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Understanding limits is a fundamental aspect of calculus, providing insight into the behavior of
functions as variables approach specific points. One common challenge students encounter is
evaluating limits involving indeterminate forms, such as 0/0 or «/«. In this article, we explore the
limit of the function (3x + 7) / (x - 1)"2 as x approaches 1, demonstrating step-by-step techniques to
analyze and compute this limit accurately. Whether you're a student preparing for exams or a
mathematics enthusiast seeking clarity, this comprehensive guide will simplify the process and
deepen your understanding of limits involving rational functions.

Understanding the Limit Expression

Before diving into calculations, it's essential to interpret the limit expression:

- Function: \( f(x) = \frac{3x + 7}{(x-1)"2}\)
- Approach Point: \( x \to 1)

At first glance, substituting x = 1 directly into the function yields:

\[
f(1) = \frac{3(1) + 7}{(1 - 1)"2} = \frac{10}{0}
\]

Since division by zero is undefined, the limit does not exist in the conventional sense. However,
limits consider the behavior of the function as x approaches 1, not necessarily at x=1. This indicates
the potential for the function to tend toward infinity or negative infinity, or to approach a finite value
from either side.

Key observations:
- The numerator \( 3x + 7\) approaches 10 as x approaches 1.
- The denominator \( (x - 1)~2\) approaches 0, but always remains non-negative because it's

squared.

Given these facts, the limit's behavior depends on how the denominator approaches zero and the
sign of the numerator near x=1.

Analyzing the Limit Behavior

To analyze the limit \( \lim {x \to 1} \frac{3x + 7}{(x-1)~2}\), consider the behavior from the left
(x approaching 1 from values less than 1) and from the right (x approaching 1 from values greater
than 1).



Approach from the Left (x - 1-)

- As x approaches 1 from the left, \(x < 1), so\( (x - 1)) is negative.

- Since \( (x - 1)~2)) is squared, it remains positive, approaching zero.

- The numerator \( 3x + 7\) approaches 10, which is positive.

- Therefore, the entire fraction behaves as positive divided by a very small positive number, tending
toward positive infinity.

Approach from the Right (x - 1)

- As x approaches 1 from the right, \(x > 1), so \( (x - 1) \) is positive.
- Again, \( (x - 1)~2\) approaches zero from above.

- The numerator remains close to 10, positive.

- The entire fraction tends toward positive infinity in this case as well.

Conclusion from the analysis:
- The function tends to positive infinity as x approaches 1 from both sides.

- The limit \( \lim {x\to 1} \frac{3x + 7}{(x- 1)~2}) is infinite, indicating a vertical asymptote at
x=1.

Formal Limit Evaluation Techniques

While the heuristic analysis suggests the limit approaches infinity, formal methods help confirm this
behavior.

Method 1: Direct Substitution and Sign Analysis

- Recognize that the numerator approaches 10.

- The denominator approaches 0, and since it's squared, always positive.

- As the denominator approaches zero, the fraction's magnitude increases without bound.
- Therefore, the limit is infinite.

Method 2: Using Limits at Infinity Conceptually

Though typically used for large x, the concept applies here:

\[

\lim {x\to 1} \frac{3x + 7}{(x-1)"2} \sim \frac{\text{finite} } {\text{very small positive number} }
\to +\infty

\]



Method 3: Limit Formalization with Epsilon-Delta (or Epsilon-
Delta Style)

- For any large number M > 0, choose & > 0 such that whenever \( 0 < |x - 1] < &), then \( f(x) > M
\).
- Since the denominator is squared, and numerator approaches 10, we can select 6 to make the
denominator less than \( \frac{10}{M} \), ensuring the function exceeds M in magnitude.

- This formalizes the idea that the limit diverges to positive infinity.

Graphical Interpretation

Visualizing the function provides intuition about its behavior near x=1:

- The graph exhibits a vertical asymptote at x=1.

- On both sides of x=1, the function's value rises sharply towards positive infinity.

- The numerator remains relatively stable near 10, while the denominator shrinks to zero, causing
the function's value to explode upward.

This behavior confirms the earlier conclusion of an unbounded increase.

Implications of the Limit Result

Understanding that the limit approaches positive infinity has several implications:

- Asymptotic behavior: The line x=1 acts as a vertical asymptote.

- Function behavior near the asymptote: The function grows without bound, indicating a
discontinuity at x=1.

- Applications: Recognizing such limits is vital in calculus for analyzing the behavior of rational
functions, asymptotic analysis, and understanding discontinuities.

Summary of Key Points

- The limit \( \lim {x\to 1} \frac{3x + 7}{(x-1)"2} ) does not exist in the finite sense because the
function diverges.

- Both the left-hand and right-hand limits tend toward positive infinity.

- The function has a vertical asymptote at x=1.

- Formal analysis confirms the divergence, and graphical visualization supports this conclusion.

Practical Tips for Evaluating Similar Limits

When faced with limits involving rational functions with denominators approaching zero, consider



the following:

—_

. Direct Substitution: Always attempt direct substitution first to identify indeterminate forms.
2. Sign Analysis: Determine the signs of numerator and denominator near the point of approach.

3. Approach from Both Sides: Examine limits from the left and right to understand the overall
behavior.

4. Graphical Visualization: Sketch or use graphing tools to observe the function's behavior near
the point.

5. Recognize Asymptotes: Vertical asymptotes occur where the denominator approaches zero
while the numerator remains finite.

6. Formal Proofs: Use epsilon-delta definitions or limit properties to rigorously confirm the
behavior.

Conclusion

The limit of the function \( \frac{3x + 7}{(x - 1)"2}\) as x approaches 1 illustrates a classic case of
divergence due to a vertical asymptote. Both heuristic reasoning and formal analysis demonstrate
that the function's value increases without bound, tending toward positive infinity. Recognizing such
behavior is fundamental in calculus, especially when analyzing the asymptotic characteristics of
rational functions. Mastery of these evaluation techniques equips you with the tools to handle a wide
array of limit problems involving indeterminate forms and discontinuities.

By understanding the nature of these limits, you gain deeper insights into the behavior of complex
functions, enabling you to analyze and interpret mathematical models in various scientific and
engineering contexts.

Frequently Asked Questions

What is the limit of 3x + 7) / (x - 1)~ 2 as x approaches 1?

The limit is infinity because as x approaches 1, the denominator approaches 0 and the numerator
approaches 10, resulting in an unbounded value.

Why does the limit of (3x + 7) / (x - 1) 2 approach infinity as x
approaches 1?

Because (x - 1)™2 approaches 0 from the positive side, causing the entire fraction to grow without
bound, while the numerator remains finite at 10.



Is the limit of 3x + 7) / (x - 1) 2 finite or infinite as x
approaches 1?

The limit is infinite because the denominator approaches zero faster than the numerator, making the
fraction grow without bound.

Does the limit depend on whether x approaches 1 from the left
or the right for 3x + 7) / (x - 1)"2?

No, the limit is the same from both sides because (x - 1)"2 is always positive, so the expression
tends to infinity regardless of the direction.

How can we formally determine the limit of 3x + 7) / (x-1)"2
as x approaches 1?

By analyzing the behavior as x approaches 1, noting that numerator approaches 10 and denominator
approaches 0 positively, confirming that the limit tends to infinity.

Additional Resources
Limit of (3x + 7) / (x - 1)"2 as x approaches 1

Understanding the behavior of functions as variables approach specific points is fundamental in
calculus, especially in the context of limits. The limit of (3x + 7) / (x - 1)"~2 as x approaches 1 is a
classic example that showcases the importance of analyzing indeterminate forms, the role of
algebraic manipulation, and the application of limit laws. This particular limit is intriguing because
as x gets closer to 1, the denominator approaches zero, which could lead to an infinite limit or a
finite value depending on the behavior of the numerator. Exploring this limit provides valuable
insights into concepts such as vertical asymptotes, infinite limits, and the importance of precise limit
evaluation techniques.

Understanding the Limit Concept

Before delving into the specific limit, it’s essential to grasp what a limit signifies in calculus. The
limit of a function f(x) as x approaches a point a, denoted as limx—a f(x), describes the value that f(x)
approaches as x gets arbitrarily close to a. Limits are foundational in defining derivatives, integrals,
and continuity.

In this case, the function is:

\[ f(x) = \frac{3x + 7}{(x- 1)"2} \]

and we are interested in:



\[ \lim_{x\to 1} \frac{3x + 7}{(x- 1)"2}\]

Since direct substitution results in division by zero, it suggests that the limit might be infinite or
undefined, prompting further analysis.

Direct Substitution and Initial Observations

Applying direct substitution:

\[ £(1) = \frac{3(1) + 7}{(1 - 1)"2} =\frac{3 + 7}{0} = \frac{10}{0} \]

which is undefined. The numerator approaches 10, a finite number, while the denominator
approaches zero. Because the denominator is squared, it is always non-negative and approaches

zero as x approaches 1 from either side.

- From the left (x = 1-): (x - 1) < 0, but squared, so (x - 1)~2 > 0. As x approaches 1 from the left, (x -
1) approaches 0-, but squared, it becomes very small positive, tending to 0.

- From the right (x = 14): (x- 1) > 0, and as x approaches 1 from the right, it approaches 0+,
squared to a very small positive number.

Because the numerator approaches 10, a positive finite number, and the denominator approaches

zero from the positive side, the overall fraction tends to infinity, but the sign of the infinity depends
on the direction of approach.

Analyzing the Limit from Both Sides

To determine the behavior as x approaches 1, consider limits from both sides separately:
Limit as x approaches 1 from the left (x = 1-)
As x approaches 1-, (x - 1) < 0 but very close to zero.

- (x - 1)~2 is positive and very small.
- The numerator, 3x + 7, approaches 10 (since x = 1).

Thus,
\[ \lim_{x \to 1”™-} \frac{3x + 7}{(x - 1)"~2} \approx \frac{10} {\text{small positive}} \to +\infty \]

Limit as x approaches 1 from the right (x - 1+)



Similarly,

- (x- 1) > 0, approaching zero.
- The numerator approaches 10.

Therefore,
\[ \lim_{x\to 1™+} \frac{3x + 7}{(x - 1)"~2} \approx \frac{10} {\text{small positive}} \to +\infty \]

Both one-sided limits tend towards positive infinity, indicating that as x approaches 1 from either
side, the function grows without bound in the positive direction.

Conclusion: The Overall Limit

Since both one-sided limits approach +®, the two-sided limit is said to be divergent to infinity.
Formally,

\[ lim_{x\to 1} \frac{3x + 7}{(x- 1)"2} = +\infty \]

This signifies that the function exhibits a vertical asymptote at x = 1. Understanding this behavior is
crucial, especially in graphing and analyzing the function’s properties.

Features and Characteristics of the Limit

Asymptotic Behavior

- The function has a vertical asymptote at x = 1.

- The limit tends to positive infinity, indicating the graph shoots upward as x approaches 1 from
either side.

Symmetry

- The function is not symmetric; the numerator is linear, and the denominator is quadratic.
- The limit behavior is identical from both sides, showing symmetric divergence.

Rate of Divergence

- The quadratic denominator shrinks faster than the numerator can grow or change, which confirms
the limit tends to infinity rather than approaching a finite value.



Techniques for Evaluating the Limit

While direct substitution reveals the behavior, alternative methods are useful for more complex
functions.

Algebraic Simplification

- Not particularly applicable here because the numerator is linear, and the denominator is quadratic,
but recognizing the form helps.

L'Hopital's Rule

- Since the limit involves a form resembling \(\frac{\text{finite}}{0}\), L'Hopital's Rule isn’t
necessary; the limit diverges to infinity.

- However, for completeness, L'Hopital's Rule applies when the limit is indeterminate of the form 0/0
or «/«, which is not the case here.

Sign Analysis

- Analyzing the signs of numerator and denominator near x = 1 confirms the divergence to positive
infinity.

Graphical Interpretation

Plotting the function around x = 1 reveals the vertical asymptote where the function shoots upward
toward infinity. The graph shows that:

- As x approaches 1 from the left, the function value increases without bound.
- As x approaches 1 from the right, the function similarly tends to positive infinity.

This behavior is typical of rational functions where the denominator approaches zero at a point, but
the numerator remains finite.

Practical Implications and Applications

In Calculus and Analysis

- Recognizing the behavior near vertical asymptotes helps in understanding the domain restrictions
and the shape of the graph.
- Such limits are fundamental in defining integrals involving infinite discontinuities.



In Physics and Engineering

- The concept models phenomena where quantities tend to infinity at certain points, such as electric
fields near point charges or stress concentrations.

In Real-world Modeling

- Limit analysis aids in understanding extreme behaviors, such as system failures or singularities in
physical models.

Pros and Cons of Limit Analysis at Singularities

Pros:

- Provides insight into the behavior of functions near points of discontinuity.
- Helps in graphing complex functions accurately.
- Essential for understanding asymptotic behavior and stability analysis.

Cons:

- Can be complex for functions with multiple indeterminate forms.

- Sometimes requires advanced techniques like series expansion or L'Hopital's Rule.

- Limit approaches may not always provide finite values, leading to concepts of divergence or
infinity.

Summary and Final Thoughts

The limit of (3x + 7) / (x - 1)~2 as x approaches 1 exemplifies the behavior of rational functions near
points of discontinuity. Through direct substitution and sign analysis, it’s evident that both one-sided
limits tend toward positive infinity, indicating a vertical asymptote at x = 1. This limit highlights the
importance of understanding the behavior of functions near singularities, which is essential in
various mathematical and applied contexts.

In practical terms, recognizing such limits helps in predicting system behaviors, designing safe
structures, and analyzing physical phenomena. While the divergence to infinity might seem less
informative than finite limits, it is equally critical in understanding the complete picture of a
function’s behavior. Mastery of these limit concepts not only enriches calculus knowledge but also
enhances analytical skills applicable across science and engineering disciplines.

In essence, the limit of (3x + 7) / (x - 1)~2 as x approaches 1 is infinite, illustrating the function’s



vertical asymptote and the importance of limit analysis in understanding function behavior near
points of discontinuity.
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