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Understanding complex functions is fundamental in advanced mathematics, physics, and engineering
applications. Among these functions, hyperbolic functions like cosh(z) and their relationships to
trigonometric functions are especially notable for their rich properties and diverse applications. In this
article, we will explore two interconnected topics:

- Demonstrating the identity that
\[
\cosh(z) = \cos(i z)
\]
- Solving the equation
\[
\cosh(z) = 0
\]

We will delve into the derivation of this identity, understand its significance, and then methodically
find all complex solutions to the hyperbolic cosine equation. This comprehensive exploration aims to
enhance your understanding of complex analysis, hyperbolic functions, and their applications.

---

Understanding Hyperbolic and Trigonometric Functions

Before diving into the proofs and solutions, it’s essential to review the definitions of hyperbolic and
trigonometric functions, especially in the complex domain.

Definitions of Hyperbolic Functions

The hyperbolic cosine and sine functions are defined as follows:

\[
\cosh(z) = \frac{e^z + e^{-z}}{2}
\]
\[
\sinh(z) = \frac{e^z - e^{-z}}{2}
\]

These functions are analogous to their trigonometric counterparts but are based on exponential
functions. They are useful for modeling hyperbolic geometries, solving certain differential equations,
and analyzing the behavior of complex functions.



Definitions of Trigonometric Functions

The cosine and sine functions are defined via Euler’s formula:

\[
\cos(\theta) = \frac{e^{i\theta} + e^{-i\theta}}{2}
\]
\[
\sin(\theta) = \frac{e^{i\theta} - e^{-i\theta}}{2i}
\]

These functions are periodic and fundamental in the study of oscillatory systems, wave phenomena,
and complex analysis.

---

Proving the Identity: \(\cosh(z) = \cos(i z)\)

The identity that connects hyperbolic and trigonometric functions is a cornerstone in complex
analysis. Let's derive it step-by-step.

Step 1: Recall the definitions

\[
\cosh(z) = \frac{e^z + e^{-z}}{2}
\]

\[
\cos(i z) = \frac{e^{i z} + e^{-i z}}{2}
\]

Step 2: Express \(\cos(i z)\) in terms of exponential functions

Using Euler’s formula, the exponential forms are already given:

\[
\cos(i z) = \frac{e^{i z} + e^{-i z}}{2}
\]

Step 3: Recognize the substitution involving complex



exponentials

Notice that in the expression for \(\cos(i z)\), the exponents involve \(i z\). To relate this to \(\cosh(z)\),
consider substituting \(z\) with \(i z\) in \(\cosh(z)\):

\[
\cosh(i z) = \frac{e^{i z} + e^{-i z}}{2}
\]

which is exactly the expression for \(\cos(i z)\).

Step 4: Conclude the proof

Thus, we have:

\[
\boxed{
\cosh(z) = \cos(i z)
}
\]

for all complex numbers \(z\).

Implication: This identity demonstrates that hyperbolic cosine can be expressed as a cosine of an
imaginary argument. This relationship is fundamental in complex analysis, simplifying many
calculations involving hyperbolic functions.

---

Solving the Equation: \(\cosh(z) = 0\)

Now that we have established the identity, let’s focus on solving the equation:

\[
\cosh(z) = 0
\]

This equation has an infinite number of solutions in the complex plane because hyperbolic functions
are entire (holomorphic everywhere) and periodic in a certain sense.

Step 1: Recall the definition of \(\cosh(z)\)

\[
\cosh(z) = \frac{e^z + e^{-z}}{2}



\]

Set \(\cosh(z) = 0\):

\[
\frac{e^z + e^{-z}}{2} = 0
\]
\[
e^z + e^{-z} = 0
\]

Step 2: Manipulate the equation

Multiply both sides by \(e^z\) to clear the denominator:

\[
e^{2z} + 1 = 0
\]
\[
e^{2z} = -1
\]

Step 3: Solve for \(z\)

Express \(-1\) in exponential form:

\[
e^{2z} = e^{i \pi (2k + 1)} \quad \text{for all integers } k
\]

since:

\[
-1 = e^{i \pi (2k + 1)} \quad \text{(by Euler’s formula)}
\]

Now, take the natural logarithm:

\[
2z = i \pi (2k + 1)
\]

\[
z = \frac{i \pi (2k + 1)}{2}
\]

where \(k \in \mathbb{Z}\).



Step 4: Write the general solution

The solutions are:

\[
\boxed{
z = \frac{i \pi}{2} (2k + 1), \quad k \in \mathbb{Z}
}
\]

These are purely imaginary solutions located at odd multiples of \(\frac{i \pi}{2}\).

Step 5: Interpretation of the solutions

- The solutions are discrete and infinite in number.
- They lie along the imaginary axis in the complex plane.
- The solutions are periodic with period \(i \pi\), reflecting the periodicity of hyperbolic functions.

---

Summary and Applications

Key takeaways from this analysis:

- The identity \(\cosh(z) = \cos(i z)\) bridges hyperbolic and trigonometric functions, facilitating easier
computations and deeper understanding of their properties.
- The solutions to \(\cosh(z) = 0\) are given by the set:

\[
z = \frac{i \pi}{2} (2k + 1), \quad k \in \mathbb{Z}
\]

which are purely imaginary and form an infinite discrete set.

These results have several important applications:

- Complex analysis: Simplifying integrals and solving differential equations involving hyperbolic
functions.
- Mathematical physics: Analyzing wave propagation, quantum mechanics, and relativity where
hyperbolic functions naturally arise.
- Engineering: Signal processing and control systems involving hyperbolic functions for system
stability analysis.

---



Additional Insights and Tips

- Remember that hyperbolic functions are entire and periodic in the complex plane.
- When solving equations like \(\cosh(z) = c\), always consider expressing in exponential form for
straightforward solutions.
- The identity \(\cosh(z) = \cos(i z)\) can be generalized for other hyperbolic functions, like \(\sinh(z) =
-i \sin(i z)\).

---

Conclusion

In this article, we demonstrated the fundamental identity linking hyperbolic and trigonometric
functions: \(\cosh(z) = \cos(i z)\). We then systematically solved the equation \(\cosh(z) = 0\),
revealing an infinite set of solutions located along the imaginary axis.

Understanding these relationships enriches your grasp of complex functions, enabling you to
approach more advanced topics in mathematical analysis, physics, and engineering with confidence.
Whether you're analyzing oscillatory systems or solving complex differential equations, these
identities and solutions serve as powerful tools in your mathematical toolkit.

---
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Frequently Asked Questions

How can I prove that cosh Z equals cos(iZ)?
Using the definition of hyperbolic cosine, cosh Z = (e^Z + e^(-Z))/2. Replacing Z with iZ, we get
cosh(iZ) = (e^{iZ} + e^{-iZ})/2, which is exactly the cosine of iZ. Recognizing that e^{iZ} = cos Z +
i sin Z, and similarly for e^{-iZ}, leads to the identity cosh Z = cos(iZ).

What is the significance of the identity cosh Z = cos(iZ)?
This identity links hyperbolic functions to trigonometric functions with imaginary arguments, enabling
us to evaluate hyperbolic functions using familiar trigonometric functions and vice versa, especially
useful in complex analysis.

How do I solve the equation cosh Z = 0 for complex Z?
Recall that cosh Z = (e^Z + e^{-Z})/2. Setting this equal to zero gives e^Z + e^{-Z} = 0, which
simplifies to e^{2Z} = -1. Taking natural logarithms, 2Z = iπ(2k + 1), so Z = iπ(2k + 1)/2, where k is



any integer.

What are the solutions to cosh Z = 0 in the complex plane?
The solutions are Z = iπ(2k + 1)/2 for all integers k, which correspond to the points Z = iπ/2 + iπk,
forming an infinite set of equally spaced points along the imaginary axis.

Can the solutions to cosh Z = 0 be expressed in terms of
elementary functions?
Yes. The solutions are explicitly given by Z = iπ(2k + 1)/2, involving only elementary functions and
constants, representing purely imaginary values at specific intervals.

Are there any real solutions to cosh Z = 0?
No, since cosh Z = 0 only when Z is purely imaginary at the specified points; there are no real
solutions to this equation.

How does the relation cosh Z = cos(iZ) help in solving
hyperbolic equations?
It allows us to convert hyperbolic equations into trigonometric ones with imaginary arguments,
simplifying the solving process by leveraging known properties of trigonometric functions.

What is the geometric interpretation of the solutions to cosh
Z = 0?
Geometrically, the solutions correspond to points on the imaginary axis in the complex plane where
the hyperbolic cosine function vanishes, representing specific oscillatory behavior in the complex
domain.

Additional Resources
Hyperbolic functions are fundamental in complex analysis, bridging the gap between exponential
functions and trigonometry. Among these, the hyperbolic cosine function, denoted as cosh(z), plays a
pivotal role in various mathematical and engineering applications, from solving differential equations
to modeling physical phenomena such as wave propagation and electrical circuits. This article
embarks on an in-depth exploration of two interconnected topics: firstly, demonstrating the identity
that relates cosh(z) to the cosine function evaluated at an imaginary argument, specifically showing
that \(\cosh z = \cos(i z)\); secondly, solving the equation \(\cosh z = 0\) within the complex plane,
uncovering the nature and distribution of solutions.

---



Part 1: Demonstrating that \(\cosh z = \cos(i z)\)

Understanding the Definitions of Hyperbolic and
Trigonometric Functions

To comprehend the relationship between hyperbolic and trigonometric functions, it is essential to
revisit their fundamental definitions based on exponential functions:

- Hyperbolic cosine:

\[
\cosh z = \frac{e^{z} + e^{-z}}{2}
\]

- Cosine function (for real argument):

\[
\cos z = \frac{e^{i z} + e^{-i z}}{2}
\]

These definitions extend naturally to complex arguments, allowing us to analyze functions like \(\cosh
z\) and \(\cos(i z)\).

Deriving the Identity: \(\cosh z = \cos(i z)\)

The core idea hinges on substituting \(z\) with \(i z\) in the cosine function's definition:

\[
\cos(i z) = \frac{e^{i (i z)} + e^{-i (i z)}}{2}
\]

Simplify the exponents:

\[
\cos(i z) = \frac{e^{i^2 z} + e^{-i^2 z}}{2}
\]

Recall that \(i^2 = -1\), so:

\[
\cos(i z) = \frac{e^{-z} + e^{z}}{2}
\]

Rearranged, this becomes:

\[



\cos(i z) = \frac{e^{z} + e^{-z}}{2} = \cosh z
\]

Thus, the identity:

\[
\boxed{
\cosh z = \cos(i z)
}
\]

is rigorously established. This elegant relationship reveals the deep connection between hyperbolic
and trigonometric functions, especially when extended into the complex plane.

Implications of the Identity

This identity is not just a mathematical curiosity; it offers practical computational benefits and
theoretical insights:

- Analytic Continuation: It demonstrates how hyperbolic functions can be viewed as trigonometric
functions evaluated at purely imaginary arguments, facilitating their extension into the complex
domain.

- Simplification of Complex Problems: When dealing with complex differential equations or integrals
involving \(\cosh z\), replacing it with \(\cos(i z)\) can sometimes simplify calculations, especially when
leveraging known properties or integrals of \(\cos\).

- Connections to Complex Exponentials: The identity underscores the fundamental role of exponential
functions in bridging different classes of functions, emphasizing the unifying power of exponential
representations in complex analysis.

---

Part 2: Solving the Equation \(\cosh z = 0\)

Setting the Stage: The Nature of the Equation

The equation:

\[
\cosh z = 0
\]

is a classic problem in complex analysis, prompting us to find all complex numbers \(z\) such that the
hyperbolic cosine evaluates to zero. Unlike in the real domain, where \(\cosh x \geq 1\) for all real



\(x\), the complex domain admits solutions where \(\cosh z\) vanishes.

Expressing \(\cosh z\) in Terms of Exponentials

Recall the exponential form:

\[
\cosh z = \frac{e^{z} + e^{-z}}{2}
\]

Setting this equal to zero:

\[
\frac{e^{z} + e^{-z}}{2} = 0
\]

which simplifies to:

\[
e^{z} + e^{-z} = 0
\]

Multiplying through by \(e^{z}\):

\[
e^{2z} + 1 = 0
\]

This is a key step because it converts the hyperbolic equation into a quadratic form in terms of
\(e^{z}\).

Solving for \(z\): The Exponential Equation

From the above, we have:

\[
e^{2z} = -1
\]

Expressed in exponential form:

\[
e^{2z} = e^{i \pi (2k + 1)} \quad \text{for } k \in \mathbb{Z}
\]

since:



\[
-1 = e^{i \pi (2k + 1)} \quad \text{(by Euler's formula)}
\]

Taking the natural logarithm of both sides:

\[
2z = i \pi (2k + 1) + 2 \pi i m, \quad m \in \mathbb{Z}
\]

But because the exponential function is periodic with period \(2\pi i\), the general solution involves:

\[
2z = i \pi (2k + 1) + 2 \pi i m, \quad m \in \mathbb{Z}
\]

Dividing both sides by 2:

\[
z = \frac{i \pi}{2} (2k + 1) + \pi i m
\]

However, note that the term \(2 \pi i m\) accounts for the periodicity of the exponential function. To
simplify, the principal solutions are:

\[
z = \frac{i \pi}{2} (2k + 1) + \pi i m
\]

But since the \(2 \pi i m\) term is just a multiple of the period, the general solution reduces to:

\[
z = \frac{i \pi}{2}(2k + 1) + \pi i m
\]

which simplifies further to:

\[
z = \frac{i \pi}{2}(2k + 1 + 2m)
\]

for all integers \(k, m \in \mathbb{Z}\).

Alternatively, recognizing the periodicity, the solutions are:

\[
z = \frac{i \pi}{2} (2k + 1) + \pi i m, \quad k, m \in \mathbb{Z}
\]

which, by adjusting indices, can be expressed as:



\[
z = \frac{i \pi}{2} (2k + 1) + \pi i m
\]

or more compactly,

\[
\boxed{
z = i \left( \frac{\pi}{2} (2k + 1) + \pi m \right), \quad k,m \in \mathbb{Z}
}
\]

---

Explicit Form of the Solutions

Given the periodic nature of the exponential functions, the solutions to \(\cosh z = 0\) are located at:

\[
z = i \left( \frac{\pi}{2} (2k + 1) + \pi m \right), \quad \text{for all } k, m \in \mathbb{Z}
\]

which can be summarized as:

\[
z = i \left( \frac{\pi}{2} (2k + 1) + \pi m \right)
\]

or equivalently,

\[
z = i \left( \frac{\pi}{2} (2k + 1 + 2m) \right)
\]

This reveals an infinite set of solutions, each lying purely on the imaginary axis, spaced periodically at
intervals of \(\pi i\).

Graphical and Analytical Insights

- Imaginary Axis Solutions: All solutions are purely imaginary, meaning they lie on the imaginary axis
in the complex plane.

- Periodic Distribution: The solutions are evenly spaced, with a fundamental spacing of \(\frac{\pi
i}{2}\), reflecting the periodicity of the hyperbolic cosine function.

- Physical Interpretation: In physical systems modeled by hyperbolic functions, zeros of \(\cosh z\)
correspond to critical points or resonances, and their evenly spaced distribution may relate to



quantized states or wave modes.

Special Cases and Simplifications

- For \(k = 0\):

\[
z = i \left( \frac{\pi}{2} (1) + \pi m \right) = i \left( \frac{\pi}{2} + \pi m \right)
\]

- For \(m=0\):

\[
z = i \left( \frac{\pi}{2} (2k + 1) \right)
\]

which explicitly shows the solutions at \(z = i \frac{\pi}{2}(2k + 1)\),
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