Evaluate The Integral By Changing To
Spherical Coordinates:

Evaluate The Integral By Changing To Spherical Coordinates:

When faced with complex triple integrals, especially those involving spherical symmetry or regions
bounded by spheres, converting the integral into spherical coordinates can significantly simplify the
computation process. This approach leverages the natural symmetry of the problem, making it easier
to evaluate integrals that would otherwise be challenging in Cartesian or rectangular coordinates. In
this article, we will explore the concept of changing to spherical coordinates for evaluating integrals,
discuss the step-by-step process, and highlight common applications and tips for effective
calculation.

Understanding Spherical Coordinates

Before diving into the evaluation process, it is essential to understand what spherical coordinates
are and how they relate to Cartesian coordinates.

Definition of Spherical Coordinates

Spherical coordinates describe a point in three-dimensional space using three parameters:

- Radius (r): The distance from the origin to the point.

- Polar angle (0): The angle between the positive z-axis and the line connecting the origin to the
point. (0 =0 < m)

- Azimuthal angle (¢): The angle between the positive x-axis and the projection of the point onto the
xy-plane. (0 < ¢ < 2m)

The conversion formulas from Cartesian (X, y, z) to spherical (r, 6, ¢) are:

\[

x = r \sin \theta \cos \phi
\]

\[

y = r\sin \theta \sin \phi
\]

\[

z =r \cos \theta

\]

Conversely, the inverse transformations are:

\[
r=\sqrt{x"2 +y~2 + z"2}



\]

\[

\theta = \arccos \left( \frac{z}{r} \right)
\]

\[

\phi = \arctan2(y, x)

\]

Volume Element in Spherical Coordinates

The volume element (dV) in spherical coordinates is:
\[

dV =r"~2 \sin \theta \, dr, d\theta \, d\phi

\]

This factor accounts for the Jacobian determinant of the transformation from Cartesian to spherical
coordinates, which is crucial when converting integrals.

Why Change to Spherical Coordinates?

Changing variables from Cartesian to spherical coordinates offers several advantages:

- Simplifies integration over regions with spherical symmetry (e.g., spheres, spherical shells).
- Converts complex boundary surfaces into simpler constant-coordinate surfaces.

- Reduces multiple integrals into more manageable forms.

Common scenarios where spherical coordinates are advantageous include:

- Integrating over spheres or parts of spheres.

- Problems involving radially symmetric functions.
- Calculations in physics, such as gravitational or electrostatic potential problems.

Steps to Evaluate an Integral Using Spherical
Coordinates

Evaluating an integral via spherical coordinates involves a systematic approach:

1. Understand the Region of Integration

Identify the region over which the integral is defined. For spherical coordinates, regions are often
described in terms of bounds on r, 6, and ¢:



- r: from a minimum to maximum radius (e.g., 0 to R for a sphere of radius R).
- 0: from 0 to i (covering the entire sphere).
- @: from 0 to 2n (full rotation around the z-axis).

Visualize the region to determine the bounds accurately.

2. Express the Integrand in Spherical Coordinates

Rewrite the integrand function in terms of r, 6, and ¢ using the coordinate transformation formulas.
For instance, if the integrand is a function of x, y, z, substitute:

\[

x = r\sin \theta \cos \phi
\]

\[

y = r\sin \theta \sin \phi
\]

\[

z = r\cos \theta

\]

For functions already expressed in terms of r, 6, or ¢, simply substitute accordingly.

3. Determine the Limits of Integration

Based on the region, establish the bounds:

- For a sphere of radius R: \( 0 \leq r \leq R)

- For the full sphere: \( 0 \leq \theta \leq \pi \)

- For the full azimuthal range: \( 0 \leq \phi \leq 2\pi \)

In more complex regions, bounds may be functions of other variables, requiring careful analysis.

4, Write the Integral in Spherical Coordinates

Replace the original volume element with the spherical volume element:

\[

\iiint {V} f(x,y, z)\, dV =\int {\phi {min}}~{\phi {max}} \int {\theta {min}}~{\theta {max}}
\int {r {min}}~{r {max}} f(r, \theta, \phi) \, r"2 \sin \theta \, dr\, d\theta \, d\phi

\]

This form is often more straightforward to evaluate.



5. Perform the Integration Step-by-Step

- Integrate with respect to r first, then 0, and finally ¢ (or in an order suitable for your problem).
- Use standard integral techniques or substitution where necessary.
- Carefully evaluate the limits at each step.

Example: Evaluating a Spherical Integral

Let's consider an example to illustrate the process.

Problem: Evaluate the volume of the region inside the sphere \( x~2 + y~2 + z~2\leq 4 ).
Solution:

1. Identify the region: The sphere of radius 2 centered at the origin.

2. Express the integrand: For volume, the integrand is 1.

3. Set the bounds:
-\(0\leqr\leq2)\)

-\( 0 \leq \theta \leq \pi )
-\( 0 \leq \phi \leq 2\pi \

4. Write the integral:

\[
V =\int {0}~ {2\pi} \int {0}~ {\pi} \int {0}~{2} r~2 \sin \theta \, dr, d\theta \, d\phi
\]

5. Evaluate integrals:

- Integrate with respect to r:

\[
\int {0}"~{2} r~2 dr = \frac{r~3}{3} \bigg| {0}~{2} = \frac{8}{3}
\]

- Integrate with respect to 6:

\[
\int {0}~ {\pi} \sin \theta ), d\theta = 2

\]

- Integrate with respect to o:

\[
\int {0}~ {2\pi} d\phi = 2\pi
\]



6. Combine results:

\[
V = \frac{8} {3} \times 2 \times 2\pi = \frac{8} {3} \times 4\pi = \frac{32\pi} {3}
\]

This matches the known volume of a sphere of radius 2.

Applications of Changing to Spherical Coordinates

The technique is widely used in various fields, including:

- Physics: Calculating electric potential, magnetic fields, or gravitational fields where symmetry
simplifies the computations.

- Engineering: Designing systems with spherical components or analyzing spherical regions.

- Mathematics: Evaluating complex integrals over spherical regions or with radially symmetric
integrands.

- Computer Graphics: Rendering scenes with spherical symmetry or performing volume rendering.

Tips for Effective Evaluation

- Always carefully analyze the region of integration; misidentifying bounds can lead to incorrect
results.

- Simplify the integrand as much as possible before integrating.

- Be cautious with the Jacobian determinant; ensure the volume element is correctly expressed.

- When dealing with complicated regions, consider decomposing the region into simpler subregions.
- Use symmetry properties to reduce the complexity of the integral whenever possible.

Conclusion

Changing to spherical coordinates is a powerful method for evaluating triple integrals, especially
when the region of integration exhibits spherical symmetry. It transforms complex boundary
surfaces into simpler constant-coordinate surfaces and leverages the natural geometry of the
problem. Mastering this technique involves understanding the coordinate transformation, accurately
determining bounds, and carefully computing the integral with the correct volume element. Whether
in pure mathematics, physics, or engineering, the ability to evaluate integrals using spherical
coordinates is an essential tool in the analytical toolkit, enabling efficient solutions to otherwise
daunting problems.

Frequently Asked Questions



What is the general approach to evaluate a triple integral by
changing to spherical coordinates?

The approach involves expressing the Cartesian coordinates (x, y, z) in terms of spherical
coordinates (p, 0, @), setting up the integral with the Jacobian determinant (p? sin @), and defining
the limits based on the region's boundaries in spherical coordinates before integrating.

How do you convert the Cartesian variables to spherical
coordinates?

The conversions are x = p sin ¢ cos 0, y = p sin ¢ sin 6, and z = p cos ¢, where p = 0, 0 < 6 < 21,
and 0 = =1

What is the Jacobian determinant for the change of variables
from Cartesian to spherical coordinates?

The Jacobian determinant is p? sin @, which is used to convert the differential volume element dV =
dx dy dz into p? sin @ dp do d6.

When evaluating an integral over a sphere, what are the
typical limits for p, 0, and ¢?

For a sphere of radius R, p varies from 0 to R, 6 from 0 to 2m, and ¢ from 0 to m.

Why is changing to spherical coordinates often advantageous
for evaluating integrals over spherical regions?

Because it aligns the coordinate system with the symmetry of the sphere, simplifying the limits and
the integrand, especially when the region or integrand is symmetric about the origin.

Can you evaluate the volume of a sphere using spherical
coordinates? How?

Yes. Set the limits p from 0 to R, 6 from 0 to 21, and ¢ from 0 to 1, and compute the integral of the
volume element p? sin @ dp do d6, which yields (4/3)n R3.

What are common mistakes to avoid when setting up integrals
in spherical coordinates?

Common mistakes include incorrect limits for p, 8, or @; forgetting to include the Jacobian p? sin ¢;
and misidentifying the region's boundaries in spherical coordinates.

How does the symmetry of a region influence the choice of



coordinate system in integral evaluation?

Symmetry about the origin or along axes makes spherical coordinates ideal for regions like spheres
or hemispheres, simplifying the integral by exploiting symmetry and reducing complexity.

Is it always better to switch to spherical coordinates for
integrals over spherical regions? Why or why not?

While often advantageous due to symmetry, it is not always better if the region's boundaries are
more straightforward in Cartesian or cylindrical coordinates. The choice depends on the region's
shape and the integrand's form.

Additional Resources
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In the realm of multivariable calculus, integrals over three-dimensional regions often pose
significant computational challenges. Traditional Cartesian coordinates, while straightforward for
rectangular regions, can become unwieldy when dealing with more complex domains such as
spheres, cones, or regions bounded by curved surfaces. To address this, mathematicians and
scientists frequently turn to coordinate transformations—most notably, spherical coordinates—to
simplify the evaluation of integrals. This article provides a comprehensive examination of how to
evaluate integrals by transitioning from Cartesian to spherical coordinates, highlighting theoretical
foundations, practical methodologies, and illustrative examples.

Understanding Spherical Coordinates: Foundations and
Definitions

Before delving into the integration process, it’s essential to grasp what spherical coordinates are
and how they relate to Cartesian coordinates.

Definition and Coordinate Transformation

Spherical coordinates provide a system to specify points in three-dimensional space based on their
distance from the origin and their angular orientation relative to fixed axes.

- Variables:

-\(\rho \) (rho): The radial distance from the origin to the point.

-\(\theta ) (theta): The azimuthal angle in the xy-plane, measured from the positive x-axis.
-\(\phi\) (phi): The polar angle (or inclination), measured from the positive z-axis downward.

- Transformation equations:



\[

\begin{cases}

x = \rho \sin \phi \cos \theta \\
y = \rho \sin \phi \sin \theta \\
z = \rho \cos \phi
\end{cases}

\]

- Ranges of variables:
\[

\begin{cases}

0 \leq \rho < \infty \\
0 \leq \theta < 2\pi \\
0 \leq \phi \leq \pi
\end{cases}

\]

This coordinate system is particularly advantageous when dealing with spherical regions, such as
balls or shells, because the boundaries often align naturally with constant \(\rho\), \(\phi\), or
\(\theta\).

The Jacobian and Volume Element in Spherical
Coordinates

For changing variables in multiple integrals, understanding the Jacobian determinant is critical. It
accounts for how volume elements transform under coordinate changes.

Derivation of the Jacobian

Starting from the transformation equations, the Jacobian determinant \( J \) for the transformation
from \((\rho, \theta, \phi)\) to \((x, y, z)\) is given by:

\[
J = \left| \frac{\partial(x, y, z) } {\partial(\rho, \theta, \phi)} \right|
\]

Calculating this determinant yields:

\[
J =\rho”2 \sin \phi
\]

This leads to the fundamental volume element in spherical coordinates:



\[
dV = \rho”2 \sin \phi \, d\rho \, d\phi \, d\theta

\]
which replaces the Cartesian volume element \( dx\,dy\,dz ).
Implication: When integrating a function \(f(x, y, z)\) over a region \(D\), the integral becomes:

\[

\iiint D f(x, y, z) \, dx\,dy\,dz = \iiint {D'} f(\rho, \theta, \phi) \, \rho”2 \sin \phi \, d\rho \, d\phi \,
d\theta

\]

where \( D')) is the region \( D \) expressed in spherical coordinates.

Setting Up the Integral in Spherical Coordinates

Transforming an integral involves three critical steps:

1. Describing the Region in Spherical Coordinates:
- Express the boundaries of the region in terms of \(\rho\), \(\theta\), and \(\phi\).
- Identify the limits for each variable.

2. Transforming the Integrand:
- Rewrite the original function \(f(x, y, z)\) as \(f(\rho, \theta, \phi)\) using the coordinate
transformation equations.

3. Applying the Volume Element:
- Incorporate the Jacobian \( \rho”2 \sin \phi ) into the integral.

General Framework for the Integral

Suppose the region \( D \) is bounded by surfaces that are conveniently expressed in spherical
coordinates. Then, the integral takes the form:

\[

\iiint D f(x, y, z) \, dx\,dy\,dz = \int_{\theta {min}} "~ {\theta {max}}

\int_{\phi {min}}~{\phi {max}} \int {\rho {min}(\theta, \phi)}~{\rho {max}(\theta, \phi)} f(\rho,
\theta, \phi) \, \rho”~2 \sin \phi \, d\rho \, d\phi \, d\theta

\]

Note that, in many symmetric regions like spheres or hemispheres, the bounds are constants,
simplifying the integration.



Evaluating Specific Integrals Using Spherical
Coordinates

The true power of spherical coordinates becomes evident when evaluating integrals over regions
with spherical symmetry or curved boundaries.

Example 1: Volume of a Sphere

Problem: Find the volume of a sphere of radius \( R ).
Solution:

- Region in spherical coordinates:

\[

0 \leq \rho \leq R,\quad 0 \leq \phi \leq \pi,\quad 0 \leq \theta \leq 2\pi

\]

- Integral:

\[

V =\int {0}~ {2\pi} \int {0}~ {\pi} \int {0}~ {R} \rho”2 \sin \phi\, d\rho \, d\phi \, d\theta
\]

- Compute:

\[

V = \left(\int {0}~ {2\pi} d\theta \right) \left( \int {0}~ {\pi} \sin \phi\, d\phi \right) \left(
\int {0}~{R} \rho”~2\, d\rho \right)

\]

\[
V = (2\pi) \times (2) \times \left( \frac{R"~3}{3} \right) = \frac{4} {3} \pi R*3
\]

This confirms the well-known volume formula for a sphere, illustrating how spherical coordinates
streamline the process.

Example 2: Integrating a Function Over a Spherical Shell

Suppose we want to evaluate:

\[
[ =\iiint {R 1\leg\rho\leq R 2} z\, dV
\]

- Express \(z\):

\[
z = \rho \cos \phi



\]

- Integral setup:

\[

[ =\int {0}~ {2\pi} \int {0}~ {\pi} \int {R 1}~{R 2} (\rho \cos \phi) \, \rho”2 \sin \phi \, d\rho ),
d\phi \, d\theta

\]

- Simplify:

\[

[ =\int {0}~{2\pi} d\theta \int {0}~ {\pi} \cos \phi \sin \phi\, d\phi\int {R 1}~{R 2} \rho™3\,
d\rho

\]

- Calculate each integral:

\[
\int {0}~ {2\pi} d\theta = 2\pi
\]

\[
\int {0}~ {\pi} \cos \phi \sin \phi \, d\phi = \left[ \frac{\sin”2 \phi} {2} \right] 0™\pi = 0
\]

\[

\int {R 1}~{R 2} \rho”~3\, d\rho = \frac{1}{4} (R 274 -R 174)
\]

- Result:

\[

I = 2\pi \times 0 \times \frac{1}{4} (R 274-R 174 ) =0

\]

The integral evaluates to zero due to symmetry, demonstrating how spherical coordinates reveal
properties like symmetry-induced cancellations.

Advantages and Limitations of Using Spherical
Coordinates

Advantages:

- Simplification of Boundaries: Spherical coordinates naturally align with spherical or hemispherical
regions, making boundary descriptions straightforward.



- Reduction of Complexity: Transforming curved surfaces into constant-variable surfaces simplifies
integral setup.

- Symmetry Exploitation: Spherical coordinates allow leveraging symmetry to evaluate integrals
more efficiently and sometimes analytically.

Limitations:
- Complex Boundaries: For regions with irregular shapes or non-spherical boundaries, setting limits

in spherical coordinates can be complicated.
- Coordinate Singularities: At \(\phi=0\) and \(\phi=\pi\
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