
Solve (D ^ 2 - 6D + 9) * Y = 0
Solve (D ^ 2 - 6D + 9) Y = 0 is a fundamental differential equation that appears frequently in the
study of differential equations, mathematical modeling, and engineering problems. Understanding
how to approach, solve, and interpret such equations is crucial for students, researchers, and
professionals working with dynamic systems. In this comprehensive guide, we will explore the
structure of this differential equation, methods for solving it, its general solution, particular solutions,
and applications.

Understanding the Differential Equation

Form of the Equation
The equation given is:

\[ (D^2 - 6D + 9) Y = 0 \]

where \( D \) represents the differentiation operator with respect to the independent variable, often
denoted as \( x \). This notation simplifies the expression of linear differential equations.

Rewriting explicitly:

\[ \frac{d^2Y}{dx^2} - 6 \frac{dY}{dx} + 9Y = 0 \]

This is a second-order linear homogeneous differential equation with constant coefficients.

Significance of the Equation
Such equations model various physical phenomena, including mechanical vibrations, electrical
circuits, and population dynamics. The key to solving them lies in understanding their characteristic
equations and roots.

Solving the Differential Equation

Step 1: Write the Characteristic Equation
To solve the differential equation, we substitute a trial solution of the form:

\[ Y = e^{rx} \]

which leads to the characteristic equation:



\[ r^2 - 6r + 9 = 0 \]

Step 2: Find Roots of the Characteristic Equation
Solve:

\[ r^2 - 6r + 9 = 0 \]

Factoring:

\[ (r - 3)^2 = 0 \]

The roots are:

\[ r = 3 \quad \text{(a repeated root)} \]

Step 3: Write the General Solution
Since the characteristic roots are repeated, the general solution to the differential equation is:

\[ Y(x) = (A + Bx) e^{rx} \]

Substituting \( r = 3 \):

\[ Y(x) = (A + Bx) e^{3x} \]

where \( A \) and \( B \) are arbitrary constants determined by initial or boundary conditions.

Interpreting the Solution

General Solution
The solution:

\[ Y(x) = (A + Bx) e^{3x} \]

is the most general form satisfying the differential equation. It encompasses all possible solutions
depending on initial conditions.

Particular Solutions
If specific initial conditions are provided, such as \( Y(0) \) and \( Y'(0) \), these can be used to find the
constants \( A \) and \( B \).



Application of the Solution

Physical Interpretation
The exponential term \( e^{3x} \) indicates growth or decay depending on the context, and the
polynomial \( (A + Bx) \) modifies this behavior. Such solutions describe systems with repeated
eigenvalues, often indicating a critical damping in mechanical systems or specific resonance
conditions.

Examples of Applications

Mechanical vibrations: Damped harmonic oscillators with critical damping.

Electrical circuits: RLC circuits with specific resistance and inductance parameters.

Population models: Growth models with particular environmental constraints.

Advanced Topics and Variations

Nonhomogeneous Equations
If the differential equation includes a non-zero right-hand side:

\[ (D^2 - 6D + 9) Y = f(x) \]

methods such as undetermined coefficients or variation of parameters are used to find particular
solutions.

Higher-Order Equations
Equations with higher derivatives or variable coefficients extend these methods, often requiring more
advanced techniques like Frobenius method or Laplace transforms.

Numerical Solutions
For equations where analytical solutions are difficult or impossible, numerical methods such as Euler’s
method, Runge-Kutta, or finite difference methods are employed.



Summary and Key Takeaways

The differential equation \( (D^2 - 6D + 9) Y = 0 \) is a second-order linear homogeneous
differential equation with constant coefficients.

The characteristic equation is \( r^2 - 6r + 9 = 0 \), with a repeated root \( r = 3 \).

The general solution is \( Y(x) = (A + Bx) e^{3x} \), where \( A \) and \( B \) are constants
determined by initial conditions.

Repeated roots indicate a solution involving polynomial multiples of exponential functions,
reflecting critical damping or resonance phenomena in physical systems.

Understanding these solutions helps in modeling real-world systems accurately and predicting
their behavior under various initial or boundary conditions.

Conclusion
Solving the differential equation \( (D^2 - 6D + 9) Y = 0 \) exemplifies fundamental techniques in
differential equations, notably characteristic equations and roots analysis. Recognizing the pattern of
repeated roots allows for straightforward formulation of the general solution and understanding the
physical implications of the solution's form. Mastery of these methods equips students and
professionals to analyze complex systems across physics, engineering, biology, and beyond. For more
advanced problems, exploring nonhomogeneous equations, variable coefficients, or numerical
methods broadens the scope and application of differential equations in practical scenarios.

Frequently Asked Questions

How do I solve the differential equation (D^2 - 6D + 9) Y = 0?
First, recognize that D represents differentiation with respect to x. Rewrite the equation as a
homogeneous linear differential equation: Y'' - 6Y' + 9Y = 0. Find the characteristic equation r^2 - 6r
+ 9 = 0, which factors to (r - 3)^2 = 0. The root r = 3 has multiplicity 2, so the general solution is Y(x)
= (A + Bx) e^{3x}.

What is the characteristic equation for the differential
operator (D^2 - 6D + 9)?
The characteristic equation is obtained by replacing D with r, giving r^2 - 6r + 9 = 0. Solving this
quadratic yields a repeated root r = 3, indicating a double root.

What is the general solution to (D^2 - 6D + 9) Y = 0?
Since the characteristic root is r = 3 with multiplicity 2, the general solution is Y(x) = (A + Bx)



e^{3x}, where A and B are arbitrary constants.

How does the repeated root affect the form of the solution in
this differential equation?
A repeated root r = 3 leads to solutions of the form e^{3x} and x e^{3x}. The general solution
combines these as (A + Bx) e^{3x} to account for multiplicity.

Can this differential equation be solved using Laplace
transforms?
Yes, applying Laplace transforms to (D^2 - 6D + 9) Y = 0 converts it into an algebraic equation in the
Laplace domain. Solving for Y(s) and then taking the inverse Laplace transform yields the general
solution, which matches (A + Bx) e^{3x}.

Additional Resources
Solve (D ^ 2 - 6D + 9) Y = 0

In the vast realm of differential equations, many problems appear as intricate puzzles requiring
mathematical insight and systematic methods to unravel. One such problem that often appears in the
study of linear differential equations with constant coefficients is:

Solve (D^2 - 6D + 9) Y = 0

This equation, where D represents differentiation with respect to some independent variable
(commonly time or space), offers a window into the foundational techniques of solving linear
differential equations. Understanding how to approach this equation not only deepens one's grasp of
differential calculus but also equips learners and professionals with tools applicable across physics,
engineering, and applied mathematics.

---

Understanding the Differential Operator D

Before delving into the solution process, it’s vital to clarify what the notation D signifies. In differential
equations, D is a symbolic operator representing differentiation:

- DY = dY/dx
- D^2Y = d²Y/dx²

When we see an expression like (D^2 - 6D + 9) Y = 0, it denotes a linear differential operator acting
on the function Y(x). This operator can be viewed as a quadratic polynomial in D:

\[ (D^2 - 6D + 9) \]



Applying this operator to Y(x) yields the second-order differential equation:

\[ \frac{d^2Y}{dx^2} - 6 \frac{dY}{dx} + 9Y = 0 \]

This form is familiar to mathematicians and engineers because differential operators with polynomial
coefficients like this often relate to characteristic equations, which help determine the general
solutions.

---

Recasting as a Characteristic Equation

The key to solving linear differential equations with constant coefficients lies in transforming the
differential equation into an algebraic characteristic equation. For the equation:

\[ \frac{d^2Y}{dx^2} - 6 \frac{dY}{dx} + 9Y = 0 \]

we associate it with the characteristic polynomial:

\[ r^2 - 6r + 9 = 0 \]

where r is a complex number representing the roots associated with the solutions of the differential
equation.

This transformation simplifies the problem: instead of solving a differential equation directly, we
analyze an algebraic quadratic.

---

Solving the Characteristic Equation

The quadratic characteristic equation is:

\[ r^2 - 6r + 9 = 0 \]

which can be solved using the quadratic formula:

\[ r = \frac{6 \pm \sqrt{(-6)^2 - 4 \times 1 \times 9}}{2 \times 1} \]

Calculating discriminant:

\[ \Delta = 36 - 36 = 0 \]

Since the discriminant is zero, the roots are real and equal:

\[ r = \frac{6}{2} = 3 \]



Thus, the characteristic root is:

\[ r = 3 \quad \text{(double root)} \]

The presence of a repeated root influences the form of the general solution, as we will see next.

---

Formulating the General Solution

Given a second-order linear differential equation with constant coefficients and a repeated root r, the
general solution takes the form:

\[ Y(x) = (A + Bx) e^{rx} \]

where:

- \(A\) and \(B\) are arbitrary constants determined by initial or boundary conditions.
- \(e^{rx}\) is the exponential function corresponding to the root.

For our case, with \( r = 3 \), the general solution is:

\[ Y(x) = (A + Bx) e^{3x} \]

This solution captures all possible solutions to the differential equation, encompassing the entire
solution space.

---

Interpreting and Applying the Solution

The general solution,

\[ Y(x) = (A + Bx) e^{3x} \]

has several important implications:

1. Nature of the Solution

- The exponential term \( e^{3x} \) indicates growth or decay depending on the sign of the coefficient
in the exponent.
- The polynomial term \( (A + Bx) \) accounts for the multiplicity of the root, introducing a linear factor
that ensures the solution set spans the space of solutions for repeated roots.

2. Initial or Boundary Conditions



- To determine the specific values of \(A\) and \(B\), one needs initial conditions such as \(Y(0)\) and
\(Y'(0)\).
- Once these are known, they can be substituted into the general solution and its derivative to solve
for the constants.

3. Significance in Applications

- In physics, such equations describe processes like exponential decay combined with linear growth.
- In engineering, they model systems with damping or resonance phenomena.

---

Alternative Perspectives and Methods

While the characteristic equation approach is straightforward, other techniques can be employed,
especially for more complex differential equations:

1. Operator Factorization

Given the differential operator:

\[ D^2 - 6D + 9 \]

which factors as:

\[ (D - 3)^2 \]

the original differential equation becomes:

\[ (D - 3)^2 Y = 0 \]

This factorization emphasizes that the solution space is related to repeated roots, aligning with the
solution form derived earlier.

2. Variation of Parameters and Undetermined Coefficients

Although more suited for nonhomogeneous equations, these methods can help when additional
forcing functions are introduced, expanding the problem's scope.

3. Numerical Solutions

For equations with variable coefficients or more complicated forms, numerical methods like Euler's
method or Runge-Kutta algorithms may be deployed, though they are unnecessary for constant
coefficient equations like this.

---



Conclusion: Mastering the Solution

The problem of solving \( (D^2 - 6D + 9)Y = 0 \) encapsulates fundamental techniques in differential
equations. By translating the differential operator into its algebraic characteristic equation, solving for
roots, and constructing the general solution based on root multiplicity, the process becomes
systematic and elegant.

This approach not only provides a clear pathway to the solution but also deepens understanding of
the intrinsic relationship between algebra and calculus. Recognizing the significance of repeated roots
and their influence on the form of solutions is essential, especially as equations grow in complexity or
find applications across scientific disciplines.

In practical terms, mastering this method ensures that students and professionals can confidently
tackle similar linear differential equations, thereby enhancing their analytical toolbox for modeling
real-world phenomena. Whether in engineering design, physical sciences, or applied mathematics,
the ability to solve such equations is a cornerstone of technical proficiency.

---

In summary:

- Convert the differential operator to its characteristic polynomial.
- Solve the quadratic for roots.
- Formulate the general solution based on root type (distinct or repeated).
- Apply initial/boundary conditions to find specific solutions.
- Understand the physical or practical implications of the solution structure.

Through this systematic approach, the seemingly complex differential equation becomes
manageable, revealing the elegant harmony between algebraic methods and calculus fundamentals.
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