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Understanding how to find an unknown angle when given two sides of a triangle is a
fundamental skill in geometry that has numerous applications in fields such as
engineering, architecture, navigation, and even computer graphics. Whether you're a
student preparing for exams, a professional solving real-world problems, or simply
someone interested in the beauty of geometric relationships, mastering this concept opens
the door to a deeper understanding of shapes and their properties.

In this comprehensive guide, we will explore various methods to determine an angle when
two sides are known, focusing on the most common tools and formulas used in geometry.
We will delve into the principles behind the Law of Cosines and the Law of Sines, illustrate
how to apply these formulas step-by-step, and provide practical examples to enhance your
learning. By the end of this article, you'll be equipped with the knowledge and confidence
to solve problems involving triangles with only two sides provided.

Understanding the Basics: Types of Triangles and
Known Data

Before diving into the formulas, it’s important to understand the types of triangles and the
data you might have.

Types of Triangles Based on Sides and Angles

- Equilateral Triangle: All sides and angles are equal.

- Isosceles Triangle: Two sides are equal, and the angles opposite those sides are equal.
- Scalene Triangle: All sides and angles are different.

- Right Triangle: One angle is 90°, and the relationships between sides follow the
Pythagorean theorem.

What Data Is Usually Known?

- Lengths of two sides
- Known angles (if any)
- The relationship between sides and angles (e.g., side-angle-side, SAS)

In this guide, we focus on situations where only two sides are known, and the goal is to
find the included angle or other unknown angles.



Methods for Finding an Angle Given Two Sides

There are primarily two mathematical tools to find an unknown angle when two sides are
known:

1. Law of Cosines

The Law of Cosines relates the lengths of sides of a triangle to the cosine of one of its
angles. It is especially useful when:

- Two sides and the included angle are known (Side-Angle-Side, SAS)
- All three sides are known (Side-Side-Side, SSS), but the angle is unknown

Formula:

\[

c™2=a"2+b"2-2ab\cos C

\]

Where:

-\(a\) and \(b\) are known sides

-\(c\) is the side opposite the angle \(C\)

-\(C\) is the angle between sides \(a\) and \(b\)

Solving for the angle:

\[

\cos C = \frac{a™2 + b™~2 -c"2}{2ab}

\]

\[

C = \arccos \left( \frac{a™2 + b™2 - ¢c~2}{2ab} \right)
\]

Application:
- When you know two sides and the included side, you can find the included angle directly.
- When you know two sides but not the included side, additional information is needed.

2. Law of Sines

The Law of Sines relates the ratios of the sides of a triangle to the sines of their opposite
angles:

\[
\frac{a}{\sin A} = \frac{b}{\sin B} = \frac{c}{\sin C}
\]



Application:

- Useful when you know:

- Two angles and one side (AAS or ASA)

- Two sides and a non-included angle (SSA), though this can sometimes lead to ambiguous
cases

Finding an angle given two sides:
- If you know two sides and the included or non-included angles, you can set up ratios to
solve for unknown angles.

Step-by-Step Guide: How to Find an Angle When
Two Sides Are Given

Depending on the known data, the approach varies. Here are common scenarios and how
to handle them:

Scenario 1: Two sides and the included angle (SAS)

Given: Lengths \(a\) and \(b\), and included side \(c\)
Goal: Find the included angle \(C\)

Steps:

1. Use the Law of Cosines:

\[

C = \arccos \left( \frac{a”™2 + b~2 - ¢c~2}{2ab} \right)
\]

2. Plug in known values and calculate.

Example:
Given \(a=7\), \(b=10\), \(c=5\):

\[

C=\arccos \left( \frac{772 + 1072 - 572} {2 \times 7 \times 10} \right) = \arccos \left(
\frac{49 + 100 - 25} {140} \right) = \arccos \left( \frac{124} {140} \right)

\]

\[

C=\arccos(0.8857) \approx 28.07 ~\circ

\]



Scenario 2: Two sides and a non-included angle (SSA)

This case can sometimes lead to the ambiguous case, where:

- Zero solutions (no triangle)
- One solution (right-angled triangle)
- Two solutions (two different triangles)

Approach:

1. Use the Law of Sines:

&rac{a} {\sin A} = \frac{b}{\sin B}

\2]. Rearrange to find the unknown angle:
tgin B = \frac{b \sin A}{a}

\]

3. Check if \(\sin B\) is within the valid range \([-1, 1]\).

Example:
Given \(a=8\), \(b=10\), and \(A=30"\circ\):

\[

\sin B = \frac{10 \times \sin 30™\circ}{8} = \frac{10 \times 0.5} {8} = \frac{5}{8} =
0.625

\]

\[
B = \arcsin(0.625) \approx 38.68 ™ \circ

\]

Note: Since \(\sin B)\) is positive, the second possible solution is \(180"\circ - 38.68 " \circ =
141.32"\circ\), which can lead to two different triangles.

Scenario 3: Two sides with no angles known (SSS)

Given: Sides \(a\), \(b\), and \(c\)
Goal: Find an angle, e.g., \(C\)

Approach:

- Use the Law of Cosines directly, as shown in Scenario 1:
\[

C=\arccos \left( \frac{a™2 + b~2 - c~2}{2ab} \right)

\]



Practical Examples and Applications

Let's work through a detailed example to solidify the concepts.

Example: Find the angle between two sides of a triangle

Given:

- Side \(a = 9\) units

- Side \(b = 12\) units

- The side between the known sides, \(c\), is unknown, but the problem states that the side
opposite the angle \(C\) is 15 units.

Objective:
Find the angle \(C\), which is between sides \(a\) and \(b\).

Solution:
1. Recognize this is an SSS case: all three sides are known.
2. Apply the Law of Cosines:

\[
C=\arccos \left( \frac{a™2 + b"2 - c~2}{2ab} \right)

\]

Plugging in the values:

\[
C=\arccos \left( \frac{972 + 1272 - 1572} {2 \times 9 \times 12} \right)

\]

Calculate numerator:

\[
81 +144-225=0

\]

Calculate denominator:

\[
2 \times 9 \times 12 = 216

\]

Therefore:

\[
C=\arccos \left( \frac{0} {216} \right) = \arccos(0) = 90" \circ



\]

Result: The angle \(C\) is 90°, indicating the triangle is right-angled at \(C\).

Tips for Accurate Calculations and Common
Mistakes to Avoid

- Always double-check the units and ensure your calculator is in the correct mode (degrees
or radians).

- Be mindful of the ambiguous case in SSA; verify the validity of the solutions.

- When using the Law of Cosines, ensure the sides are correctly identified with respect to
the opposite angles.

- Round intermediate calculations carefully to avoid cumulative errors.

- Use inverse cosine (arccos) functions accurately, considering the domain restrictions.

Conclusion

Finding an angle given two

Frequently Asked Questions

How can I find the angle between two given sides in a
triangle?

You can use the Law of Cosines, which relates the sides of a triangle to the cosine of the
included angle. The formula is cos(C) = (a? + b2 - ¢2?) / (2ab), where a and b are the sides,
and C is the included angle.

What is the formula to determine an angle when two
sides and the included angle are known?

If you know two sides and the included angle, you can use the Law of Cosines: c2 = a2 + b?
- 2ab cos(C). Rearranging gives cos(C) = (a? + b? - ¢?) / (2ab).

Can the Law of Sines be used to find an angle given two



sides?

The Law of Sines requires knowledge of an angle and its opposite side or two angles and a
side to find other angles or sides. If you only have two sides, you typically need the
included angle or an additional piece of information to use Law of Sines.

What are common methods to find an angle given two
sides in different triangles?

Common methods include using the Law of Cosines for non-right triangles and basic
trigonometry functions like sine, cosine, or tangent for right triangles, depending on the
available sides and angles.

How do I find an unknown angle in a triangle if I know
two sides and want to avoid complex formulas?

You can use the Law of Cosines to directly compute the angle: C = arccos[(a? + b? - ¢2) /
(2ab)]. Make sure your calculator is in the correct mode (degrees or radians).

Are there any online tools or calculators to help find an
angle given two sides?

Yes, there are many online triangle calculators and tools where you input two sides (and
optionally the third side or included angle), and they compute the missing angles using the
Law of Cosines or other methods.

Additional Resources
How Do You Find An Angle Given 2 Sides?

Understanding how to find an angle given two sides is a fundamental problem in geometry
and trigonometry, with applications spanning from engineering and architecture to
navigation and computer graphics. This topic often surfaces in various mathematical
contexts, including triangle problems, vector analysis, and real-world measurement
scenarios. This comprehensive review delves into the methods, principles, and practical
considerations involved in determining an unknown angle when two side lengths are
known.

The Core Problem: Given Two Sides, Find an
Unknown Angle

At its core, the question "How do you find an angle given two sides?" pertains to situations



where you are provided with the measurements of two sides of a triangle and asked to
determine the measure of an angle—either between those sides or opposite to them. The
problem's nature depends on which sides and angles are known, as well as the type of
triangle involved.

The most common scenario involves:

- Given two sides (say, side a and side b), and sometimes
- The included angle (angle between the two sides), or
- The non-included angle, which introduces the need for different approaches.

The three primary methods to find the unknown angle are:

1. Using the Law of Cosines
2. Applying the Law of Sines (in certain configurations)
3. Utilizing coordinate geometry or vector methods (for more advanced applications)

The Law of Cosines: The Cornerstone Formula

The Law of Cosines is the most direct and versatile tool for finding an angle when two
sides are known. It generalizes the Pythagorean theorem to non-right triangles and is
especially useful when the side lengths are known but the included angle is unknown.

Law of Cosines Formula

For any triangle with sides \(a\), \(b\), and \(c\), opposite angles \(A\), \(B\), and \(C\),
respectively:

\[
c™2=a"2+ b"™2-2ab\cos C
\]

Similarly, to find an angle when two sides and the included side are known:

\[
\cos C = \frac{a™2 + b™~2 -c™2}{2ab}
\]

This formula can be rearranged based on which sides are known, to solve for the unknown
angle:

\[
C = \arccos \left( \frac{a™2 + b™2 - ¢c~2}{2ab} \right)

\]



Key Point: The Law of Cosines applies when you know two sides and the included side
(Side-Angle-Side, SAS) or all three sides (to find an angle opposite a known side).

Application Scenarios

- Given two sides and the included side (SAS): Use the Law of Cosines directly to find the
included angle.

- Given two sides and the non-included angle (SSA): Be cautious, as this can lead to
ambiguous cases (see the Law of Sines section).

- Given three sides (SSS): Use the Law of Cosines to find any angle.

Step-by-Step Approach to Finding an Angle Given
Two Sides

Suppose you are given:

- Side \(a\),

- Side \(b\),

- The included side \(c\) (or vice versa), or in some cases, only two sides are known and
you are to find an angle opposite one of those sides.

The general steps involve:

1. Identify the Known Quantities:

- Which sides are known?

- Which angle are you trying to find?

- Is the known angle included between the known sides?

2. Select the Appropriate Law:
- Use Law of Cosines if the included side is known or if all three sides are known.
- Use Law of Sines if you have an angle and its opposite side, or two angles and a side.

3. Insert Known Values into the Formula:
- Carefully substitute the known side lengths.
- Maintain consistent units and precision.

4. Calculate the Cosine of the Unknown Angle:
- Rearrange the formula if necessary.
- Calculate the cosine value.

5. Determine the Angle:
- Use the inverse cosine function (\(\arccos\)) to find the angle.
- Consider the domain of \(\arccos\) (0° to 180°).



6. Verify the Result:
- Check for the ambiguous case if applicable.
- Ensure the angle makes sense within the triangle's constraints.

Special Cases and Ambiguous Situations

While the Law of Cosines provides a straightforward method, certain configurations can
lead to ambiguous cases or multiple solutions.

The Ambiguous Case (SSA)

When given two sides and a non-included angle, the problem may have:

- Zero solutions: No triangle satisfies the given measurements.

- One solution: A unique triangle.

- Two solutions: Two different triangles can be constructed with the given data.
Example:

Given:

- \(a- = 7\)/

-\(b = 10V),

-\(\angle A = 30" \circ\) (not between sides \(a\) and \(b\)),

One can attempt to find \(\angle B\) using Law of Sines and check for multiple possible
configurations.

Resolving Ambiguities

- Use the Law of Sines to find potential solutions.
- Evaluate whether the sine value corresponds to one or two possible angles.
- Consider the triangle's geometry constraints to eliminate extraneous solutions.

Vector and Coordinate Geometry Methods

For complex applications or when working with coordinate points, vector analysis can be
employed to find angles:



\[

\cos \theta = \frac{\vec{u} \cdot \vec{v}}{|\vec{u}| |\vec{v}|}

\]

Where \(\vec{u}\) and \(\vec{v}\) are vectors representing the sides.

This approach is particularly useful in:

- Computer graphics
- Navigation
- Robotics

Practical Examples and Calculations

Example 1: Find the angle between two sides measuring 8 units and 6 units when the
included side is 10 units.

Solution:
Using Law of Cosines:

\[

\cos C = \frac{a™2 + b2 -c"2}{2ab} = \frac{872 + 672 - 1072} {2 \times 8 \times 6} =
\frac{64 + 36 - 100} {96} = \frac{0}{96} =0

\]

\[
C = \arccos(0) = 90™\circ

\]

Result: The angle between sides of 8 and 6 units is 90 degrees.

Example 2: Given sides of 9 and 12 units, and the angle between them is unknown, but the
side opposite this angle measures 15 units. Find the angle.

Solution:

Apply Law of Cosines:

\[

\cos C = \frac{a™2 + b2 -c™2}{2ab} =\frac{972 + 1272 - 1572}{2 \times 9 \times
12} = \frac{81 + 144 - 225}{216} = \frac{0}{216} =0

\]

\[



C = 90"™\circ
\]

Result: The angle is 90 degrees.

Limitations and Considerations

- Measurement Accuracy: Small errors in side lengths can lead to significant errors in
angle calculations.

- Triangle Validity: Not all side combinations form a valid triangle; triangle inequality must
be satisfied.

- Ambiguous Cases: As shown, SSA can produce more than one solution or none at all.

- Inverse Functions: The \(\arccos\) function yields angles between 0° and 180°, but
context may require choosing the correct solution based on the problem's geometry.

Conclusion

Finding an angle given two sides is a foundational skill in geometry, primarily
accomplished through the Law of Cosines. This method provides a direct route to the
unknown angle when the necessary side lengths are known, covering a broad spectrum of
triangle configurations. When faced with situations where the Law of Cosines is
insufficient or inapplicable, the Law of Sines or vector methods can be employed, each
with their own considerations regarding ambiguity and solution multiplicity.

Mastering these techniques enables practitioners to solve complex geometric problems,
analyze real-world structures, and develop a deeper understanding of the relationships
between sides and angles. As with any mathematical approach, care must be taken to
verify solutions and understand the underlying assumptions and limitations intrinsic to
each method.

In summary: To find an angle given two sides, identify the known parameters, choose the
appropriate law (most often the Law of Cosines), substitute known values, compute the
cosine of the angle, and then use the inverse cosine to find the measure of the angle. This
process, while straightforward in principle, requires careful attention to detail, especially
when handling ambiguous cases or measurement uncertainties, making it a rich area of
study and application in geometry.
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