \) HAS VERTICAL ASYMPTOTES AT POINTS WHERE \( \cos(3x) =0 \), 1e, \( 3x =
\rrAC{\P1}{2} + k\P1 \), or \( x = \rrRAc{\PI}{6} + \rrAc{k\P13{3} ).

- BETWEEN THESE ASYMPTOTES, THE GRAPH OF \( \sec(3x) \) osciLLaTes BeTween \( -\INFTY \) ano \(-1\), AND
geTween \( 1 \) ano \(C\inrTy ).

- SHIFTING THE GRAPH UPWARD BY 2 MOVES THE ASYMPTOTES AND THE OSCILLATIONS, CREATING THE TWO DISTINCT
BRANCHES WITH RANGES AS IDENTIFIED.



APPLICATIONS OF DETERMINING THE RANGE IN MATHEMATICS

UNDERST ANDING THE RANGE OF FUNCTIONS LIKE \( Y= 2 + \sec(3x) \) HAS MULTIPLE APPLICATIONS:
1. GRAPHING FUNCTIONS: ACCURATE PLOTTING DEPENDS ON KNOWING THE RANGE TO ANTICIPATE THE VALUES THE
FUNCTION CAN TAKE.
2. SoLVING EQUATIONS: \WHEN SoLVING FOR \( X \) GIvVEN \( Y \), THE RANGE DETERMINES THE POSSIBLE SOLUTIONS.

3. REAL-WORLD MODELING: IN PHYSICS, ENGINEERING, AND OTHER SCIENCES, KNOWING THE RANGE HELPS INTERPRET THE
POSSIBLE OUTPUTS OF MODELS INVOLVING OSCILLATIONS AND PERIODIC BEHAVIOR.

4. CALCULUS: RANGE ANALYSIS IS ESSENTIAL FOR UNDERSTANDING THE BEHAVIOR OF FUNCTIONS, INCLUDING FINDING
MAXIMA, MINIMA, AND ASYMPTOTES.

PRACTICE PROBLEMS TO REINFORCE CONCEPT

To SOLIDIFY UNDERSTANDING, CONSIDER

FREQUENTLY AskeD QUESTIONS

W/HAT IS THE GENERAL FORM OF THE FUNCTION Y = 2 + sec(3x)?

THE FUNCTION IS A TRANSFORMED SECANT FUNCTION WITH A VERTICAL SHIFT OF 2 UNITS, WHERE THE SECANT FUNCTION IS
SCALED HORIZONTALLY BY A FACTOR OF 1/3.

How DO YOU FIND THE RANGE OF Y = 2 + sec(3x)?

Since sec(3x) VARIES FROM -F] To -1 AND 1 TO [f] , ADDING 2 SHIFTS THIS RANGE To (<[] , 1) U (3, Bl ).

\W/HAT ARE THE KEY FEATURES OF THE GRAPH OF Y = 2 + sec(3x)?

THE GRAPH HAS VERTICAL ASYMPTOTES WHERE COS(3%) = O, AND THE SECANT CURVES REACH MINIMUM AND MAXIMUM VALUES
AT POINTS WHERE COS(3X) = £ 1, SHIFTED VERTICALLY BY 2.

W/HAT IS THE PERIOD OF THE FUNCTION Y = 2 + sec(3x)?

THE PERIOD OF THE SECANT FUNCTION IS (2M)/3, SINCE THE PERIOD OF cos(3x) I1s (2m)/3.

How DOES THE COEFFICIENT 3 INSIDE THE SECANT FUNCTION AFFECT ITS GRAPH?

THE COEFFICIENT 3 COMPRESSES THE GRAPH HORIZONTALLY BY A FACTOR OF 1/3, MAKING THE PERIOD SHORTER.

ARE THERE ANY RESTRICTIONS ON THE DOMAIN OF Y = 2 + sec(3x)?

YES, THE GRAPH IS UNDEFINED WHERE COS(3%) = 0, WHICH occURS AT X = (n/6) + (n/3)k, FOR ALL INTEGERS K.



\WHAT IS THE SIGNIFICANCE OF THE VERTICAL SHIFT IN Y = 2 + sec(3x)?

THE VERTICAL SHIFT OF +2 MOVES THE ENTIRE SECANT GRAPH UP\WARD, CHANGING THE RANGE BUT NOT THE PERIOD OR SHAPE
OF THE GRAPH.

ADDITIONAL RESOURCES

DETERMINE THE RANGE: Y = 2 + sec(3x)

UNDERSTANDING THE RANGE OF A TRIGONOMETRIC FUNCTION IS FUNDAMENTAL IN BOTH PURE AND APPLIED MATHEMATICS,
ESPECIALLY WHEN ANALYZING PERIODIC PHENOMENA , WAVE BEHAVIORS, OR OSCILLATORY SYSTEMS. THE FUNCTION Y = 2 +
SEC(SX) PRESENTS AN INTERESTING CASE BECAUSE IT INVOLVES A SECANT FUNCTION, WHICH NATURALLY INTRODUCES
ASYMPTOTES AND DISCONTINUITIES, AND A VERTICAL TRANSLATION THAT SHIFTS THE ENTIRE GRAPH VERTICALLY. DETERMINING
ITS RANGE INVOLVES UNDERSTANDING THE PROPERTIES OF THE SECANT FUNCTION, ITS TRANSFORMATIONS, AND HOW THESE
INFLUENCE THE SET OF POSSIBLE OUTPUT VALUES.

UNDERSTANDING THE BASIC COMPONENTS OF THE FUNCTION

WHAT IS THE SECANT FUNCTION?

THE SECANT FUNCTION, DENOTED AS SEC(@), IS THE RECIPROCAL OF THE COSINE FUNCTION!:

\[
\sec(o) = \rrac{1}{\cos(e)}
\]

[T SHARES THE PERIODIC NATURE OF COSINE, WITH A PERIOD OF \(2“\), BUT EXHIBITS DIFFERENT BEHAVIORS:

- Rance oF cosine: \(-1 \Leq \cos(®) \Leq 1\)
- Ranae oF secanT: \(\sec(e) \Leq - 1\) or \(\sec(®) \ceq 1\)

BECAUSE SECANT IS THE RECIPROCAL OF COSINE, IT IS UNDEFINED WHERE COSINE EQUALS ZERO, LEADING TO VERTICAL
ASYMPTOTES AT THOSE POINTS.

TRANSFORMATIONS IN THE FUNCTION Y = 2 + sec(3x)

THIS FUNCTION INVOLVES TWO KEY TRANSFORMATIONS:

1. HORIZONTAL COMPRESSION: THE ARGUMENT OF SECANT IS MULTIPLIED BY 3, IE., \(3x\). THIS COMPRESSES THE PERIOD OF
THE SECANT FUNCTION:

\[
\TexT{PerIOD OF } \sec(3x) = \rrac{2n}{3}

\]

2. VERTICAL SHIFT: THE ENTIRE SECANT GRAPH IS SHIFTED UPWARD BY 2 UNITS, DUE TO THE "+ 2" TERM.



UNDERSTANDING THESE TRANSFORMATIONS HELPS US ANALYZE THE BEHAVIOR OF THE FUNCTION OVER ITS DOMAIN AND
DETERMINE ITS RANGE.

ANALYZING THE RANGE OF Y = 2 + sec(3x)

Step 1: DETERMINE THE RANGE oF Sec(3x%)

SINCE THE SECANT FUNCTION'S oUTPUT IS CONSTRAINED To \(\sec(e) \Leq - 1\) or \(\sec(e) \ceQ 1\), THE RANGE OF
sec(3x) 1s:

\[
-\inery, =1] \eup [T, \iINFTY)

\]

THIS IS BECAUSE SECANT CANNOT TAKE VALUES BETWEEN - 1 AND ]/ AS THAT WOULD REQUIRE COSINE TO BE BET\WEEN O AND
1 BUT NOT REACHING ZERO, WHICH IS IMPOSSIBLE FOR SECANT.

STEP 2: INCORPORATE THE VERTICAL SHIFT

ADDING 2 TO SECANT SHIFTS ITS ENTIRE RANGE UPWARD BY 2 UNITS:

\[
Y =2 + \sec(3x)
\]

SO, THE NEW RANGE BECOMES:

\[
Y AIN\LEFT( 2 + (\iNFTY), 2 + (1] \riGHT] \cup \LErT[ 2 + 1, 2 + \INFTY \RIGHT)

\]

SIMPLIFYING:

\l

Y \IN \LerT(-\ineTY, T \RIGHT] \cup \LerT[ 3, \INFTY \RIGHT)

\]

THEREFORE, THE COMPLETE SET OF POSSIBLE Y -VALUES (THE RANGE) FOR THE FUNCTION IS:

\l

\soxen{

\TexT{RANGE oF } Y = (-\ineTY, 1] \cup [3, \iINFTY)
}

\]

THIS INDICATES THAT THE FUNCTION CAN TAKE ANY VALUE LESS THAN OR EQUAL TO 1 OR GREATER THAN OR EQUAL TO 3,
BUT IT CANNOT TAKE VALUES BETWEEN 1 AND 3.



GRAPHICAL INTERPRETATION AND BEHAVIOR

ASYMPTOTES AND DISCONTINUITIES

BECAUSE SECANT IS UNDEFINED WHERE COSINE IS ZERO, THE FUNCTION WILL HAVE VERTICAL ASYMPTOTES AT POINTS \WHERE:

\[

\cos(3x) =0

\]

THE ZEROS OF COSINE OCCUR AT:

\[

3x = \rrac{\PI{2} + \PI, \QuAD k \IN \MATHBB{Z}
\]

SoLvING For \(x\):

\[

x = \rrAac{\P1/2 + K\P1}{3} = \rrac{\PiI}{ 6} + \rrac{k\P13{3}
\]

AT THESE \(X\)‘VALUES, SEC(SX) APPROACHES INFINITY OR NEGATIVE INFINITY, CREATING VERTICAL ASYMPTOTES, AND THE
"o n

GRAPH EXHIBITS CHARACTERISTIC “U” orR “N” SHAPES APPROACHING THESE ASYMPTOTES.

Periobic NATURE AND KeY POINTS

THE PERIOD OF THE FUNCTION IS:

\[
\TexT{PeriOD} = \FRAC{2\P1}{3}
\]

W/ ITHIN EACH PERIOD, THE FUNCTION REACHES ITS MAXIMUM AND MINIMUM ASYMPTOTES AND CROSSES SPECIFIC POINTS, SUCH AS
WHERE SECANT EQUALS 1 OR -1 , WHICH CORRESPONDS TO COSINE BEING * 1.

FEATURES AND CHARACTERISTICS OF THE FUNCTION

Pros:

- CLEAR PERIODIC BEHAVIOR: THE FUNCTION REPEATS EVERY \(\FRAC{2\P1}{3}\), MAKING IT PREDICTABLE OVER INTERVALS.

- DISTINCT ASYMPTOTES: VERTICAL ASYMPTOTES PROVIDE CLEAR MARKERS FOR THE FUNCTION'S UNDEFINED POINTS, USEFUL IN
GRAPHING AND ANALYSIS.

- \WIDE RANGE: THE FUNCTION'S RANGE INCLUDES ALL VALUES LESS THAN OR EQUAL TO 1 AND GREATER THAN OR EQUAL TO 3,
OFFERING A BROAD SPECTRUM OF POSSIBLE OUTPUTS.

Cons:



- DISCONTINUITIES: THE FUNCTION IS NOT DEFINED AT ASYMPTOTES, WHICH CAN COMPLICATE ANALYSIS OR INTEGRATION.
- JUMP DISCONTINUITIES: THE GRAPH JuMPS BETWEEN THE RANGES \((-\INFTY, T]\) anD \([3, \INFTY)\), MAKING CERTAIN
CALCULUS OPERATIONS MORE COMPLEX.

- LIMITED DOMAIN: THE FUNCTION IS PERIODIC, BUT ITS DOMAIN IS IMPLICITLY RESTRICTED TO INTERVALS BETWEEN
ASYMPTOTES, WHICH CAN BE LIMITING IN SOME APPLICATIONS.

APPLICATIONS OF UNDERSTANDING THE RANGE

KNOWING THE RANGE OF Y = 2 + sec(3X) IS CRUCIAL IN VARIOUS CONTEXTS:

- SIGNAL PROCESSING: IN ANALYZING OSCILLATIONS WHERE AMPLITUDE CONSTRAINTS ARE ESSENTIAL.
- ENGINEERING: FOR DESIGNING SYSTEMS WITH PREDICTABLE VOLTAGE OR CURRENT LIMITS MODELED BY SECANT FUNCTIONS.
- MATHEMATICAL MODELING: W/HEN MODELING PHENOMENA W/ITH PERIODIC DISCONTINUITIES OR ASYMPTOTIC BEHAVIORS.

SUMMARY AND FINAL THOUGHTS

DETERMINING THE RANGE OF THE FUNCTION Y = 2 + SEC(3X) INVOLVES UNDERSTANDING THE BASIC PROPERTIES OF THE SECANT
FUNCTION, ITS TRANSFORMATIONS, AND THEIR COMBINED EFFECTS. THE KEY POINTS ARE:

- THE ORIGINAL SECANT FUNCTION HAS A RANGE OF \((-\INeTY, = T]\) or \([ T, \INeTY)\).
- VERTICAL SHIFTS TRANSLATE THIS RANGE UPWARD BY 2 UNITS, RESULTING IN \((- \ineTv, T]\) anp \([3, \iNeTY)\).
- THE FUNCTION EXHIBITS VERTICAL ASYMPTOTES AT POINTS WHERE \(\cos(3x) = 0\), 1., AT \(x = \rrac{\Pi}{6} +

\rrac{k\PI}{33\).

UNDERSTANDING THESE ASPECTS PROVIDES A COMPREHENSIVE VIEW OF THE BEHAVIOR AND CHARACTERISTICS OF THE FUNCTION,
ALLOWING FOR ACCURATE GRAPHING, ANALYSIS, AND APPLICATION IN VARIOUS FIELDS.

IN CONCLUSION, THE RANGE OF Y = 2 + sec(3x) Is:

\[

\BOXED{

-\ineTy, 1] \cup [3, \INFTY)
}

\]

THIS INSIGHT IS VITAL FOR MATHEMATICIANS, ENGINEERS, AND SCIENTISTS WORKING WITH PERIODIC AND OSCILLATORY SYSTEMS
INVOLVING SECANT FUNCTIONS, ENABLING BETTER MODELING AND PROBLEM-SOLVING STRATEGIES.
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