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Understanding the behavior and properties of random variables is fundamental in probability theory and
statistical analysis. One key concept in this realm is the cumulative distribution function (CDF), which
describes the probability that a random variable takes on a value less than or equal to a particular point. In
this article, we will explore the CDF defined by Fx(x) = 1 - 1/x for x ≥ 1, analyzing its properties,
implications, and applications. This comprehensive guide aims to provide clarity for students, researchers,
and practitioners interested in probability distributions, their characteristics, and how they model real-
world phenomena.

Introduction to the CDF Fx(x) = 1 - 1/x

The given cumulative distribution function (CDF):

\[ Fx(x) = 1 - \frac{1}{x} \quad \text{for} \quad x \geq 1 \]

has distinct features that differentiate it from common distributions such as the normal or exponential
distributions. To understand this CDF thoroughly, we need to analyze its domain, range, and fundamental
properties.

Domain and Range
- Domain: The function is defined for \( x \geq 1 \). This indicates that the random variable X takes values
starting from 1 and extending to infinity.
- Range: Since \( Fx(x) \) is a CDF, it must be non-decreasing, right-continuous, with limits:
- \( Fx(1) = 1 - 1/1 = 0 \)
- \( \lim_{x \to \infty} Fx(x) = 1 - 0 = 1 \)

Thus, the CDF maps the interval \([1, \infty)\) to \([0, 1)\), approaching 1 asymptotically as \( x \to \infty \).

Basic Properties of the Distribution
- Monotonicity: The function is non-decreasing on its domain.
- Continuity: It is continuous for all \( x \geq 1 \).
- Limits:



- At \( x = 1 \), \( Fx(1) = 0 \).
- As \( x \to \infty \), \( Fx(x) \to 1 \).

Understanding these properties lays the groundwork for deriving the probability density function (PDF),
calculating moments, and understanding the distribution's behavior.

Deriving the Probability Density Function (PDF)

The PDF of a continuous random variable is obtained by differentiating its CDF:

\[ f_X(x) = \frac{d}{dx} Fx(x) \]

Given:

\[ Fx(x) = 1 - \frac{1}{x} \quad \text{for} \quad x \geq 1 \]

Differentiating:

\[ f_X(x) = \frac{d}{dx} \left( 1 - \frac{1}{x} \right) = 0 - \left( -\frac{1}{x^2} \right) = \frac{1}{x^2} \]

Hence, the PDF is:

\[ f_X(x) = \frac{1}{x^2} \quad \text{for} \quad x \geq 1 \]

and zero otherwise.

Key observations:
- The PDF is positive over the domain \( [1, \infty) \).
- The total probability integrates to 1 over the domain:

\[
\int_{1}^{\infty} \frac{1}{x^2} dx = \left[ -\frac{1}{x} \right]_1^{\infty} = 0 - (-1) = 1
\]

which confirms that the distribution is valid.

Properties of the Distribution

Understanding the characteristics of this distribution helps in modeling and analyzing data effectively.



1. Support and Nature
- The distribution is supported on \( [1, \infty) \).
- It is a type of Pareto-like distribution, with a heavy tail, meaning it assigns significant probability to large
values.

2. Moments of the Distribution
Calculating moments helps in understanding the average behavior and variability of X.

Expected value \(E[X]\):

\[
E[X] = \int_{1}^{\infty} x \cdot f_X(x) dx = \int_{1}^{\infty} x \cdot \frac{1}{x^2} dx = \int_{1}^{\infty}
\frac{1}{x} dx
\]

This integral diverges:

\[
\int_{1}^{\infty} \frac{1}{x} dx = \lim_{t \to \infty} \ln x \big|_1^t = \infty
\]

Conclusion: The mean \(E[X]\) does not exist; the distribution has an infinite mean due to its heavy tail.

Variance \(Var[X]\):

Similarly, the second moment:

\[
E[X^2] = \int_{1}^{\infty} x^2 \cdot \frac{1}{x^2} dx = \int_{1}^{\infty} 1 dx = \infty
\]

Thus, variance is also undefined.

Summary:

| Property | Value | Remarks |
| --- | --- | --- |
| Mean | Does not exist | Due to divergence of the integral |
| Variance | Does not exist | Same as above |



3. Tail Behavior and Heavy Tails
- The tail of the distribution diminishes as \( 1/x^2 \), indicating a heavy tail but with finite total
probability.
- Heavy-tailed distributions are significant in fields like finance, insurance, and environmental modeling.

4. Quantile Function
The inverse of the CDF, known as the quantile function \(Q(p)\), provides the value below which a certain
proportion \(p\) of data falls.

Given:

\[ Fx(x) = p \Rightarrow p = 1 - \frac{1}{x} \Rightarrow x = \frac{1}{1 - p} \]

for \( 0 < p < 1 \), the quantile function:

\[ Q(p) = \frac{1}{1 - p} \]

This is useful for generating random samples from this distribution via inverse transform sampling.

Applications of the Distribution

The distribution defined by \( Fx(x) = 1 - 1/x \) models various real-world phenomena, especially those
involving heavy tails and scale-invariant properties.

1. Modeling Wealth and Income Distributions
- The heavy tail characteristic makes it suitable for modeling wealth or income, where a small proportion
of the population holds a significant portion of total wealth.

2. Risk Management and Finance
- In finance, heavy-tailed distributions model extreme events or shocks, such as market crashes.

3. Environmental and Natural Phenomena
- Modeling natural disasters like earthquakes or floods, which have probabilities decreasing as magnitude
increases.



4. Reliability and Survival Analysis
- Certain lifespan distributions with heavy tails are used to assess failure times.

Comparison with Other Distributions

Understanding how this distribution compares to well-known distributions helps in selecting appropriate
models.

1. Pareto Distribution
- The Pareto distribution with shape parameter \( \alpha \) has PDF:

\[
f(x) = \frac{\alpha x_m^{\alpha}}{x^{\alpha + 1}}
\]

- Our distribution's PDF \( 1/x^2 \) corresponds to a Pareto distribution with \( \alpha = 1 \) and \( x_m = 1
\).

- The key difference is that the Pareto distribution explicitly includes a shape parameter, allowing
flexibility, whereas our distribution has a fixed form.

2. Power Law Distributions
- The distribution's tail behavior aligns with power-law distributions, often used in complex systems.

3. Exponential and Normal Distributions
- Unlike exponential or normal distributions, which have finite moments, this distribution has infinite
mean and variance, making it unsuitable for modeling phenomena where average behavior is well-
defined.

Conclusion and Key Takeaways

This article provided a detailed analysis of the distribution characterized by the CDF \( Fx(x) = 1 - 1/x \) for
\( x \geq 1 \). Key points include:



- The distribution is supported on \( [1, \infty) \) with a heavy tail decreasing as \( 1/x^2 \).
- Its probability density function is \( f_X(x) = 1/x^2 \).
- The distribution has no finite mean or variance due to divergence of the respective integrals.
- The quantile function \( Q(p) = 1/(1 - p) \) enables random sample generation.
- It models phenomena with heavy tails, such as wealth distribution, financial risks, and natural events.
- Its relation to Pareto and power-law distributions makes it relevant in various scientific fields.

Understanding this distribution enriches the toolkit of statisticians and researchers dealing with heavy-
tailed data and complex systems. When applying it

Frequently Asked Questions

What is the cumulative distribution function (CDF) given for the random
variable X?
The CDF is given by Fx(x) = 1 - 1/x for x > 1.

What is the support of the random variable X based on the given CDF?
The support is x > 1, since Fx(x) is defined for x > 1.

Is the given function Fx(x) a valid CDF? Why or why not?
Yes, because Fx(x) is non-decreasing, right-continuous, approaches 0 as x approaches 1 from above, and
approaches 1 as x approaches infinity.

What is the probability density function (PDF) corresponding to the
given CDF?
The PDF is fX(x) = d/dx Fx(x) = 1/x² for x > 1.

What is the expected value E[X] of the random variable X?
E[X] = ∞, because the integral of x fX(x) over (1, ∞) diverges.

Is the variance of X finite or infinite?
The variance is infinite because the second moment E[X²] diverges.



How would you interpret the tail behavior of X based on its CDF?
Since Fx(x) approaches 1 as x increases, and the PDF decreases as 1/x², X has a heavy tail with significant
probability of large values.

Can the random variable X take values less than or equal to 1?
No, because Fx(x) is only defined for x > 1, indicating that X > 1 almost surely.

How does the CDF Fx(x) compare to that of a Pareto distribution?
Fx(x) = 1 - 1/x resembles the CDF of a Pareto distribution with shape parameter 1, indicating a heavy-
tailed distribution.

What is the significance of the function Fx(x) = 1 - 1/x in modeling real-
world phenomena?
It models phenomena with heavy tails and scale-invariant behavior, such as income distributions or certain
failure time models.

Additional Resources
Consider A Cdf For A Random Variable X Given By Fx(x)=1-1/x 1 — this intriguing formulation of a
cumulative distribution function (CDF) invites a detailed exploration into its properties, implications, and
potential applications. At first glance, the expression suggests a non-traditional approach to defining a
distribution, prompting questions about its domain, behavior, and the nature of the underlying random
variable X. In this article, we will thoroughly analyze this CDF, examine its mathematical features,
interpret its significance, and evaluate its utility in various contexts.

Understanding the Given CDF: Fx(x)=1 - 1/x

Mathematical Definition and Domain
The function under consideration is:

\[ F_x(x) = 1 - \frac{1}{x} \]

This suggests that for the random variable X, the probability that X takes a value less than or equal to x is
given by \( 1 - 1/x \). To interpret this properly, we need to specify the domain where this function is



valid.

- Domain of the CDF: Since the expression involves \( 1/x \), it is undefined at \( x=0 \). Typically, the
domain is divided into intervals where the CDF is valid and non-decreasing.
- Assumption: To ensure the CDF is non-decreasing and bounded between 0 and 1, the natural domain is \(
x \in (1, \infty) \), where \( F_x(x) = 1 - 1/x \) ranges from 0 to 1 as \( x \) moves from 1 to infinity.

Key Point:
The CDF \( F_x(x) = 1 - 1/x \) is valid for \( x > 1 \). For other values, it's either not defined or does not
satisfy the properties of a CDF.

Behavior at Domain Boundaries
- As \( x \to 1^+ \),
\[ F_x(1^+) = 1 - 1/1 = 0 \]
indicating the probability starts at zero just above 1.
- As \( x \to \infty \),
\[ F_x(\infty) = 1 - 0 = 1 \]
confirming the CDF approaches 1 as x grows large.

This behavior aligns with the properties of a CDF: non-decreasing, right-continuous, and approaching 0 at
the lower bound, 1 at infinity.

Properties of the Distribution

Support of the Distribution
- Support: The set of all \( x \) where the distribution has positive probability mass or density.
- Based on the CDF, the support is \( (1, \infty) \).
- Implication: The random variable X takes values strictly greater than 1.

Probability Density Function (PDF)
The PDF is derived by differentiating the CDF:

\[
f_x(x) = \frac{d}{dx} F_x(x) = \frac{d}{dx} \left(1 - \frac{1}{x}\right) = \frac{1}{x^2}
\]



for \( x > 1 \).
- Validity of PDF:
\[
\int_{1}^{\infty} \frac{1}{x^2} dx = \left[ -\frac{1}{x} \right]_1^\infty = 1 - 0 = 1
\]
confirming it is a valid probability density function.

Features:
- The PDF \( f_x(x) = 1/x^2 \) is positive over \( (1, \infty) \).
- It is a monotonically decreasing function, indicating that larger values are less probable.

Expected Value and Variance
- Expected Value (Mean):
\[
E[X] = \int_{1}^{\infty} x \cdot \frac{1}{x^2} dx = \int_{1}^{\infty} \frac{1}{x} dx
\]
The integral diverges (tends to infinity), implying the mean of X does not exist (is infinite).

- Variance:
Since the mean is infinite, the variance is also undefined or infinite.

Summary:
- The distribution has a heavy tail, with an infinite mean and variance.
- Such distributions are often used to model phenomena with unbounded expected values, such as certain
financial risks or natural phenomena.

Interpretation and Applications

Relation to Known Distributions
- The PDF \( f(x) = 1/x^2 \) over \( (1, \infty) \) resembles a Pareto distribution with shape parameter \(
\alpha = 1 \).
- Comparison:
- Pareto distribution with \( \alpha = 1 \) and scale \( x_m=1 \) has PDF:

\[
f(x) = \frac{\alpha x_m^\alpha}{x^{\alpha+1}} = \frac{1}{x^2}
\]



for \( x \geq 1 \), which matches our derived PDF.

Implication:
The distribution represented by \( F_x(x) = 1 - 1/x \) is essentially a Pareto distribution with specific
parameters.

Real-World Applications
- Economics and Finance: Modeling wealth distribution, where a small proportion holds large wealth,
leading to heavy tails.
- Natural Phenomena: Modeling sizes of natural events like earthquakes or floods, where extreme events
are rare but possible.
- Risk Management: Understanding tail risks with infinite mean, important in insurance and financial risk
assessment.

Pros and Cons of Using This Distribution

Pros:
- Heavy Tails: Suitable for modeling phenomena with significant probability of extreme values.
- Analytical Simplicity: The distribution is mathematically tractable; the PDF and CDF are simple to derive.
- Parameter Clarity: The distribution is characterized by a single parameter, making it straightforward to
analyze.

Cons:
- Infinite Mean and Variance: Limits the usefulness for models requiring finite moments, such as mean-
based risk metrics.
- Limited Support: Only defined for \( x > 1 \), which may be restrictive depending on the application.
- Potential for Misinterpretation: Heavy-tailed distributions require careful handling; over-reliance can lead
to underestimating the likelihood of extremely large events.

Conclusion and Final Remarks
The CDF \( F_x(x) = 1 - 1/x \) for \( x > 1 \) encapsulates a Pareto-like distribution with significant
implications in various fields. Its heavy tail, infinite mean, and simple mathematical form make it both a
powerful tool and a cautionary example of distributions with non-finite moments. Understanding its
properties allows analysts and researchers to model real-world phenomena where extreme events are non-
negligible, but it also necessitates careful interpretation given its divergence from distributions with finite
expectations. Whether employed in economic modeling, natural sciences, or risk assessment, this
distribution exemplifies the importance of choosing models aligned with the nature of the data and the
phenomena under study.



---

Summary of Key Features:
- Support: \( (1, \infty) \)
- CDF: \( F_x(x) = 1 - 1/x \)
- PDF: \( f_x(x) = 1/x^2 \)
- Mean: Divergent (infinite)
- Variance: Divergent (infinite)
- Distribution type: Pareto with \( x_m=1 \) and \( \alpha=1 \)
- Applications: Heavy-tailed phenomena, risk modeling, natural event sizes

In conclusion, analyzing \( F_x(x) = 1 - 1/x \) provides insights into the behaviors and characteristics of
heavy-tailed distributions, emphasizing the importance of understanding the underlying assumptions and
implications when applying such models in practical scenarios.
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