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This intriguing problem combines fundamental concepts from combinatorics—specifically, combinations
and permutations—and invites us to explore the relationship between these two mathematical
operations. At first glance, the equation C(n, 3) = P(n, 2) appears straightforward, but delving deeper
reveals rich insights into how selecting and arranging objects relate to each other. Understanding how
to find the value of N that satisfies this equality not only enhances our grasp of combinatorial formulas
but also sharpens problem-solving skills, which are essential in fields ranging from mathematics and

computer science to engineering and statistics.

In this article, we will systematically analyze the problem, recall the definitions of combinations and
permutations, derive the relevant formulas, and solve for N. We will also explore related concepts,

provide step-by-step solutions, and discuss the broader implications of such combinatorial equations.

Understanding the Core Concepts: Combinations and

Permutations

Before we proceed to solving the problem, it’s crucial to grasp what combinations and permutations

mean, how they differ, and their respective formulas.

What Are Combinations?

Combinations refer to the selection of objects from a set where the order does not matter. For
example, choosing 3 fruits from an assortment of apples, oranges, and bananas involves
combinations. The number of ways to select k objects from a set of n objects is given by the

combination formula:



¢ Notation: C(n, k) or "n choose k"

e Formula: C(n, k) = \(\Mfrac{n'Hk!(n-k)'}\)

where:
- n! denotes factorial of n,

- k! is factorial of k.

For example, C(5, 3) = \(\Mfrac{5!H{3!2!}\) = 10.

What Are Permutations?

Permutations involve arrangements of objects where the order matters. For example, arranging 2
books on a shelf from a set of n books involves permutations. The number of ways to permute k

objects from a set of n objects is:

¢ Notation: P(n, k)

e Formula: P(n, k) = \(\frac{n!}{(n-k)'}\)

For example, P(5, 2) = \(\frac{5!}{(5-2)!}\) = 20.

Setting Up the Equation: C(n, 3) = P(n, 2)

Given the problem statement, our goal is to find the value of n such that:



C(n, 3) = P(n, 2)

Using the formulas for combinations and permutations, we substitute:
\[

\frac{n'H3!(n-3)!} = \frac{n'}{(n-2)'}

\

This equality involves factorial expressions, and simplifying this equation will lead us to the value of n.

Step-by-Step Derivation

Let's carefully analyze and simplify:
1. Write both sides explicitly:

\[
\frac{n!}{3!(n-3)'} = \frac{n!}{(n-2)'}
\]

2. Cross-multiplied, this becomes:
\[
\frac{n!'H3!(n-3)"} = \frac{n!}{(n-2)'}
\]

3. Since n! appears on both sides, and for n D 3, n! D 0, we can divide both sides by n!:

\[
\frac{1}{3!(n-3)} = \frac{1}{(n-2)1}



\

4. Recall 3! = 6, so:

\[
\frac{1}{6(n-3)!} = \frac{1}{(n-2)h
\]

5. Express (n-2)! in terms of (n-3)!

\[

(n-2)! = (n-2)(n-3)!

\

6. Substitute into the equation:

\[
\frac{1K6(n-3)"} = \frac{1}{(n-2)(n-3)'}
\]

7. Multiply both sides by (n-3)! to cancel:

\[

\frac{16} = \frac{1{n-2}

\

8. Now, solve for n:



Thus, the value of n that satisfies the equation is n = 8.

Verifying the Solution

I’s always good practice to verify the solution by plugging it back into the original expressions:
- Calculate C(8, 3):

\[

C(8, 3) = \frac{8!3! \times 5!} = \frac{40320}{6 \times 120} = \frac{40320}{720} = 56

\

- Calculate P(8, 2):

\[

P(8, 2) = \frac{8!}6!} = \frac{40320}{720} = 56

\

Since both are equal to 56, our solution n = 8 is correct.

Broader Implications and Related Problems

Understanding the relationship between combinations and permutations is fundamental in

combinatorics. Equations like C(n, 3) = P(n, 2) demonstrate how different counting principles can



intersect and sometimes yield surprising results. Exploring such problems can lead to:

- Better intuition about selecting versus arranging objects,
- Insights into more complex counting problems,

- Applications in probability, where understanding arrangements and selections is crucial.

Related Problems to Explore

1. Find n such that C(n, 2) = P(n, 2).
This simplifies to solving \(\frac{n(n-1){2} = n(n-1)\), which only holds for n = 1, leading to interesting

discussions about trivial cases.

2. Solve for n in C(n, k) = P(n, k-1).

This generalizes the problem and involves more complex algebraic manipulations.

3. Determine all n such that C(n, r) = P(n, s) for given r and s.

A more advanced problem that can involve inequalities and bounds.

Practical Applications

- Probability Theory: Calculating the likelihood of specific arrangements or selections.

- Statistics: Understanding sampling methods and arrangements.

- Computer Science: Algorithms involving combinatorial enumeration, such as generating permutations
or combinations.

- Operations Research: Optimizing arrangements and selections in logistics.

Conclusion

In summary, the problem of finding N such that C(n, 3) = P(n, 2) offers a compelling glimpse into the

relationships between different combinatorial operations. By applying factorial formulas, simplifying



algebraic expressions, and verifying solutions, we identified that n = 8 satisfies the equation.
Recognizing these connections enhances our problem-solving toolkit and deepens our understanding
of the foundational principles of combinatorics. Whether in academic pursuits or practical applications,
mastering such problems equips us with the analytical skills necessary to tackle complex counting

challenges across various disciplines.

Frequently Asked Questions

What does the equation C(n, 3) = P(n, 2) represent in combinatorics?

It represents finding the value of n such that the number of combinations of n items taken 3 at a time

equals the number of permutations of n items taken 2 at a time.

How do you express C(n, 3) and P(n, 2) mathematically?

C(n, 3) = n! / [3!(n-3)!] and P(n, 2) = n! / (n-2)..

How can we set up the equation to find n for C(n, 3) = P(n, 2)?

By substituting the formulas: n! / [3!(n-3)!] = n! / (n-2)! and then solving for n.

What steps are involved in solving for n in the equation C(n, 3) = P(n,
2)?

Simplify the factorial expressions, cancel common factors, and solve the resulting algebraic equation

for n.

What is the solution to the equation C(n, 3) = P(n, 2)?

n = 4, since substituting n=4 satisfies the equation.



Are there any other values of n that satisfy the equation C(n, 3) = P(n,

2)?

No, n=4 is the only positive integer solution for this equation.

Why is it important to verify the solution n=4 in the original equation?

To ensure that the calculated n value satisfies the initial combinatorial equality and makes sense within

the context of combinations and permutations.

Additional Resources

Mathematical Exploration: Finding N Such That C(n, 3) = P(n, 2)

Introduction: Unraveling the Equation's Significance

In the realm of combinatorics, understanding the relationships between different types of arrangements
and selections is fundamental. The equation C(n, 3) = P(n, 2) encapsulates a fascinating intersection
between combinations and permutations, offering a window into the underlying structure of counting
principles. This article embarks on an in-depth exploration of this equation, aiming to determine the

value(s) of n that satisfy it, along with the insights and implications such solutions provide.



Understanding the Components: Combinations and

Permutations

Before delving into solving the equation, it's essential to comprehend the foundational concepts

involved—combinations and permutations—and their mathematical formulations.

Combinations: Choosing Without Regard to Order

The notation C(n, k) (also written as \(\binom{n}{k}\)) represents the number of ways to choose k

elements from a set of n distinct elements, where order does not matter. The formula is:

\[
C(n, k) = \frac{n!'Kk!(n - k)!}
\

For k=3, this becomes:

\[
C(n, 3) = \frac{n!}{3!(n - 3)!} = \frac{n(n - 1)(n - 2)}{6}
\]

This expression counts all possible triplets from the set without considering their order.

Permutations: Arrangements With Regard to Order

The notation P(n, k) indicates the number of arrangements of k elements from a set of n elements,

where order does matter. The formula is:



\[

P(n, k) = \frac{n'H{(n - k)1}

\

For k=2, this simplifies to:

\[

P(n, 2) = \frac{n'{(n - 2)!} = n(n - 1)

\

This counts ordered pairs selected from the set.

Formulating the Equation: C(n, 3) = P(n, 2)

Given the formulas, the equation becomes:

\[
\frac{n(n - 1)(n - 2)}{6} = n(n - 1)
\]

Our goal is to find all values of n (typically integers greater than or equal to 3, since C(n, 3) is defined

only for n I:l 3) that satisfy this equality.



Solving the Equation Step-by-Step

Let's analyze and solve the equation systematically.

Step 1: Write the equation explicitly

\[
\frac{n(n - 1)(n - 2){6} = n(n - 1)
\]

Step 2: Simplify both sides

Notice that n(n - 1) appears on both sides. To facilitate solving, we'll multiply both sides by 6 to

eliminate the denominator:
\[

n(n - 1)(n - 2) = 6 \times n(n - 1)
\]

Step 3: Factor common terms

Assuming n I:l 0 and n I:l 1, as these would trivialize the equation or lead to undefined expressions, we

can divide both sides by n(n - 1), provided these are non-zero:

\[



However, we must consider the cases n=0 and n=1 separately, because division by zero is undefined.

Case1:n|:|0andn|:|1

Dividing both sides by n(n - 1):

which leads to:

\[

n=38

\]

Case 2: n=0

Plug into the original equation:
\[
C(0,3) = P(0,2)

\

But C(0,3) = 0 (since choosing 3 from 0 is impossible), and P(0,2) = 0 (no arrangements). So equality

holds, and n=0 is a solution.

Case 3: n=1

Similarly,



\[
C(1,3)=0, \quad P(1,2)=0
\]

Equality holds, so n=1 is a solution.
Case 4: n=2
Calculate:

\[

C(2,3) = 0 \quad (\text{since } 2<3)
\]

\[

P(2,2) =2 \times 1 =2

\

So, 0 D 2, not a solution.

Summary of solutions

- n=0: Valid, as both sides are zero.
- n=1: Valid, both sides are zero.
- n=8: Valid, from simplifying the equation.

- n=2: Not valid, since the values differ.



Interpreting the Results: Validity and Constraints

The solutions n=0, 1, 8 satisfy the original equation. Let’s analyze their relevance in the context of

combinatorics:

- n=0 and n=1: These are trivial cases. The binomial coefficient C(n,3) is zero because choosing 3
elements from fewer than 3 is impossible, and the permutation P(n,2) is also zero or undefined for
n<2. In the case of n=0 and n=1, both sides are zero, so the equation holds, although these are

degenerate cases.

- n=8: This is the most meaningful solution, as it represents a typical, non-trivial case where both

quantities are positive integers.

Mathematical and Practical Significance of the Solution at n=8

The value n=8 reveals an intriguing harmony between combinations and permutations:

\[

C(8, 3) = \frac{8 \times 7 \times 66} = 56
\

\[

P(8, 2) = 8 \times 7 = 56

\

This equality underscores that selecting 3 elements from an 8-element set (order irrelevant) yields the
same count as arranging 2 elements in order (from the same set). It's a coincidence rooted in the

algebraic structure of these functions but also highlights the interconnection between different counting



principles.

Broader Implications and Extensions

Understanding this specific case opens avenues for exploring other relationships between

combinatorial functions. For example:

- General exploration of equations involving C(n, k) and P(n, m): Finding values of n such that C(n, k)
= P(n, m) for various k, m.

- Identifying special values where these functions intersect: Such as when combinatorial counts align,
which can have applications in probability, statistical mechanics, and computer science algorithms.

- Analyzing boundary cases: For small values of n, where the functions default to zero, versus larger

values where the counts grow rapidly.

Summary

The fundamental equation:

\[
C(n, 3) = P(n, 2)
\]

has been rigorously analyzed, revealing solutions at n=0, 1, 8. While the trivial solutions at 0 and 1

have limited practical use, the solution at n=8 exemplifies a harmonious intersection between



combination and permutation counts, offering a compelling insight into the structure of counting

functions.

Concluding Thoughts

Mathematics often reveals its elegance through such seemingly simple equations, which, upon closer
inspection, unveil rich relational structures. The exploration of C(n, 3) = P(n, 2) not only deepens our
understanding of combinatorial functions but also encourages further investigation into the
interconnectedness of counting methods. Whether for theoretical pursuits or practical problem-solving,
recognizing these relationships enhances our ability to analyze complex systems with clarity and

precision.

In essence, the key takeaway is that the value n=8 uniquely balances these two fundamental counting

principles, exemplifying the beautiful symmetry that often underpins mathematical relationships.
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