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Introduction

Mathematics is a fascinating subject that challenges students and enthusiasts alike to think critically
and solve complex problems. Among the various topics within algebra, absolute value equations can
often pose significant challenges, especially when they involve multiple absolute value expressions
combined with constants. One such equation that can seem perplexing at first glance is:

\[
-6|x-2|-9=4|x-2|+5
\]

This equation involves absolute value expressions centered around \(x - 2\), combined with
coefficients and constants. Solving this type of equation requires a solid understanding of how
absolute values behave and how to manipulate them algebraically.

In this comprehensive guide, we will walk through the process of solving the equation step-by-step,
explore the concepts behind absolute value equations, and provide tips to approach similar problems.
Whether you're a student preparing for exams, a teacher looking for teaching strategies, or a self-
learner interested in mastering absolute value equations, this article will serve as a valuable resource.

Understanding Absolute Value Equations
What is an Absolute Value?

The absolute value of a number is its distance from zero on the number line, regardless of direction.
Mathematically, the absolute value of \(x\) is denoted as \(|x|\):

\[

|x| = \begin{cases}

X, & \text{if } x \geq 0 \\
-x, &\text{if } x< 0
\end{cases}

\]

This definition implies that absolute value expressions can be broken into different cases depending
on whether the expression inside is positive or negative.

Why Are Absolute Value Equations Challenging?
Solving equations involving absolute values requires considering multiple cases because the definition

of absolute value involves different expressions based on the sign of the contents. When an equation
contains absolute value expressions with variables, you typically need to:



- Isolate the absolute value terms

- Consider different cases based on the sign of the expressions inside the absolute values
- Solve the resulting linear equations in each case

- Check solutions for extraneous roots

Understanding these steps is crucial in correctly solving the equations and avoiding mistakes.

Analyzing the Equation: \(-6|x - 2| - 9 = 4|x - 2| + 5\)

Step 1: Recognize the Structure

The given equation:

\[

-6|x-2|-9=4|x-2|+5

\]

contains:

- An absolute value term: \(|x - 2|\)

- Coefficients multiplying the absolute value: \(-6\) and \(4\)
- Constants: \(-9\) and \(5\)

Our goal is to find all real values of \(x\) that satisfy this equation.
Step 2: Simplify the Equation

To make the equation more manageable, combine like terms or move all terms to one side:

\[
6lx-2|-9-4x-2[-5=0
\]

Combine the absolute value terms:

\[

(-6]x - 2| -4]x-2[)-9-5=0
\]

\[

10|x-2|-14=0

\]

Now, the equation simplifies to:

\[
-10|x - 2| = 14
\]



Step 3: Isolate the Absolute Value

Divide both sides by \(-10\):

\[

[x - 2| = -\frac{14}{10} = -\frac{7}{5}

\]

Step 4: Analyze the Result

Recall that the absolute value of any real number is always non-negative; that is:
\[

|x-2]\geq 0

\]

Since the right side of the equation is \(-\frac{7}{5}\), a negative number, this equation has no
solution because the absolute value cannot be negative.

Conclusion: No Solution for the Given Equation
Based on the algebraic manipulation, the equation
\[

-6|x-2|-9=4|x-2|+5

\]

has no real solutions. The key insight was recognizing that after combining like terms, the absolute
value expression equated to a negative number, which is impossible in the real number system.

Common Mistakes and Misconceptions
Mistake 1: Not Simplifying Properly

Sometimes, students may attempt to solve the equation directly without simplifying. This can lead to
errors. Always look for ways to combine like terms before considering case splits.

Mistake 2: Ignoring the Sign of Absolute Values

Remember that \(|x]\) is always = 0. Any solution implying \(|x| =\) negative number is invalid in real
numbers.

Mistake 3: Overlooking Extraneous Solutions

In more complex equations, some solutions obtained after solving might not satisfy the original
equation. Always substitute solutions back into the original to verify.



Additional Examples of Absolute Value Equations

To deepen understanding, here are some similar problems with solutions:
Example 1: \(|3x + 4| = 7\)

Solution:

- Case 1: \(3x + 4 = 7 \Rightarrow 3x = 3 \Rightarrow x=1\)
- Case 2: \(3x + 4 = -7 \Rightarrow 3x = -11 \Rightarrow x = -\frac{11}{3}\)

Answer: \(x=1\) or \(x=-\frac{11}{3}\)

Example 2: \(|x - 5| + 3 =0\)
Solution:

\[
|x-5]=-3
\]

Since absolute value cannot be negative, no solutions.

Tips for Solving Absolute Value Equations

1. Isolate the absolute value expression whenever possible.

2. Set up cases based on the definition:

- When the expression inside is = 0

- When the expression inside is < 0

3. Solve each case separately, paying attention to signs.

4. Check solutions in the original equation to rule out extraneous roots.

5. For equations where the absolute value equals a negative number, conclude no solution
immediately.

How to Approach Similar Problems

- Always analyze the structure of the equation first.

- Simplify algebraically before splitting into cases.

- Carefully consider the domain restrictions imposed by absolute value.
- Use substitution if the equation involves complex expressions.

- Verify solutions thoroughly.



Conclusion

Understanding and solving absolute value equations, such as \(-6|x - 2| - 9 = 4|x - 2| + 5\), requires a
systematic approach. The key steps involve simplifying the equation, analyzing the properties of
absolute values, and paying close attention to the sign restrictions. In this specific case, the equation
has no solution because the absolute value expression equates to a negative number, which is
impossible.

Mastering these techniques enhances problem-solving skills and builds a strong foundation in algebra.
Practice with various absolute value equations to become confident in handling different complexities

and scenarios. Remember, always check your solutions and understand the reason behind each step
for a thorough grasp of the concepts.

Frequently Asked Questions (FAQs)

Q1: Can absolute value expressions be negative?

No. The absolute value of any real number is always non-negative (\(\geq 0\)).

Q2: What should | do if | get an absolute value equation equal to a negative number?

In such cases, the equation has no real solutions. It's a quick sign check after simplifying the
equation.

Q3: How do | verify solutions in absolute value equations?

Substitute the solution back into the original equation to ensure both sides are equal. If they match,
the solution is valid.

Q4: Are absolute value equations always solvable?

Not necessarily. Some equations have no solutions, especially when the absolute value is set equal to
a negative number.

Final Thoughts

Solving equations like \(-6|x - 2| - 9 = 4|x - 2| + 5\) can seem daunting at first, but with a clear
understanding of the properties of absolute values and systematic techniques, these problems
become manageable. Remember to simplify, consider cases, check your work, and trust your
algebraic skills. Happy solving!

Frequently Asked Questions



What is the main goal when solving the equation 6|x-2| - 9 =
4|x-2| + 5?

The main goal is to isolate the absolute value term and then solve for x by simplifying and considering
the properties of absolute value equations.

How do you start solving the equation 6|x-2| - 9 = 4|x-2| + 5?

Begin by bringing like terms involving |x-2| to one side and constants to the other side, for example,
subtract 4|x-2| from both sides.

What is the simplified form after subtracting 4|x-2| from both
sides of the equation?

The equation becomes 2|x-2| - 9 = 5.

How do you solve for |x-2| after simplifying the equation to
2|x-2| -9 = 5?
Add 9 to both sides to get 2|x-2| = 14, then divide both sides by 2 to find |x-2| = 7.

What are the possible solutions for x given |x-2| = 7?

The solutionsare x-2 =7 or x - 2 = -7, which means x = 9 or x = -5.

Are there any extraneous solutions in this absolute value
equation?

No, both solutions x = 9 and x = -5 satisfy the original equation, so they are valid solutions.

What is the final answer to the equation 6|x-2| - 9 = 4|x-2| +
5?

The solutions are x = 9 and x = -5.

Additional Resources
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Understanding and solving equations involving absolute value expressions can be a challenging yet
rewarding endeavor for students and math enthusiasts alike. Among these, equations that combine

multiple absolute value terms with coefficients and constants often require a strategic approach to
unravel their solutions. One such equation that exemplifies this complexity is:
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This equation may appear intimidating at first glance, but with careful analysis and methodical steps,
it becomes manageable. In this article, we will dissect this problem, explore the underlying principles
of absolute value equations, and guide you through a clear, comprehensive solution process.

Understanding Absolute Value Equations

What Is Absolute Value?

Absolute value is a mathematical concept that measures the distance of a number from zero on the
number line, regardless of direction. For any real number \(a\):

-\(|a[ \geq 0V)
-\(la] = a\) if \(a \geq 0\)
-\(Jaf = -a\) if \(a < 0\)

For example:
-\(I3] = 3\)
-\(]-5] = 5\)

When an absolute value expression involves a variable, such as \(|x - 2|\), it indicates the distance
between \(x\) and 2 on the number line.

Why Are Absolute Value Equations Challenging?

Absolute value equations are tricky because they inherently involve two cases—one where the
expression inside the absolute value is non-negative, and one where it is negative. For an equation
involving \(|x - 2|\), this means:

- Case 1: \(x - 2 \geq 0\) (i.e., \(x \geq 2\))
-Case 2:\(x -2 < 0\) (i.e., \(x < 2\))

In each case, you replace \(|x - 2|\) with either \(x - 2\) or \(-(x - 2)\), simplifying the equation

accordingly. The key is to find solutions for both cases and then verify which solutions satisfy the
original equation.

Analyzing the Given Equation



Equation Restatement

Let's restate the original problem:
-6|x-2| -9 = 4|x-2| + 5

This equation involves the absolute value \(|x - 2|\) multiplied by coefficients, with constants added or
subtracted. Our goal is to find all values of \(x\) that satisfy this equality.

Initial Observations

- The absolute value \(|x-2|\) appears twice, each multiplied by different coefficients.
- The equation can be viewed as a linear combination of \(|x - 2|\) and constants.
- Because of the presence of \(|x-2|\), we should consider the two cases based on the sign of \(x - 2\).

Step-by-Step Solution Process

Step 1: Isolate the Absolute Value Terms

The given equation:

\[
-6|x-2| -9 = 4|x-2| + 5
\]

Our first step is to gather all the \(|x-2]\) terms on one side and constants on the other for easier
manipulation.

Adding \(6]x-2|\) to both sides:
\[

-9 =4|x-2| + 6|x-2| + 5

\]

Simplify the right side:

\[

-9 = (4 + 6)|x-2| + 5
\]

\[

-9 = 10|x-2| + 5

\]



Now, subtract 5 from both sides:

\[
-9-5=10|x-2|
\]

\[

-14 = 10|x-2|
\]

Finally, divide both sides by 10:

\[

\frac{-14}{10} = |x-2|
\]

\[

\frac{7}{5} = [x-2|

\]

Key Observation: The absolute value \(|x-2|\) cannot be negative, as it represents a distance and is
always greater than or equal to zero.

Conclusion:

\[

[x-2| = -\frac{7}{5}
\]

Since the right side is negative, this equation has no solution.

Interpreting the Result

The algebraic manipulation shows that the equation reduces to an impossibility because the absolute
value cannot equal a negative number. This is a common scenario in absolute value equations,
indicating that the original equation has no solution.

In other words:
- The absolute value expression \(|x-2|\) cannot be negative.

- Since the derived equation requires \(|x-2|\) to be \(-\frac{7}{5}\), which is impossible, the original
equation has no real solutions.



Deeper Insight: Why Does This Happen?

This problem exemplifies how algebraic manipulation can reveal whether an equation is consistent or
not. The critical step was recognizing that the absolute value cannot be negative, leading to the
conclusion that the equation has no solution.

Sometimes, equations involving absolute values are designed to have solutions, but at other times,
the algebraic process shows inconsistency, as in this case. Recognizing these scenarios saves time
and clarifies the nature of the problem.

Summary and Key Takeaways

- Absolute value equations involve two cases based on the sign of the expression inside the absolute
value.

- To solve, split the problem into these cases, replace \(|x-2|\) accordingly, and solve each.

- Always verify solutions in the original equation to ensure validity.

- In this particular problem, algebraic simplification led to an impossible statement, indicating no
solutions exist.

- Understanding the properties of absolute values helps in quickly identifying such inconsistencies.

Additional Tips for Solving Absolute Value Equations

1. Identify the absolute value expressions clearly.

2. Determine the cases: For each absolute value, consider both the positive and negative scenarios.
3. Solve each case separately, simplifying step-by-step.

4. Check solutions by substituting back into the original equation to avoid extraneous solutions.

5. Be alert for contradictions: If the algebra leads to a statement like \(|x-2| = -\text{positive
number}\), then the equation has no solutions.

Final Thoughts

While the equation -6|x-2|-9=4|x-2|+5 appears complex, a strategic approach reveals that it has no
solution. This outcome underscores a fundamental property of absolute values: they are always non-
negative. Recognizing such properties early allows for quicker problem-solving and a deeper
understanding of the structure of absolute value equations.

Whether you're a student tackling algebra homework or a math enthusiast exploring the intricacies of



equations, mastering the process of solving absolute value equations enhances your problem-solving
toolkit. Remember, sometimes the most straightforward approach—checking the properties of the
functions involved—can save you time and lead to clearer insights.

In conclusion, this problem serves as a valuable example of how algebraic manipulation, combined
with an understanding of the properties of absolute values, allows us to determine the solutions (or
lack thereof) for complex equations. When faced with similar problems in the future, keep these

strategies in mind, and you'll navigate the challenges of absolute value equations with confidence.
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