FIND THe CriITICAL NUMBERS OF THE
FuncTion.G(Y)=(v-1)/(¥2-v+1)

Fino THe CriTicaL Numsers OF THe FuncTion.g(y)=(y-1)/(¥*2 -y + 1)

UNDERSTANDING HOW TO FIND THE CRITICAL NUMBERS OF A FUNCTION IS A FUNDAMENTAL SKILL IN CALCULUS. CRITICAL
NUMBERS ARE ESSENTIAL BECAUSE THEY HELP IDENTIFY POINTS ON THE GRAPH WHERE THE FUNCTION'S BEHAVIOR
CHANGES—THESE INCLUDE POTENTIAL LOCAL MAXIMA, MINIMA, OR POINTS OF INFLECTION. IN THIS COMPREHENSIVE GUIDE, WE
WILL EXPLORE THE PROCESS OF FINDING THE CRITICAL NUMBERS OF THE FUNCTION \( G(Y) = \rrac{y - 1}{¥"*2 - v + 1} \).
WE'LL DISCUSS THE NECESSARY CALCULUS CONCEPTS, STEP-BY-STEP PROCEDURES, AND TIPS TO ANALYZE THE FUNCTION
THOROUGHLY.

UNDERSTANDING CRITICAL NUMBERS

BEFORE WE DIVE INTO CALCULATING THE CRITICAL NUMBERS FOR \( G(Y) \), IT'S IMPORTANT TO UNDERSTAND WHAT CRITICAL
NUMBERS ARE AND WHY THEY MATTER.

WHAT ARE CrITICAL NUMBERS?

CRITICAL NUMBERS (OR CRITICAL POINTS) OF A FUNCTION ARE THE VALUES OF THE INDEPENDENT VARIABLE (IN THIS CASE, \( Y
\)) WHERE THE DERIVATIVE OF THE FUNCTION IS EITHER ZERO OR UNDEFINED. THESE POINTS ARE SIGNIFICANT BECAUSE:

- THEY CAN INDICATE LOCAL MAXIMUMS OR MINIMUMS.
- THEY CAN REVEAL POINTS OF INFLECTION WHERE THE FUNCTION'S CONCAVITY CHANGES.

- THEY ARE POTENTIAL CANDIDATES FOR ABSOLUTE EXTREMA ON AN INTERVAL.

FORMALLY, A crITICAL NUMBErR \( Y_c \) oF A FuncTion \( 6(v) \) sATIsFIES:

-\(6'(v_c)=01\), 0r

-\(G'(v_c) \) boEs NOT EXIST

NoTE: NOT EVERY CRITICAL NUMBER CORRESPONDS TO A MAXIMUM OR MINIMUM; SOME MAY BE POINTS OF INFLECTION OR OTHER
INTERESTING BEHAVIOR.

Ster-BY-STEP Process To Fino CriTicaL Numeers ofF \( c(y) \)

THE PROCESS INVOLVES DIFFERENTIATING THE FUNCTION, ANALYZING WHERE THE DERIVATIVE IS ZERO OR UNDEFINED, AND
CONFIRMING THE CRITICAL POINTS.

STEP 1: UNDERSTAND THE FUNCTION STRUCTURE

THE GIVEN FUNCTION IS A RATIONAL FUNCTION:

\[
c(v) =\rrAac{y - 1}{¥"*2-v + 13
\]

- TrHe NUMERATOR \( v - T \) IS LINEAR.



- THe DENOMINATOR \( Y2 - v + 1 \) Is QUADRATIC.

SINCE THE DENOMINATOR CANNOT BE ZERO (\X/HICH W OULD MAKE THE FUNCTION UNDEFINED), WE SHOULD FIRST VERIFY \WHERE
THE DENOMINATOR IS NON-ZERO.

CHECK FOR POINTS WHERE THE DENOMINATOR IS ZERO:

\[
Yy*2-vy+1=0

\]

DISCRIMINANT:

\[
\DeLtAa=(-1)"2-4\1Mes 1\TiMes 1=1-4=-3<0
\]

SINCE THE DISCRIMINANT IS NEGATIVE, THE QUADRATIC HAS NO REAL ROOTS, MEANING THE DENOMINATOR IS NEVER ZERO ON THE
REAL LINE. THEREFORE, THE FUNCTION IS DEFINED FOR ALL REAL \( Y \), AND THE DERIVATIVE WILL NOT HAVE POINTS OF
DISCONTINUITY DUE TO THE DENOMINATOR.

Step 2: Fino THE DerivaTiVE \( G'(Y) \)

Given \(6(y) = \rrac{u(W)}H{V(¥)} \), wHere:

\u(y)=v-1\)
-\(vi) =y"2-y+1\)

WE WILL EMPLOY THE QUOTIENT RULE:

\[
f]’(v) = \FrAC{U'(v) v(¥) - u(y) v/ (v)H[v(¥)]*2}

CALCULATE EACH DERIVATIVE:

-\NUty)=11)
-\ (Vi) =2v-11)

SUBSTITUTE INTO THE QUOTIENT RULE:

\[
G(v)=\rRAc{(DG"2-v+ 1) -(v- D2y - DHEG"2-v+ 1)"23
\]

STEP 3: SIMPLIFY THE DERIVATIVE EXPRESSION

SIMPLIFY NUMERATOR:

\[
N(Y)=v"2-vy+1-(r-1)(2vy-1)
\]

EXPAND THE SECOND TERM:



\[
(v-1)2y-1)=v\1iMes 2v -y \TiMes 1- T\TiMes 2y + T\TiIMES 1 =2Y"2-v -2y + 1=2vy"2 -3y + ]

\]

Now REWRITE THE NUMERATOR:

\[

NCY)=v"2-vy+ 1-(2v"2-3vy+ 1)=Y"2-vy+ 1-2v"2+3v- 1
\]

COMBINE LIKE TERMS:

\[
NY)=("2-2v"2)+(-vy+3v)+(1-1)=-vy"2+2v+0=-vy"2+2 vy
\]

THEREFORE, THE DERIVATIVE SIMPLIFIES TO:

\[

G'(v) =\rrac{- Y2 + 2 yX{(¥"*2 - v + 1)"2}

\]

Step 4: Fino VaLues of \( ¥ \) WHere \(G'(¥) =0 \) or \(G'(¥) \) IS
UNDEFINED

SINCE THE DENOMINATOR \( (Y2 - v + 1)*2 \) Is ALWAYS POSITIVE (AS THE QUADRATIC HAS NO REAL ROOTS), THE
DERIVATIVE IS DEFINED EVERYWHERE ON THE REAL LINE. THEREFORE, THE ONLY CRITICAL POINTS OCCUR WHERE THE NUMERATOR
IS ZERO:

\[
-Y"2+2vy=0
\]

Factor out \( ¥ \):

\[
vy(-vy+2)=0
\]

SET EACH FACTOR EQUAL TO ZERO:

-\(y=0V\)

-\(-v+2=0\RigHTARROW Y =2 )

Concrusion: THe criTicaL NuMBers ARE AT \(Yy =0 \) ano \( ¥ =2 \).

INTERPRETING THE CRITICAL NUMBERS

HAVING IDENTIFIED THE CRITICAL NUMBERS, THE NEXT STEP INVOLVES ANALYZING THE NATURE OF THESE POINTS— WHETHER
THEY ARE LOCAL MAXIMA, MINIMA, OR POINTS OF INFLECTION.



STeP 5: Use THE FIRST OorR SECOND DERIVATIVE TEST

- FIrsT DerivATIVE TEST: CHeck THE SIGN ofF \( G'(Y) \) AROUND THE CRITICAL POINTS.
- Seconp DerIVATIVE TesT: CoMPUTE \( G"'(Y) \) AND EVALUATE AT CRITICAL POINTS.

GIVEN THE FOCUS ON CRITICAL NUMBERS, THE PRIMARY GOAL IS TO DETERMINE THEIR SIGNIFICANCE FOR THE FUNCTION'S
BEHAVIOR.

ADDITIONAL CONSIDERATIONS AND TIPS

- SINCE THE DENOMINATOR \( (Y2 - v + 1)"2 \) IS ALWAYS POSITIVE, THE CRITICAL POINTS ARE SOLELY DETERMINED BY THE
NUMERATOR.

- THe criTicaL NUMBERS \( Y = 0 \) aND \( ¥ = 2 \) ARE VALID FOR BOTH THE FIRST DERIVATIVE TEST AND THE SECOND
DERIVATIVE TEST.

- TO FURTHER ANALYZE THESE POINTS, COMPUTE \( G(¥) \) AT THESE CRITICAL NUMBERS:

\[
G(0) =\rrac{0 - 1}{0"2 -0+ 1} =\rrac{-1X 13} ="-1
\]

\[
6(2) =\rrac{2 - 1}{(2)*2-2+ 1} =\rrac{1}{4 - 2 + 1} = \rrac{13{3}
\]

THESE FUNCTION VALUES HELP VISUALIZE THE FUNCTION'S GRAPH AND DETERMINE WHETHER THESE POINTS ARE LOCAL MAXIMA
OR MINIMA.

SumMMARY of THE CriTicaL Numeers For \( G(v) \)

- CriTicaL PoinTs: \(Yy =0 \) a0 \(Yy=21)
- FUNCTION VALUES AT THESE POINTS:

\[
6(0) =-1,\quap a(2) = \rrac{ 1}{3}
\]

- BOTH POINTS ARE WITHIN THE DOMAIN OF THE FUNCTION, AND THE DERIVATIVE IS ZERO AT THESE POINTS, MAKING THEM
CRITICAL NUMBERS.

CoNcCLUSION

FINDING THE CRITICAL NUMBERS OF \( G(¥) = \FRAC{Y - 1}{¥"2 - v + 1} \) INVOLVES DIFFERENTIATING THE FUNCTION,
SIMPLIFYING THE DERIVATIVE, AND ANALYZING WHERE THE DERIVATIVE EQUALS ZERO OR IS UNDEFINED. IN THIS CASE, SINCE THE
DENOMINATOR IS ALWAYS POSITIVE, THE CRITICAL POINTS ARE SOLELY WHERE THE NUMERATOR IS ZERO—AT \( ¥ = 0 \) AnD
\(v =2 \). THESE POINTS ARE INSTRUMENTAL IN UNDERSTANDING THE FUNCTION’S BEHAVIOR, INCLUDING IDENTIFYING
POTENTIAL LOCAL EXTREMA.

BY MASTERING THE PROCESS OF CALCULATING DERIVATIVES AND ANALYZING CRITICAL POINTS, YOU CAN DEEPEN YOUR
COMPREHENSION OF THE FUNCTION'S GRAPH AND ITS KEY FEATURES. WHETHER FOR ACADEMIC PURPOSES OR REAL-WORLD
APPLICATIONS, RECOGNIZING AND ANALYZING CRITICAL NUMBERS IS A VITAL SKILL IN CALCULUS.



ADDITIONAL RESOURCES:

- CALCULUS TEXTBOOKS ON DERIVATIVES AND CRITICAL POINTS
- ONLINE GRAPHING TooLs To VIsUALIZE \( G(¥) \) AND VERIFY CRITICAL POINTS
- PRACTICE PROBLEMS ON RATIONAL FUNCTIONS AND THEIR CRITICAL POINTS

FREQUENTLY AskeD QUESTIONS

How DO YOU FIND THE CRITICAL NUMBERS OF THE FUNCTIONG(Y) = (v - 1) / (¥2- v
+ 1)?

TO FIND THE CRITICAL NUMBERS, FIRST COMPUTE THE DERIVATIVE G'(Y), THEN SET G'(Y) = O AND SOLVE FOR Y, AND ALSO
CHECK WHERE G'('Y) IS UNDEFINED. THE SOLUTIONS ARE THE CRITICAL NUMBERS.

WHAT IS THE DERIVATIVEOF G(Y) =(y-1) / (Y2 -v + 1)?

UsING THE QUOTIENT RULE, G'(¥) = [(T)(¥2-v + 1) - (v - 1)(2v - D]/ (v2-v + 1)2

How DO YOU DETERMINE WHERE THE DERIVATIVE G'(Y) IS UNDEFINED FOR G(Y)?

THE DERIVATIVE G'(Y) IS UNDEFINED WHERE THE DENOMINATOR (Y2 - ¥ + 1) EQUALS ZERO, WHICH OCCURS WHEN Y2 - v + 1
= 0. SINCE Y2 - ¥ + 1 HAS NO REAL ROOTS, G'(Y) IS DEFINED EVERY WHERE.

ARE THERE ANY CRITICAL NUMBERS FOR G(Y) =(y- 1)/ (vy2-v + 1)?

Yes. CRITICAL NUMBERS OCCUR WHERE G' () = O, WHICH CAN BE FOUND BY SOLVING THE NUMERATOR OF G'(Y) = O, SINCE THE
DENOMINATOR IS NEVER ZERO FOR REAL Y. THIS LEADS TO SOLVING (Y2-v + 1) - (v - 1)(2v-1)=0.

\W/HAT ARE THE CRITICAL NUMBERS OF G(Y), AND HOW DO YOU IDENTIFY THEM IN THIS
CASEP

AFTER COMPUTING G'(Y) AND SETTING NUMERATOR EQUAL TO ZERO, THE CRITICAL NUMBERS ARE THE SOLUTIONS TO THAT
EQUATION. IN THIS CASE, SOLVING (Y2 -y + 1) - (¥ - 1)(2v - 1) = 0 YIELDS THE CRITICAL POINTS, SINCE THE DERIVATIVE IS
UNDEFINED NOWHERE ON REAL NUMBERS.

ADDITIONAL RESOURCES

Fino THe CriTicaL Numeers OF THE FUncTion G(y) = (v - 1) / (v2-v + 1)

UNDERSTANDING THE CRITICAL NUMBERS OF A FUNCTION IS FUNDAMENTAL IN CALCULUS, AS THEY PROVIDE INSIGHT INTO THE
POTENTIAL POINTS WHERE THE FUNCTION MAY HAVE LOCAL MAXIMA, MINIMA, OR POINTS OF INFLECTION. IN THIS COMPREHENSIVE

ANALYSIS, WE WILL DELVE DEEPLY INTO THE PROCESS OF FINDING THE CRITICAL NUMBERS OF THE FUNCTION \( 6() = \rrAc{y -
1y 2 -v+ 13 \).



INTRODUCTION TO CRITICAL NUMBERS

CRITICAL NUMBERS (OR CRITICAL POINTS) OF A FUNCTION ARE THE VALUES OF THE INDEPENDENT VARIABLE AT WHICH THE
DERIVATIVE IS EITHER ZERO OR UNDEFINED, PROVIDED THAT THE FUNCTION ITSELF IS DEFINED AT THOSE POINTS. THESE POINTS
ARE ESSENTIAL BECAUSE THEY MARK POTENTIAL LOCATIONS WHERE THE FUNCTION'S BEHAVIOR SHIFTS — SUCH AS PEAKS,
VALLEYS, OR POINTS OF INFLECTION.

ForMALLY, FOrR A FUNCTION \( G(Y) \), THE CRITICAL NUMBERS ARE ALL \( Y \) IN THE DOMAIN WHERE:

1.\ (v)=0\), or

2.\(Gc'(¥) \) boES NOT EXIST.

TO FIND THESE, WE FOLLOW A SYSTEMATIC APPROACH: DETERMINE THE DERIVATIVE \( G'(Y) \), IDENTIFY WHERE IT EQUALS
ZERO, AND FIND WHERE IT IS UNDEFINED WITHIN THE DOMAIN oF \( G \).

Ster 1: UNDERSTANDING THE FUNcTION \( G(Y) \)

THE FUNCTION IN QUESTION IS:

\[
G(v) = \rrac{y - 1}{¥"*2-v+ 13
\]

LET'S ANALYZE IT:

- NUMERATOR: \( 'Y = 1), A LINEAR POLYNOMIAL.
- DenoMINATOR: \( Y"2 - ¥ + 1)), A QUADRATIC POLYNOMIAL.

Domain oF \( 6(v) \):

SINCE THE DENOMINATOR CANNOT BE ZERO (DIVISION BY ZERO IS UNDEFINED), THE DOMAIN [S:

\[

\TexT{DomaIN} = \{ ¥ \INn \MATHER{R} \MD Y2 - v + 1 \Nneq O \}

\]

LET'S CHECK WHETHER THE QUADRATIC \( Y*2 - ¥ + 1 \) HAS REAL ROOTS:
\[

\DeLta=(-1)"2-4\1Mes T\TiMes 1=1-4=-3<0

\]

BECAUSE THE DISCRIMINANT IS NEGATIVE, THE QUADRATIC HAS NO REAL ROOTS, MEANING:
\[

Y2 - v+ 1 \NeQ O \Quap \TexT{For ALL REAL } ¥

\]

THererore, THE DOMAIN OF \( G(¥) \) 1s ALL ReaL NuMBers \( \MATHBB{R]} \).

THIS SIMPLIFIES OUR TASK: THE DERIVATIVE \( G'(Y) \) exisTs everywHERE IN \( \MATHBB{R} \), SO THE ONLY CRITICAL
POINTS occUR WHERE \( ¢'(¥) =0 \).



Step 2: CoMPUTING THE DerivaTive \( G'(y) \)

GIVEN \( G(¥) \) AS A QUOTIENT, THE MOST STRAIGHTFORWARD APPROACH IS TO USE THE QUOTIENT RULE:

\[
\rrAc{D}oY3 \LerT[ \rrRAC{U(Y)I{V(¥)} \riIGHT] = \FrAc{U'(¥) v(¥) - u(y) v/ (V)HIv(¥)] 23
\]

\WHERE:

“\(uiv)=v-11)
-\(vi) =y"2-y+1\)

LET'S COMPUTE:

-\(U'(r)=1\)
-\ (V) =2v-11\)

APPLYING THE QUOTIENT RULE:

\[
G(v)=\rRAc{(DG"2-v+ 1) -(v- D2y - DHEG"2-v+ 1)"23
\]

STEP-BY-STEP CALCULATION:

1. EXPAND NUMERATOR:

\[
\TExT{NUMERATOR} =Y 2 -y + 1-(v - 1)(2v - 1)

\]

2. EXPAND THE SECOND TERM:

\[
(v-D2y-1)=vy\TiMes 2y - vy \TiMes 1- T\TiMES 2y + T \TIMES 1 =2Y"2-v -2y + 1=2v"2-3v + 1

\]

3. COMBINE NUMERATOR:

\[
Y2 -y+1-(2v"2-3vy+1)=v"2-vy+1-2y"2+ 3y -1
\]

4. SIMPLIFY:

\[
(2-2v"2)+(-v+3v)+(1-1)=-¥y"2+2v+0
\]

So,
\[

G'(v)=\rrAac{- "2+ 2 yH{(+"2 -y + 1)"2}
\]



Step 3: FINDING CriTicAL NuMeers — SETTING \(G'(¥)=0)

SINCE THE DENOMINATOR \( (Y2 - v + 1)*2 \) Is ALWAYS POSITIVE (BECAUSE THE QUADRATIC DENOMINATOR HAS NO REAL
ROOTS AND IS SQUARED), THE CRITICAL POINTS ARE DETERMINED SOLELY BY THE NUMERATOR:

\[

-y*2+2vy=0

\]

FACTOR THE NUMERATOR:

\[

-Y"2+2y=0\mmrLesy (-vy+2)=0
\]

SET EACH FACTOR TO ZERO:

1.\(y=0V\)
2\(-vy+2=0\MrLES Y =2 \)

THEREFORE, THE CRITICAL NUMBERS ARE AT \( Y =0 \) ano \( v =2 \).

STeP 4: CoNFIRMING THE CRITICAL POINTS

SINCE THE DERIVATIVE EXISTS EVERY WHERE IN THE DOMAIN, AND THE NUMERATOR EQUALS ZERO AT \( y=0 \) AND \( vy =2
\), THESE ARE THE ONLY CRITICAL POINTS BASED ON THE DERIVATIVE TEST.

SUMMARY:

- CrimicaL Numeers: \(y=0\) ano \(y=21\)

STEP 5: ADDITIONAL VERIFICATION — ARE THESE POINTS IN THE DOMAIN?

RECALL, THE DOMAIN IS ALL REAL NUMBERS BECAUSE THE QUADRATIC DENOMINATOR HAS NO REAL ROOTS. THEREFORE, BOTH \(
v=0\) AND \( Y=2 \) ARE WITHIN THE DOMAIN, CONFIRMING THEY ARE VALID CRITICAL POINTS.

STeP 6: INTERPRETATIONS AND FURTHER ANALYSIS

HAVING IDENTIFIED THE CRITICAL NUMBERS, THE NEXT LOGICAL STEPS INVOLVE!:

- DETERMINING THE NATURE OF THESE CRITICAL POINTS (LOCAL MAXIMA, MINIMA, OR POINTS OF INFLECTION).
- INVESTIGATING THE BEHAVIOR OF \( G(Y) \) NEAR THESE POINTS.

W/HILE THIS EXTENDS BEYOND THE ORIGINAL SCOPE OF FINDING CRITICAL NUMBERS, SUCH ANALYSIS TYPICALLY INVOLVES:



- CoMPUTING THE SEconD DERIVATIVE \( G"'(v) \).
- APPLYING THE FIRST or SECOND DERIVATIVE TEST.
- ANALYZING LIMITS AS \( ¥ \To \pm \INFTY V).

SUMMARY AND KEY T AKEAWAYS

- Tre FuncTIoN \( G(v) = \rrac{y - 1}{¥"2 - v + 1} \) HAS A DOMAIN OF ALL REAL NUMBERS.
- Tre periVATIVE \( G'(¥) \) sIMPLIFIES TO:

\[
G'(v)=\rrAac{- y"2 + 2 yH{(+"2 -y + 1)"2}
\]

- CRITICAL NUMBERS OCCUR WHERE NUMERATOR \( - Y2 + 2 v =0 \), wHicH siMpLIFIES TO \( ¥(¥ - 2) =0 \).
- CRITICAL NUMBERS ARE THEREFORE AT \( Y =0 \) ano \( ¥y =2 \).

CONCLUDING REMARKS

FINDING CRITICAL NUMBERS IS A KEY STEP IN UNDERSTANDING THE OVERALL BEHAVIOR OF A FUNCTION, ESPECIALLY \WHEN
ANALYZING FOR LOCAL EXTREMA OR POINTS OF INFLECTION. IN THIS PARTICULAR CASE, THE PROCESS INVOLVED:

- RECOGNIZING THE QUOTIENT FORM OF THE FUNCTION;,

- APPLYING THE QUOTIENT RULE DILIGENTLY;,

- SIMPLIFYING THE DERIVATIVE TO A MANAGEABLE FORM;

- SOLVING THE RESULTING ALGEBRAIC EQUATION TO FIND CRITICAL POINTS.

THIS APPROACH EXEMPLIFIES STANDARD CALCULUS TECHNIQUES AND CAN BE GENERALIZED TO A WIDE CLASS OF RATIONAL

FUNCTIONS. BY MASTERING THE PROCESS OF DERIVING AND SOLVING FOR CRITICAL NUMBERS, ONE GAINS POWERFUL TOOLS FOR
ANALYZING THE SHAPE AND BEHAVIOR OF FUNCTIONS ACROSS NUMEROUS MATHEMATICAL CONTEXTS.

IN ESSENCE, THE CRITICAL NUMBERS OF \( G(Y) = \FRAc{Y - THY"2 -y + 1} \) ARe AT\(¥=0\) a0 \( vy =2),
MARKING POTENTIAL POINTS OF INTEREST FOR FURTHER ANALYSIS SUCH AS IDENTIFYING LOCAL MAXIMA, MINIMA, OR INFLECTION
POINTS.
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