SIN(TAN® 1x)=cos(sIN* 1(x/2))

SIN(TAN" 1x)=cos(sIN* 1(x/2)) IS AN INTRIGUING TRIGONOMETRIC EQUATION THAT COMBINES INVERSE TRIGONOMETRIC
FUNCTIONS WITH BASIC SINE AND COSINE FUNCTIONS. EXPLORING SUCH EQUATIONS HELPS DEEPEN OUR UNDERSTANDING OF THE
RELATIONSHIPS BETWEEN DIFFERENT TRIGONOMETRIC FUNCTIONS AND THEIR INVERSES, WHICH ARE FUNDAMENTAL IN CALCULUS,
GEOMETRY, AND MATHEMATICAL ANALYSIS. THIS ARTICLE AIMS TO ANALYZE THE EQUATION THOROUGHLY , UNDERSTAND ITS
SOLUTIONS, AND EXPLORE RELATED CONCEPTS, ALL WHILE OPTIMIZING FOR SEQ TO HELP STUDENTS, EDUCATORS, AND MATH
ENTHUSIASTS FIND COMPREHENSIVE INFORMATION ON THIS TOPIC.

UNDERSTANDING THE EQUATION: SIN(TAN" 1x)=cos(sIN* 1(x/2))

BEFORE DELVING INTO SOLVING THE EQUATION, IT IS ESSENTIAL TO UNDERSTAND THE INDIVIDUAL COMPONENTS AND THEIR
PROPERTIES.

INVERSE TRIGONOMETRIC FUNCTIONS

INVERSE TRIGONOMETRIC FUNCTIONS SUCH AS TAN"(- 7)x (ARCTANGENT) AND SiN"(- 7)x (ARCSINE) ARE FUNCTIONS THAT
REVERSE THE EFFECTS OF THE BASIC TRIGONOMETRIC FUNCTIONS. THEY ARE CRUCIAL IN SOLVING EQUATIONS INVOLVING ANGLES
AND RATIOS.

- TAN?(-1)x (ARCTANGENT) GIVES THE ANGLE WHOSE TANGENT IS X.
- sIN*(-1)x (ARCSINE) PROVIDES THE ANGLE WHOSE SINE IS X.

BOTH FUNCTIONS HAVE SPECIFIC DOMAINS AND RANGES:
- TAN"(- 1)x 1S DEFINED FOR ALL REAL X, WITH A RANGE OF \(-\FrRAc{\PI}{2}\) To \(\rrac{\PiI}{2}\).
- sin*(- 1)x 15 DerINeD For X IN \([-T,1]\), wiTH A raNGE OF \(-\FRac{\PI}{2}\) To \(\rrAc{\PI}{2}\).

BAsic SINE AND CoOSINE FUNCTIONS

THE SINE AND COSINE FUNCTIONS ARE FUNDAMENTAL IN TRIGONOMETRY:
-~ SIN © MEASURES THE Y~-COORDINATE OF A POINT ON THE UNIT CIRCLE.
- COS © MEASURES THE X-COORDINATE OF A POINT ON THE UNIT CIRCLE.

IN OUR EQUATION:
- THe LEFT SIDE IS SIN(TAN"(- 1)x).
- THe RIGHT sIDE IS cos(sin’(- 1)(x/2)).

UNDERST ANDING HOW THESE COMPONENTS INTERACT HELPS IN SOLVING THE EQUATION.

ANALYZING THE EQUATION STEP-BY-STEP

TO COMPREHEND AND SOLVE THE EQUATION SIN(TAN" Tx)=cos(siIN" 1(x/2)), WE ANALYZE EACH SIDE SEPARATELY AND LOOK
FOR POTENTIAL RELATIONSHIPS.

EvALUATING THE LEFT Sipe: sIN(TAN(-1)x%)
LET’S CONSIDER:

-o=71AN(-1)x

- THEN, TAN © = X.



USING THE RIGHT TRIANGLE REPRESENTATION:
- OPPOSITE SIDE = X

- ADJACENT SIDE = |

- HypoTenuse = \(\sq@rT{1 + x"23\)

THus:
- siNn© = opposITE / HyPoTenuse = x / |(|sqrT{ 1 + x"2}|).

THEREFORE:

sin(tan™(-1)x) = x / V(1 + x*2)

EvALUATING THE RIGHT Sipe: cos(sin*(-1)(x/2))

LeT:

- o =sn(-1)(x/2)

- THEN, SIN @ = x/2.

REPRESENTING THIS WITH A RIGHT TRIANGLE:
- OPPOSITE SIDE = X/2

- HypPoTENUSE = 1

THE ADJACENT SIDE:

- apacenT =[] (1 -(x/2)"2)=p] (1-x"2/4)=p ((4-x"2)/4)=_1/2)F (4-x"2)

Now:
- cos @ = ADJACENT / HypoTenuse = (1/2)F (4 -x"2)/ 1=1/2)F (4 -x"2)

So:

cos(sin™(-1)(x/2)) = (1/2)V(4 - x72)

REWRITING THE EQUATION IN SIMPLIFIED FORM

PUTTING IT ALL TOGETHER, THE ORIGINAL EQUATION BECOMES:!

X / V(1 + x™2) = (1/2)V(4 - x"2)

To VERIFY THE SOLUTIONS AND UNDERSTAND THE BEHAVIOR, WE ANALYZE THIS EQUALITY FURTHER.

SOLVING THE EQUATION: ALGEBRAIC APPROACH

LET’S EXPLORE THE ALGEBRAIC STEPS TO FIND THE SOLUTIONS FOR X.

SQUARING BOTH SIDES

SQUARING BOTH SIDES ELIMINATES THE SQUARE ROOTS:

[x / V(1 + x*2)]172 = [(1/2)V(4 - x~2)]1"2



CALCULATING EACH SIDE:

x*2 / (1 + x72) = (1/4) (4 - x~2)

MULTIPLY THROUGH BOTH SIDES BY \(4(1 + x*2)\) TO CLEAR DENOMINATORS:

4x"™2 = (1 + x™2)(4 - x™2)

EXPAND THE RIGHT SIDE:
“\(1)(4 - x"2) + x"2 (4 - x"2) = 4 - x"2 + 4x"2 - x"4\)

SIMPLIFY:

4x72 = 4 - X2 + 4x72 - x74

BRING ALL TO ONE SIDE:

4x72 - 4 + X2 - AX"2 + x4 =0

COMBINE LIKE TERMS:
-\(4x"2 - 4x72 =0\)
- \(x"*2\) reMAINS

- ConsTANT TerM: \(-4\)
- PLus \(x*4\)

RESULTING IN:

X* + x*2 - 4 =0

THIS IS A QUADRATIC IN \(X"2\):

Let y = x™2
= y"2 +y -4=0

SOLVE FOR Y USING QUADRATIC FORMULA:

y = [-1 £ V(172 - 41(-4))] / 2
= [-1 V(1 +16)] / 2
= [-1 = V17] / 2

Since \(x*2 = v\), anp \(x"2 \GeQ 0\), WE ONLY CONSIDER POSITIVE SOLUTIONS:
- FIRST ROOT:

y = [-1+ V17] / 2

wHICH Is PosITIVE BECAUSE \(\sQrT{17} = 4.123\), so

y = (-1 +4.123) / 2 = 3.123 / 2 = 1.5615



- SECOND ROOT:

y = [-1 - v17] / 2

WHICH IS NEGATIVE:

(-1 - 4.123) / 2 = -5.123 / 2 = -2.5615

AND SINCE \(Xx"2\) CANNOT BE NEGATIVE, DISCARD THIS SOLUTION.

THuUs:

x"2 = 1.5615
=> X = #/1.5615 = *1.249

IMPORTANT: THESE SOLUTIONS MUST BE CHECKED AGAINST THE ORIGINAL EQUATION TO ENSURE THEY ARE VALID, ESPECIALLY
BECAUSE SQUARING CAN INTRODUCE EXTRANEOUS SOLUTIONS.

VERIFICATION OF SOLUTIONS

To VERIFY WHETHER \(X = +1.249\) SATISFY THE ORIGINAL EQUATION, SUBSTITUTE BACK INTO THE SIMPLIFIED FORM.
CHECk FOR X = 1.249:

- LEFT SIDE:

X / V(1 + x*2) = 1.249 / V(1 + 1.5615) = 1.249 / +¥2.5615 = 1.249 / 1.6 =
0.7806

- RIGHT sIDE:

(1/2)V(4 - x*2) = 0.5 V(4 - 1.5615) = 0.5 +2.4385 = 0.5 1.5615 = 0.78075

THE VALUES ARE APPROXIMATELY EQUAL, CONFIRMING THAT \(x & 1.249\) IS A VALID SOLUTION.
SIMILARLY, FOrR \(x = -1.249\):

- LEFT SIDE:

-1.249 / V(1 + 1.5615) = -1.249 / 1.6 = -0.7806

- RIGHT sIDE:

0.5 V(4 - 1.5615) = 0.78075

SINCE THE RIGHT SIDE



FREQUENTLY AskeD QUESTIONS

\WHAT IS THE MAIN GOAL WHEN SOLVING THE EQUATION SIN(TAN?(-1) x) =
cos(SIN*(-1)(x/2))?

THE MAIN GOAL IS TO FIND ALL REAL VALUES OF X THAT SATISFY THE EQUATION BY SIMPLIFYING AND APPLYING INVERSE
TRIGONOMETRIC IDENTITIES.

How cAN THE EXPRESSION SIN(TAN"(-1) X) BE SIMPLIFIED?

SIN(TAN"(-1) X) CAN BE SIMPLIFIED USING THE IDENTITY SIN(TAN(-T) x) =x [ ] (1 + x2).

\WHAT IS THE SIMPLIFIED FORM oF cos(SIN*(-1)(x/2))?
cos(SINY(-1)(x/2)) siMpLiFies To ] (1 -(x/2)2) =} (1 -x3/4).

How Do YOU SET UP THE EQUATION AFTER SIMPLIFICATION?

AFTER SIMPLIFICATION, SET X / B] (1 + x2) =[] (1 - x2/4) AND SOLVE FOR X.

NWHAT ARE THE KEY STEPS TO SOLVING THE RESULTING EQUATION?

KEY STEPS INCLUDE SQUARING BOTH SIDES TO ELIMINATE RADICALS, SIMPLIFYING THE RESULTING ALGEBRAIC EQUATION, AND
SOLVING FOR X, THEN VERIFYING SOLUTIONS.

ARE THERE ANY DOMAIN RESTRICTIONS FOR X IN THE ORIGINAL EQUATION?

Yes, SINCE SIN“(=1) AND TAN"(- 1) HAVE SPECIFIC DOMAINS, X MUST SATISFY -f] <x <[] For TAN"(-1) X, AND -2 < x < 2
For sIN* (- 1)(x/2).

\WHAT ARE THE SOLUTIONS TO THE EQUATION?

THE SOLUTIONS ARE X = 0 AND X = i 2, AFTER SOLVING THE ALGEBRAIC EQUATION AND CHECKING THE DOMAIN RESTRICTIONS.

How CAN YOU VERIFY THE SOLUTIONS FOR THE ORIGINAL EQUATION?

SUBSTITUTE EACH SOLUTION BACK INTO THE ORIGINAL EQUATION TO ENSURE BOTH SIDES ARE EQUAL, CONFIRMING THEIR
VALIDITY.

ADDITIONAL RESOURCES

SIN(TANY 1) = cos(sIN* 1(x/2)): UNRAVELING AN INTRICATE TRIGONOMETRIC IDENTITY

INTRODUCTION: THE FASCINATING W ORLD OF TRIGONOMETRIC EQUATIONS

IN THE VAST UNIVERSE OF MATHEMATICS, TRIGONOMETRY STANDS OUT AS A FIELD RICH WITH IDENTITIES, TRANSFORMATIONS,
AND RELATIONSHIPS THAT OFTEN SEEM COMPLEX YET REVEAL ELEGANT SIMPLICITY UPON CLOSER EXAMINATION. AT THE HEART

OF THIS EXPLORATION LIES THE INTRIGUING EQUATION:

SIN(TAN 1) = cos(sINn* 1(x/2))



THIS EQUATION INTERWEAVES INVERSE TRIGONOMETRIC FUNCTIONS—NAMELY, ARCTANGENT AND ARCSINE—WITH THEIR DIRECT
COUNTERPARTS, SINE AND COSINE. For MATHEMATICIANS, STUDENTS, AND ENTHUSIASTS ALIKE, SUCH IDENTITIES NOT ONLY
DEEPEN UNDERSTANDING OF TRIGONOMETRIC FUNCTIONS BUT ALSO SERVE AS GATEWAYS TO ADVANCED TOPICS LIKE CALCULUS,
COMPLEX ANALYSIS, AND GEOMETRIC INTERPRETATIONS.

THE PURPOSE OF THIS ARTICLE IS TO DISSECT, ANALYZE, AND UNDERSTAND THIS EQUATION THOROUGHLY, PROVIDING CLARITY
THROUGH DETAILED EXPLANATIONS, ALGEBRAIC MANIPULATIONS, AND GEOMETRIC INSIGHTS.

UNDERSTANDING THE COMPONENTS: A PRIMER ON INVERSE TRIGONOMETRIC FUNCTIONS

BEFORE DELVING INTO THE EQUATION ITSELF, IT IS CRUCIAL TO REVISIT THE FUNDAMENTAL DEFINITIONS AND PROPERTIES OF THE
INVOLVED FUNCTIONS.

THe INverse SINE (ARCSINE) FUNCTION: SINY(-1) OR ARCSIN

- DEFINITION: FOR A REAL NUMBER Y IN THE INTERVAL [-1, 1], ARCSIN(Y) RETURNS AN ANGLE © IN THE RANGE [-1/2, /2] sucH
THAT siN(@) = v.

- PROPERTIES:

- MONOTONICALLY INCREASING ON ITS DOMAIN.

- INVERSE RELATIONSHIP WITH SINE WITHIN ITS PRINCIPAL RANGE.

THe INvErSE T ANGENT (ARCTANGENT) FUNCTION: TAN"(-1) OR ARCTAN

- DEFINITION: FOR ANY REAL NUMBER X, ARCTAN(X) RETURNS AN ANGLE © IN (-1/2, n/2) sucH THAT TAN(©) = x.

- PROPERTIES:

- COVERS THE ENTIRE REAL LINE.

- MONOTONICALLY INCREASING.

UNDERSTANDING THESE FUNCTIONS’ RANGES AND BEHAVIORS LAYS THE FOUNDATION FOR ANALYZING THE GIVEN IDENTITY.

DECIPHERING THE EQUATION: BREAKING DOWN THE IDENTITY
THE EQUATION INVOLVES TWO PARTS:

- LerT Sipe: sIN(TAN(-T) %)
- RiGHT Sipe: cos(sin*(-1)(x/2))

BY EXAMINING EACH COMPONENT, WE CAN ATTEMPT TO EXPRESS BOTH SIDES IN TERMS OF X AND SEE IF THEY ARE EQUIVALENT.
EVALUATING THE LErT Sipe: sIN(TAN(-1) x)

LET’S DENOTE:

\[
\THeTA = \TAN -1} x

\]

THIS MEANS:

\l

x = \TAN \THETA

\]

Since \(\THETA\) 1s THE ANGLE WHOSE TANGENT IS X, AND \(\THETA \IN (-\P1/2, \PI/2)\), WE CAN IMAGINE A RIGHT
TRIANGLE W/ITH:



- OPPOSITE SIDE = X
- ADJACENT SIDE = |
- HypoTenuse = \(\sqrT{1 + x"23}\)

THEREFORE,

\l

\siNn \THETA = \rrAC{\TEXT{OPPOSITE}}{ \TEXT{HYPOTENUSE}} = \FRAC{X}{\s@rT{1 + x"2}}

\]

THIS DIRECTLY GIVES:

\[
\sin (\TaN™{-13 x) = \rrac{x}{\s@rT{1 + x"2}}
\]

CONCLUSION: THE LEFT SIDE SIMPLIFIES TO:

\[
\Boxep{\sin (\TaN"{- 13 x) = \rrac{x3}{\sqrT{1 + x"2}}}
\]

EVALUATING THE RIGHT Sipe: cos(sin™(-1)(x/2))

LET’S DENOTE:

\[
\PHI = \sIN*{- 1} \LerT( \FrrAac{x3}{2]} \rIGHT)
\]

\WHICH IMPLIES:

\[
\sin \pHI = \rrac{x3{2}
\]

wiTH \(\PHI \IN [-\P1/2, \PI/2]\). FOR THIS ANGLE:

- OPPOSITE SIDE = X/2
- HypoTenuse = 1 (siNce \(\sin \pHI = \Frac{\TExT{oPPosITE} }{\TEXT{HYPOTENUSE}}\))

CONSTRUCTING A RIGHT TRIANGLE WITH THESE RATIOS:

- OPPOSITE SIDE = X/ 2

- HypoTeENUSE = 1

- ADJACENT SIDE = \(\sQrT{ 1 - \LerT(\FrAC{X}{ 2\rIGHT)" 2} = \s@rT{1 - \FrrAac{x"23{43} = \rrac{\sqrT{4 -
x*233{2}\)

Now, THE cosine ofF \(\pHi\) Is:

\[

\cos \pHI = \FrrRAC{\TExT{ADJACENT}}{\TEXT{HYPOTENUSE}} = \FRAC{\SQRT{4 - x*23/23{1} = \rrac{\sqrT{4 -
x"233}{2}

\]

CONCLUSION: THE RIGHT SIDE SIMPLIFIES TO:



\[
\Boxep{\cos (\sin*{-1} (x/2)) = \rrac{\sqrT{4 - x" 23} 231}
\]

THE SIMPLIFIED IDENTITY: COMPARING BOTH SIDES

NO\X/, THE ORIGINAL EQUATION CAN BE REWRITTEN USING THE SIMPLIFIED FORMS:

\[
\FrRAC{X}{\s@rT{1 + x"23} = \rrac{\sqrT{4 - x"2}3{2}
\]

TO VERIFY WHETHER THE IDENTITY HOLDS UNIVERSALLY OR UNDER SPECIFIC CONDITIONS, WE ANALYZE THE EQUALITY:

\[
\rRAC{X}{\s@rT{1 + x*23} = \rrac{\sqrT{4 - x"233{2}
\]

VALIDITY AND DOMAIN CONSIDERATIONS

STeP 1: CROSS-MULTIPLIED FORM:

\[
2x = \s@rT{1 + x"23} \1iMes \sqrT{4 - x"23
\]

STEP 2: SIMPLIFY THE RIGHT SIDE:

\[
2x = \srT{(1 + x"2)(4 - x"2)}
\]

STeEP 3: SQUARE BOTH SIDES TO ELIMINATE THE SQUARE ROOT:

\[
(2x)"2=(1+x"2)(4-x"2)
\]

\[
4x"2 =(1+x"2)(4 - x"2)
\]

STEP 4: EXPAND THE RIGHT SIDE:

\[

A2 =(1)(4-x"2) +x"2(4-x"2)=4-x"2 + 4x"2 - x4
\]

\[

4Ax™2 =4+ 3x"2 - x4

\]

STEP 5: REARRANGED AS:

\[



4Ax"2 - 3x"2+xM =4
\]

\[

x"2+ x4 =4

\]

OR EQUIVALENTLY,

\[
x M +x"2-4=0
\]

SOLVING THE RESULTING QUARTIC EQUATION

LET’S SET:
\[

vy =x"2
\]

THE EQUATION BECOMES:

\[
Y*'2+vy-4=0
\]

WHICH IS A QUADRATIC IN Y.

USING THE QUADRATIC FORMULA:

\[
v = \rrAC{- 1 \PM \s@rT{172 - 4 \TiMes 1 \TiMes (-4)3}{23} = \rrac{-1 \PM \s@rT{1 + 163} 2} = \rrac{-1 \pm
t]SQRT{ 17332}

Since \( ¥ = x"2 \GEQ O \), ONLY POSITIVE SOLUTIONS ARE VALID.

- FOrR THE POSITIVE ROOT:

\[
v = \rrAc{-1 + \sQrT{173}{2} \arrrox \rrac{-1 + 4.12313{23 \arrrox \FrAc{3.12313{2} \aPProx 1.56155

\]

- FOR THE NEGATIVE ROOT:

\[
v = \rrac{-1 - \s@rT{173}{2} \arProx \FrAc{-1 - 4.12313}{2} \arProx \FRAC{-5.123 1K 2} \ArPPrOX -2.56155

\]

Since \( v \) cannoT Be NeGATIVE (as \( ¥ = x"2 1)), onLy:

\[
x*2 = \rrac{-1 + \sqrT{173}{23 \APPrOX 1.56155

\]

IS VALID.



THus,

\[
x = \PM \sQrT{\FrAC{- 1 + \sqrT{ 173} 23}
\]

WHICH ARE REAL SOLUTIONS WHERE THE ORIGINAL IDENTITY HOLDS.

INTERPRETATION AND GEOMETRIC SIGNIFICANCE

THE DERIVATION REVEALS THAT THE INITIAL TRIGONOMETRIC IDENTITY HOLDS ONLY AT SPECIFIC POINTS DETERMINED BY THE
SOLUTIONS TO THE QUARTIC EQUATION. ESSENTIALLY/ THE IDENTITY

\[
\sIN(ATAN-1} %) = \cos(\sin*{-1} (x/2))
\]

IS NOT UNIVERSALLY VALID FOR ALL REAL \( X \), BUT RATHER AT PARTICULAR VALUES WHERE THE ALGEBRAIC CONDITION
DERIVED ABOVE IS SATISFIED.

GEOMETRIC INTUITION:

- THe LerT siDE, \(\sIN(\ARCTAN x)\), CORRESPONDS TO THE SINE OF AN ANGLE WITH TANGENT \(x\), WHICH CAN BE
VISUALIZED AS A POINT ON A RIGHT TRIANGLE WITH SIDES \(x\) AnD 1.

- TrHe RIGHT siDE, \(\cos(\ArRCSIN(x/2))\), CORRESPONDS TO THE COSINE OF AN ANGLE WITH SINE \(X/2\), WHICH CAN BE

REPRESENTED SIMILARLY.

THE POINTS WHERE THE TWO

Sin Tan 1xCos Sin 1 X 2

Sin Tan 1x Cos Sin 1 X 2
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