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When dealing with algebraic expressions, especially rational functions, the process of simplification
often involves factoring polynomials and identifying restrictions on variables to avoid undefined
expressions. In this article, we will explore how to simplify the rational expression \(\frac{a”2 - 7a +
12}{a”2 - 2a - 8}\), with a particular emphasis on understanding why the variable \(a\) cannot be
equal to 4. We will break down each step, analyze the factors, and discuss the importance of domain
restrictions to ensure the expression remains valid.

Understanding the Rational Expression

Before diving into the simplification process, it’s crucial to comprehend the structure of the given
expression:

\[

\frac{a™2-7a + 12}{a"2-2a- 8}
\]

This is a rational function—a ratio of two polynomials. Simplifying such an expression involves
factoring both numerator and denominator, then canceling common factors, if any.

Step 1: Factor the Numerator \(a”2 - 7a + 12\)

The numerator is a quadratic polynomial:
\[

a~2-7a+ 12
\]

To factor this quadratic, look for two numbers that multiply to 12 and add to -7.

e Factorsof 12: 1, 2, 3,4, 6, 12

¢ Pair that sums to -7: -3 and -4 (since \(-3 \times -4 = 12\) and \(-3 + -4 = -7\))

Therefore, the factored form of the numerator is:

\[



a™~2-7a+12=(a-3)(a-4)
\]

Step 2: Factor the Denominator \(a”2 - 2a - 8\)

Next, consider the denominator:
\[

a™2-2a-8

\]

Again, find two numbers that multiply to -8 and add to -2.

e Factors of -8: 1 and -8, -1 and 8, 2 and -4, -2 and 4

e Pair that sums to -2: -4 and 2 (since \(-4 \times 2 = -8\) and \(-4 + 2 = -2\))

Thus, the factorization is:

\[
a~2-2a-8=(a-4)(a+?2)
\]

Step 3: Write the Fully Factored Expression

Putting it all together, the original expression becomes:
\[

\frac{(a-3)(a-4)}{(a-4)(a+ 2)}
\]

Step 4: Cancel Common Factors

Notice that \((a - 4)\) appears in both numerator and denominator. These common factors can be
canceled, provided they are not zero (since division by zero is undefined). The simplified form is:



\[
\frac{a - 3}{a + 2}
\]

However, this cancellation is only valid if the factors we canceled are not zero. Therefore, we must
consider the restrictions on \(a\).

Understanding Domain Restrictions

When simplifying rational expressions, it’s vital to identify the values of \(a\) that make the original
denominator zero, as these values are excluded from the domain.

Determine where the denominator is zero

Recall the denominator:

\[
a™2-2a-8=(a-4)(a+2)
\]

Set each factor equal to zero:

* \(a-4 = 0 \Rightarrow a = 4\)

e \(a + 2 = 0 \Rightarrow a = -2\)

Thus, the original expression is undefined at \(a = 4\) and \(a = -2\).

Why is \(a \neq 4\)?

Although after cancellation the simplified expression appears to be valid at \(a=4\), the original
expression is not defined there because the denominator becomes zero at \(a=4\). Therefore, we
must explicitly exclude \(a=4\) from the domain, even after simplification.

Similarly, \(a = -2\) is excluded because it makes the denominator zero as well.

Final Simplified Expression and Domain

The simplified form of the original expression is:



\[
\boxed{\frac{a - 3}{a + 2}}
\]

With the domain restrictions:
\[

a \neq 4, \quad a \neq -2

\]

It’s crucial to remember that even if the simplified form looks like it’s defined at \(a=4\), the original
expression is not, and such points must be excluded from the domain.

Summary of the Simplification Process

To summarize, the steps to simplify \(\frac{a”2 - 7a + 12}{a"2 - 2a - 8}\) when \(a \neq 4\):

1. Factor numerator: \(a”™2 -7a + 12 = (a - 3)(a - 4)\)
2. Factor denominator: \(a”"2-2a-8 = (a-4)(a + 2)\)

3. Cancel common factors: \(\frac{(a - 3)\cancel{(a - 4)} }{\cancel{(a - 4)}(a + 2)} = \frac{a -
3}{a + 2}\)

4. Identify restrictions: \(a \neq 4\) and \(a \neq -2\), because these values make the original
denominator zero.

Additional Considerations

Why is it important to specify that \(a \neq 4\)?

When simplifying rational expressions, the cancellation of common factors assumes the factors are
not zero. Since \((a - 4)\) was canceled, it is essential to recognize that the original expression is
undefined at \(a=4\). Therefore, the statement "if \(a \neq 4\)" is crucial to avoid misinterpretation of
the simplified form as valid at \(a=4\).

Implications for Solving Equations



If you are solving an equation involving the original rational expression, you must remember to
exclude any solutions that make the denominator zero. For example, if you set the original
expression equal to some value, you should:

 Solve the resulting equation after factoring and simplifying.

e Check whether solutions are in the excluded set (\(a=4, -2\)).

Practice Problems for Mastery

1. Simplify \(\frac{a"2 - 5a + 6}{a"2 - 9}\) and specify the restrictions on \(a\).
2. Simplify \(\frac{a~2 + 3a-4}{a"2 - 4a + 4}\), identifying all domain restrictions.

3. Given the expression \(\frac{2a”2 - 8a}{a"2 - 4}\), simplify and state the values of \(a\) that are
excluded.

Answers:
1.\(\frac{(a-2)(a-3)}{(a-3)(a + 3)} = \frac{a - 2}{a + 3}\), with restrictions \(a \neq 3, -3\).
2. \(\frac{(a + 4)(a- 1)}{(a - 2)"2}\), with restrictions \(a \neq 2\).

3. \(\Mfrac{2a(a - 4)}{(a - 2)"2}\), with restrictions \(a \neq 2\).

Conclusion

Simplifying rational expressions like \(\frac{a”2 - 7a + 12}{a”"2 - 2a - 8}\) requires careful
factoring, cancellation of common factors, and vigilant attention to domain restrictions. Recognizing
that \(a=4\) must be excluded from the domain ensures the validity of the simplified expression.
Mastery of these steps is essential for solving algebraic problems involving rational functions and for
understanding their behavior across different values of the variable \(a\).

Remember: Always verify the restrictions on the variable after simplification, and never ignore the
original domain constraints to avoid errors in algebraic reasoning.

Frequently Asked Questions

How do I simplify the expression (a”2-7a + 12) / (a2 - 2a -



8)?

First, factor both numerator and denominator: numerator factors to (a - 3)(a - 4), and denominator
factors to (a - 4)(a + 2). Cancel the common factor (a - 4), resulting in (a - 3) / (a + 2).

Why can't a be 4 in the simplified expression?

Because when a = 4, the original denominator becomes zero (since a™2 - 2a - 8 = 0 at a = 4), which
makes the expression undefined. Therefore, a cannot be 4.

What are the restrictions on the variable a in the simplified
expression?

The variable a cannot be 4 because it makes the denominator zero in the original expression, leading
to an undefined value.

Is the simplified expression valid for all real numbers?

The simplified expression is valid for all real numbers except a = 4, where the original denominator
is zero, and a = -2, where the denominator in the factored form is zero.

How do I verify that the simplification is correct?

You can expand the factored forms of numerator and denominator, verify they match the original
quadratic expressions, and check that canceling the common factor yields the simplified form.

What is the domain of the simplified expression?

The domain includes all real numbers except a = 4 and a = -2, as these values make the original
denominator zero.

Can the expression be simplified further?

No, after factoring and canceling common factors, the expression simplifies to (a - 3) / (a + 2).

What is the significance of the restriction a = 4?

It indicates that at a = 4, the original expression is undefined due to division by zero, so the
simplified form is only valid for a # 4.

How do I handle the expression if a approaches 4?

Since the original expression is undefined at a = 4, its limit as a approaches 4 does not exist; the
expression is discontinuous there.



Additional Resources
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In the realm of algebraic expressions, simplifying rational functions is a fundamental skill that
enhances problem-solving efficiency and mathematical understanding. Today, we explore a specific
example: simplifying the expression \(\frac{a”™2 - 7a + 12}{a”2 - 2a - 8}\), with the important
caveat that the variable \(a\) cannot be 4. This restriction stems from the fact that at \(a=4\), the
denominator becomes zero, rendering the expression undefined. Understanding how to manipulate

and interpret such expressions is crucial for students, educators, and anyone engaged in
mathematical reasoning.

In this article, we will delve into the steps involved in simplifying the rational function, discuss the

significance of domain restrictions, and explore related concepts that deepen comprehension of
algebraic fractions.

Understanding the Expression: Numerator and Denominator

Before proceeding with the simplification, it is vital to examine the numerator and denominator
separately. Both are quadratic expressions, which can often be factored into products of binomials.
Recognizing factorable quadratics allows us to simplify the overall expression by canceling common
factors.

Numerator: \(a™2 - 7a + 12\)

Denominator: \(a”2 - 2a - 8\)

Factoring Quadratic Expressions

Factoring quadratics involves finding two binomials whose product yields the original quadratic. The
general approach involves:

- Identifying the coefficient of \(a™2\) (which is 1 in both cases).
- Finding two numbers that multiply to the constant term and add to the coefficient of \(a\).

Factoring the Numerator: \(a™2 - 7a + 12\)

- Product: 12
- Sum: -7

We seek two numbers that multiply to 12 and sum to -7. These are -3 and -4 because:

-\(-3 \times -4 = 12\)
A3 +-4=-7\)

Thus, the numerator factors as:



\[a”2-7a+ 12 =(a-3)(a-4)\]
Factoring the Denominator: \(a”™2 - 2a - 8\)

- Product: -8
- Sum: -2

Two numbers that multiply to -8 and add to -2 are -4 and 2:

-\(-4 \times 2 = -8\)
-\-4 + 2 =-2))

Therefore, the denominator factors as:

\[a”2-2a-8=(a-4)a+ 2)\]

Expressing the Rational Function in Factored Form
Replacing the quadratic expressions with their factored forms, the original expression becomes:

\[
\frac{(a-3)(a-4)}{(a-4)(a+2)}
\]

At this stage, it is clear that the numerator and denominator share a common factor \((a - 4)\).

Simplification by Canceling Common Factors

Provided that the shared factor \((a - 4)\) is not zero (which would make the expression undefined),
we can cancel it out:

\[
\frac{\cancel{(a - 4)} (a- 3)}{\cancel{(a-4)} (a + 2)} = \frac{a- 3}{a + 2}
\]

Important: Since the original expression is undefined at \(a=4\) (where the denominator becomes
zero), the domain of the simplified expression excludes \(a=4\).

This explains the phrase in the problem statement: "if \(a\) cannot be 4". It indicates the restriction

to values of \(a\) where the original expression is defined, emphasizing that the simplification
process assumes \(a \neq 4\).

Domain Considerations and Restrictions

Understanding the domain—the set of all permissible values of \(a\)—is critical in algebraic



manipulations involving rational expressions.
Original Denominator Restrictions:

\[
a”~2-2a-8\neq0
\]

\[
(a-4)@a+2)\neq0
\]

This leads to:

\[
a \neq 4 \quad \text{and} \quad a \neq -2
\]

Thus, the original expression is undefined at \(a=4\) and \(a=-2\). When simplifying, the factor \((a -
4)\) cancels out, but the restriction \(a \neq 4\) remains—since cancellation does not eliminate the
original undefined point.

Final Domain:

\[
a \in \mathbb{R} \setminus \{4, -2\}
\]

This ensures that the simplified form \(\frac{a - 3}{a + 2}\) accurately reflects the behavior of the
original expression, excluding the points where it is undefined.

The Final Simplified Expression

Combining all the steps, the simplified form of the original rational expression, with the domain
restrictions in mind, is:

\[
\boxed{\frac{a - 3}{a + 2}}
\]

where \(a \neq 4, -2\).

Why the Restriction \(a \neq 4\) Is Crucial

While the algebraic process allowed us to cancel the common factor \((a - 4)\), it is vital to remember
that the original expression was undefined at \(a=4\). Therefore, the simplified form does not hold at
\(a=4)), and this point must be excluded from the domain.



This highlights a key principle in algebra: simplification of rational expressions involves not only
reducing the expression but also understanding the domain restrictions that preserve its validity.

Broader Implications and Applications

The process discussed in this example is representative of broader algebraic techniques used
frequently in mathematics, engineering, physics, and computer science. Recognizing common
factors, factoring quadratic expressions, and respecting domain restrictions are foundational skills
that underpin advanced topics like calculus, differential equations, and algebraic geometry.

Practical applications include:

- Simplifying complex formulas in physics to understand relationships between variables.
- Reducing rational functions in computer algorithms for efficiency.
- Analyzing asymptotic behavior in mathematical modeling.

Furthermore, understanding the importance of domain restrictions prevents errors in problem-
solving, especially when dealing with real-world data where undefined points could correspond to
invalid or impossible states.

Summary and Key Takeaways

- Factoring Quadratics: Recognize when quadratic expressions can be factored into binomials for
simplification.

- Cancel Common Factors: Simplify rational expressions by canceling shared factors, provided those
factors are not zero.

- Domain Restrictions: Always identify values of the variable that make the original denominator
zero; these are excluded from the domain.

- Interpretation of Simplification: Understand that cancellation does not eliminate points where the
original function is undefined; hence, restrictions like \(a \neq 4\) remain valid.

- Real-World Relevance: The principles of algebraic simplification have practical applications across
numerous scientific and engineering disciplines.

Final Remarks

The journey from a complex rational expression to a clean, simplified form underscores the elegance
and power of algebra. By factoring quadratics and respecting domain restrictions, mathematicians
and students alike can manipulate expressions reliably and accurately. Remember, the phrase "If
\(a\) cannot be 4" is not just a technical caveat; it embodies a core principle of mathematical
integrity—always consider the domain when simplifying and interpreting expressions.

Mastering these techniques not only helps in solving algebraic problems but also builds a foundation
for more advanced mathematical concepts, ensuring clarity and precision in any analytical endeavor.
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