IF Cos = 0.2, FiIND THe VALUE OF Cos + Cos ( + 2) + Cos
(+4)

IF Cos = 0.2, Fino THe VALUE OF Cos + Cos (+ 2) + Cos (+ 4)

\UNDERSTANDING HOW TO EVALUATE THE SUM OF COSINES INVOLVING ANGLES WITH ADDED CONSTANTS IS A FUNDAMENTAL
ASPECT OF TRIGONOMETRY. IN THIS ARTICLE, WE WILL EXPLORE THE PROBLEM: GIVEN THAT \(\cos \THETA = 0.2\), DETERMINE
THe vALUE ofF \(\cos \THeTA + \cos (\THETA + 2) + \cos (\THETA + 4)\). THIS PROBLEM ENCOMPASSES KEY CONCEPTS
SUCH AS THE PROPERTIES OF COSINE FUNCTIONS, SUM FORMULAS, AND TRIGONOMETRIC IDENTITIES, WHICH ARE ESSENTIAL FOR
SOLVING A WIDE ARRAY OF PROBLEMS IN MATHEMATICS, PHYSICS, AND ENGINEERING.

FUNDAMENTALS oF COSINE FUNCTION

BEFORE DELVING INTO SOLVING THE SPECIFIC PROBLEM, IT'S IMPORTANT TO REVIEW SOME FUNDAMENTAL PROPERTIES OF THE
COSINE FUNCTION.

BAsic PropPerTIES OF COSINE

- PERIODICITY: THE COSINE FUNCTION HAS A PERIOD OF \(2\PI\). THis Means THAT \(\cos (\THeTA + 2\PI) = \cos
\THeTA\) For ALL \(\THETA\).
- RANGE: THE COSINE OF ANY REAL NUMBER ALWAYS LIES BETWEEN \(-1\) anD \(1\). SpeciFicaLLy, \(-1 \LeQ \cos \THETA

\Leq 1\).

- SymMeTRY: COSINE IS AN EVEN FUNCTION; THAT 1S, \(\cos (-\THETA) = \cos \THeTA)).

GiveN VALUE of \(\cos \THeTA\)

IN our ProBLEM, \(\cos \THETA = 0.2\). Since \(0.2\) 1s witrin \([- 1, T]\), THIS IS A VALID COSINE VALUE. OUR GOAL
IS TO FIND:

\[

S =\cos \THeTA + \cos (\THETA + 2) + \cos (\THETA + 4)

\]

\WHERE THE ANGLES ARE IN RADIANS.

APPROACH TO SOLVING THE PROBLEM

ToO EVALUATE THE SUM \(S\), WE WILL APPLY TRIGONOMETRIC IDENTITIES AND PROPERTIES TO EXPRESS THE SUM IN TERMS OF
KNOWN QUANTITIES.



MeTHoD 1: UsING SUM-TO-ProDUCT FORMULAS

SUM-TO-PRODUCT IDENTITIES ALLOW US TO REWRITE SUMS OF COSINES IN TERMS OF PRODUCTS INVOLVING SINE AND COSINE
FUNCTIONS, WHICH SIMPLIFIES THE CALCULATION.

THE SUM OF TWO COSINES CAN BE EXPRESSED AS:

\[
\cos A + \cos B = 2 \cos \LerT( \Frac{A + B}{ 2} \ricHT) \cos \LerT( \Frrac{A - B}{2} \riGHT)

\]

APPLYING THIS TO THE SUM OF THE FIRST TWO TERMS:

\[
\cos \THETA + \cos (\THETA + 2) = 2 \cos \LerT( \FrrAc{2\THETA + 23}{ 23} \riGHT) \cos \LerT( \Frrac{-2} 2}
\riGHT) = 2 \cos (\THeTA + 1) \cos (-1)

\]

Since \(\cos (-1) = \cos 1\) (BECAUSE COSINE IS EVEN), WE GET:
\[

\cos \THeTA + \cos (\THETA + 2) = 2 \cos (\THETA + 1) \cos 1
\]

NO\X/, INCLUDING THE THIRD TERM:

\[
S =2\cos (\THETA + 1) \cos 1 + \cos (\THETA + 4)

\]

NexT, We cAN WRITE \(\cos (\THETA + 4)\) IN A FORM COMPATIBLE WITH THE PREVIOUS TERMS OR USE THE SUM-TO-
PRODUCT FORMULA AGAIN.

MeTHOD 2: EXPRESSING THE SUM DIRECTLY UsING CosINE SUM FORMULA

ALTERNATIVELY, SINCE THE ANGLES ARE EQUALLY SPACED (\(\THETA, \THETA + 2, \THETA + 4\)), WE CAN CONSIDER THE
SUM OF COSINES WITH AN ARITHMETIC PROGRESSION OF ANGLES.

THE SUM OF COSINES WITH EQUALLY SPACED ANGLES IS GIVEN BY:

\[
\suMm_{k=0}"{n-13 \cos (\aLpHA + k D) = \FrRAC{\sIN \LerT( \rrAC{N D} 2} \riGHT)}{\sIN \LerT( \FrAC{D}{ 2} \rIGHT)}
\cos \LerT( \ALPHA + \FrRAC{(N-T1) D}{2} \RIGHT)

\]

IN OUR CASE:

-\(n=3))
- \(\ALPHA = \THETA\)

-\(o=2\)
APPLYING THE FORMULA!

\l



S = \rrac{\siN \LErT( \rrAC{3 \TiMes 2} 23 \riGHT)3{\sIN \LerT( \FrrAc{23{2} \riGHT)} \TiMES \COS \LerT( \THETA +
\rRAC{(3-1) \TiMes 23}{23} \RIGHT)

\]

CALCULATIONS:

\[

S = \rrac{\sin (3)}{\sin (1)3 \TiMes \cos \LerT( \THETA + 2 \RIGHT)
\]

RECALL THAT:

-\(\sin 3\) ano \(\sIN 1)) ARE IN RADIANS.
-\(\THeTA\) 15 sucH THAT \(\cos \THETA = 0.2\).

THUS, THE SUM SIMPLIFIES TO:!

\[

S = \rrac{\sin 3}{\sin 13 \Times \cos (\THETA + 2)

\]

Now, THE keY 1S To EVALUATE \(\cos (\THETA + 2)\). USING THE COSINE ADDITION FORMULA:
\[

\cos (\THETA + 2) = \cos \THeTA \cos 2 - \siINn \THETA \sIN 2

\]

\WE KNOW:

-\(\cos \tHeTA = 0.2))
- \(\cos 2\) anp \(\sIN 2\) ARE KNOWN IN RADIANS.

CALCULATIONS:

\[
\cos 2 \approx -0.416 1, \Quab \sin 2 \apProx 0.9093

\]

THus,

\[
\cos (\THeETA + 2) = 0.2 \TiMes (-0.4161) - \siNn \THETA \TIMES 0.9093

\]

We caN FIND \(\siN \THETA\) FrROM \(\cos \THETA = 0.2)):

\[
\sIN\THETA = \PM \sQrT{1 - \cos"2 \THETA} = \PM \s@QrT{1 - 0.04} = \pm \s@rT{0.963} \arrrox \PM 0.9798
\]

THE SIGN DEPENDS ON THE QUADRANT of \(\THETA\). For siMpLICITY, AssuME \(\sIN \THETA \APPROX 0.9798\)
(PoSITIVE), WHICH CORRESPONDS TO \(\THETA\) IN THE FIRST OR SECOND QUADRANT.

Now, compuTe \(\cos (\THETA + 2)\):

\[
\cos (\THETA + 2) \apProx 0.2 \TiMes (-0.4161) - 0.9798 \TiMes 0.9093 \arprox -0.0832 - 0.89 1 \arPrOX
-0.9742

\]



NexT, caLcutaTe \(\siv 3\) ano \(\siv T1):

\[
\sin 3 \approx 0.14 11, \Quap \sin 1 \approx 0.8415

\]

FINALLY, SUBSTITUTE INTO THE SUM:

\[
S \approx \FrRAC{0.14113{0.8415} \TiMes (-0.9742) \approx 0.1677 \TiMes (-0.9742) \approx -0.1634

\]

SUMMARY OF THE CALCULATION

BASED ON THE ABOVE DERIVATIONS, THE APPROXIMATE VALUE OF THE SUM \(S = \cos \THETA + \cos (\THETA + 2) +
\cos (\THeTA + 4)\), lven THAT \(\cos \tHeTA = 0.2)), I1s APPROXIMATELY \(-0.1634\).

THIS APPROXIMATION RELIES ON ASSUMING \(\sIN \THETA \APPrOX 0.9798\). IF \(\sIN \THETA\) WERE NEGATIVE, THE
RESULT WOULD HAVE A SIMILAR MAGNITUDE BUT OPPOSITE SIGN, DEPENDING ON THE QUADRANT.

ALTERNATIVE APPROACH: EXACT EXPRESSION USING TRIGONOMETRIC
IDENTITIES

To OBTAIN AN EXACT EXPRESSION, CONSIDER THE SUM OF COSINES WITH EQUALLY SPACED ANGLES:

\[

S =\cos \THeTA + \cos (\THeTA + 2) + \cos (\THETA + 4)

\]

USING THE SUM FORMULA:

\[

S = \rrac{\siN \LEFT( \rrAC{3 \TiMes 2} 23 \ricHT)3}{\sIN \LerT( \FrrAc{23{2} \riGHT)} \TIMES \COS \LerT( \THETA +
\rRAC{(3-1) \TiMes 23}{2} \RIGHT)

\]

WHICH SIMPLIFIES TO:

\[
S = \rrac{\sin 3}{\sin 13 \TiMes \cos (\THETA + 2)

\]

Given \(\cos \THeTA = 0.2\), AND \(\siN \THETA = \PM \sQrT{0.96}\), THE EXACT VALUE DEPENDS ON THE QUADRANT
of \(\THETA\). THE KEY IS TO RECOGNIZE THAT:

\[

S = \rrac{\sin 3}{\sin 13 \LerT( \cos \THETA \cos 2 - \siN \THETA \sIN 2 \RIGHT)

\]

EXPRESSED FULLY:



\[
S = \rrac{\sin 3}{

FREQUENTLY ASkeD QUESTIONS

GIVEN THAT cos © = 0.2, HOw DO WE FIND THE VALUE OF cos © + cos(e + 2) +
cos(e + 4)?

FIRST, USE THE COSINE ADDITION FORMULAS OR SUM-TO-PRODUCT IDENTITIES TO EVALUATE EACH TERM OR EXPRESS THE SUM
IN TERMS OF COS © AND SIN ©, THEN COMPUTE NUMERICALLY.

\WHAT IS THE GENERAL APPROACH TO SIMPLIFYING SUMS LIKE Cos © + cos(e + 2) +
cos(e + 4)?

USE SUM-TO-PRODUCT FORMULAS TO CONVERT SUMS OF COSINES INTO PRODUCTS, MAKING IT EASIER TO EVALUATE OR
APPROXIMATE.

IFcos e = 02, WHAT IS THE APPROXIMATE VALUE OF SIN ©°
SincEsin?2 e +cos?e=1,sine =[] (1-0.22)=[F (1-0.04)=F 0.96=0.98.

How cAN THE SuM cos © + cos(e + 2) + cos(e + 4) BE EXPRESSED USING SUM-
TO-PRODUCT IDENTITIES?

GroUP THE TERMS AS (cos © + cos(e + 4)) + cos(e + 2), THEN APPLY IDENTITIES: COS A + cos B = 2 cos[(A + B)/2]
siN[(A - B)/2].

\WHAT NUMERICAL VALUE DOES COS © = (0.2 CORRESPOND TO IN DEGREES?
o =~ arccos(0.2) ~ 78.46°.

CAN THE suM cos © + cos(e + 2) + cos(e + 4) BE SIMPLIFIED FURTHER FOR
CALCULATION?

YES, USING THE SUM-TO-PRODUCT FORMULAS, IT CAN BE REWRITTEN AS A PRODUCT INVOLVING COS AND SIN FUNCTIONS FOR
EASIER EVALUATION.

W/HAT IS THE APPROXIMATE VALUE ofF cos(e + 2) anp cos(e + 4) GIVEN cos © =
0.2°

CALCULATE © ® 78.46°, THEN © + 2 = 80.46°, © + 4 ~ 82.46°, AND FIND THEIR COSINES: cos(80.46°) = 0.17,
cos(82.46°) = 0.14.

How DO THE IDENTITIES HELP IN FINDING THE EXACT VALUE OF THE SUM?

THEY ALLOW EXPRESSING THE SUM AS A COMBINATION OF PRODUCTS AND SINGLE COSINES, FACILITATING EXACT OR
APPROXIMATE EVALUATION.



\W/HAT IS THE FINAL APPROXIMATE VALUE OF cos @ + cos(e + 2) + cos(e + 4)
WITHcos © = (0.2°

USING APPROXIMATIONS, THESUM =~ 0.2 + 0.17 +0.14 = 0.51.

ADDITIONAL RESOURCES

UNDERSTANDING THE PROBLEM:

THE PROBLEM AT HAND IS A TRIGONOMETRIC EXPRESSION THAT INVOLVES THE COSINE OF AN ANGLE AND ITS MULTIPLES:

> |F cos © = 0.2, FIND THE VALUE OF cos © + cos(e + 2) + cos(e + 4).

THIS IS A CLASSIC PROBLEM INVOLVING THE SUM OF COSINES WITH AN ARITHMETIC PROGRESSION OF ANGLES. TO APPROACH

THIS PROBLEM SYSTEMATICALLY, WE NEED TO DELVE INTO THE PROPERTIES OF COSINE FUNCTIONS, SUM FORMULAS, AND THE
IMPLICATIONS OF THE GIVEN VALUE OF COS ©.

INTRODUCTION TO THE PROBLEM

BEFORE JUMPING INTO CALCULATIONS, IT'S ESSENTIAL TO UNDERSTAND WHAT IS BEING ASKED AND THE CORE CONCEPTS
INVOLVED:

- GIveN DATA: cos © = 0.2
- OBJECTIVE: FIND THE SUM S = cos @ + cos(e + 2) + cos(e + 4)

\¥/HERE:

- © 1S AN ANGLE (POSSIBLY IN RADIANS OR DEGREES, BUT USUALLY IN RADIANS FOR SUCH PROBLEMS)
- THE ANGLES ©, ©+2, ©+4 ARE EQUALLY SPACED, INCREASING BY 2 UNITS EACH TIME

Key ASPECTS:
- THE ANGLES ARE IN AN ARITHMETIC PROGRESSION.

- THE COSINE FUNCTION IS PERIODIC AND EVEN, WHICH CAN BE EXPLOITED IN SIMPLIFICATIONS.
- THE PROBLEM INVOLVES THE SUM OF COSINES WITH EQUALLY SPACED ANGLES.

UNDERSTANDING COSINE FUNCTIONS AND THEIR PROPERTIES

FUNDAMENTAL PROPERTIES OF COSINE:

- PeriopiciTy: cos(e + 2n) = cos ©

- EVEN FUNCTION: cos(-e) = cos ©

- SUM FORMULAS: USEFUL FOR COMBINING MULTIPLE COSINE TERMS

RELEVANCE TO THE PROBLEM:

SINCE THE ANGLES ARE o, @+2, AND ®+4, AND THE SPACING IS CONSISTENT, IT MAKES SENSE TO USE SUM FORMULAS OR SUM-
TO-PRODUCT IDENTITIES TO SIMPLIFY THE SUM.



APPROACH TO SOLVING THE PROBLEM

To FIND THE VALUE OF S = cos © + cos(e + 2) + cos(e + 4), SEVERAL METHODS ARE AVAILABLE:
1. DIRECT SUMMATION USING SUM-TO-PRODUCT IDENTITIES

THIS APPROACH INVOLVES REWRITING THE SUM AS A COMBINATION OF COSINES USING IDENTITIES:

- cos A + cos B =2 cos[(A +B)/2] cos[(A - B)/2]

APPLYING THIS TO THE SUM INVOLVES PAIRING TERMS OR EXPRESSING THE SUM AS A SERIES.

2. UsING THE SuM oF CoSINES FORMULA FOR ARITHMETIC PROGRESSION

SINCE THE ANGLES ARE IN ARITHMETIC PROGRESSION, WE CAN UTILIZE THE FORMULA:!

\[ \sum_{k=03}"{n-13 \cos ( \aLpHA + k \eTA ) = \FrrRAC{\sIN \LErT( \rrAC{N \BETA}{2} \RIGHT) }{ \sIN \LerT(
\rrAc{\BeTA} 2} \rIGHT)} \cos \LerT( \ALPHA + \FrRAC{(N-T) \BeETAX 2} \RIGHT) \]

THIS FORMULA IS ESPECIALLY RELEVANT HERE, \WHERE:

-\(n=3 1)
-\C\ALPHA = \THETA \)

-\(\seTa=21\)
3. ExPrESSING COSINES IN TERMS OF © AND USING KNOWN V ALUES

GIven cos © = 0.2, WE CAN ATTEMPT TO EXPRESS COS(© + 2) AND cos(e + 4) IN TERMS OF COS © AND SIN © USING
COSINE ADDITION FORMULAS, AND THEN SUM.

MATHEMATICAL FOUNDATIONS FOR THE SOLUTION

LET’S EXPLORE THE KEY IDENTITIES THAT WILL HELP US COMPUTE THE SUM:

SuM-To-ProODUCT IDENTITY:

\[
\cos A + \cos B = 2 \cos \LerT( \Frac{A + BX 2} \ricHT) \TiMes \cos \LerT( \Frac{A - B}{2} \RIGHT)

\]

SuM oF COSINES WITH ARITHMETIC PROGRESSION:

\[
\sum_{k=0}"{n-1} \cos (\aLpHA + k \BeTA ) = \rRAC{\sIN \LerT( \rrAC{N \BETA}{ 2} \RIGHT)}{\SIN \LEFT(
\rrac{\BeTA}{ 2} \rIGHT)} \TiMes \cos \LerT( \ALPHA + \FRAC{(N-1) \BETA}{2]} \RIGHT)

\]

THIS IS A CRUCIAL FORMULA BECAUSE IT SIMPLIFIES THE SUM OVER EQUALLY SPACED ANGLES DIRECTLY, WITHOUT NEEDING TO
FIND INDIVIDUAL COSINE VALUES.



APPLYING THE SUM FORMULA TO OUR PROBLEM

GIVEN:

-\(n=31)
-\C\ALPHA = \THETA \)

-\(\eeTa=2\)

PLUG INTO THE FORMULA:

\[

S =\sum_{k=03"{23} \cos (\THeTA + 2k) = \FrRAC{\sIN \LerT( \FrAC{3 \TiMes 2}{ 2} \riGHT)}{\sIN \LEFT(
\rrAC{23}{23 \rIGHT)} \TiMes \cos \LerT( \THETA + \FRAC{(3-1) \TiMes 23{2} \riGHT)

\]

CALCULATE EACH COMPONENT:

1. NUMERATOR OF THE SINE RATIO:

\[

\siN \LerT( \Frac{3 \TiMes 23{2} \riGHT) = \sin (3)
\]

2. DENOMINATOR OF THE SINE RATIO:

\[

\sIN \LerT( \FrrAC{23{23 \riGHT) = \sin (1)

\]

3. ARGUMENT OF THE COSINE:

\[

\THeTA + \FRAC{(3-1) \TiMes 2}{2} = \THETA + 2
\]

PUTTING IT ALL TOGETHER:

\[

S = \rrac{\siNn (3)}{\sin (1)3 \TiMes \cos (\THETA + 2)
\]

NoTe: HERE, ANGLES ARE IN RADIANS (SINCE THE PROBLEM IS TYPICAL OF RADIANS UNLESS SPECIFIED OTHER\X/ISE).

ExpressING \(\cos(\THETA + 2)\) IN TerMs of \(\cos \THETA\) AND

\(\siN \THETA\)

USING COSINE ADDITION FORMULA!:

\l

\cos (\THETA + 2) = \cos \THeTA \cos 2 - \siINn \THETA \sIN 2



\]

\WE kKNOW:

\l

\cos \THETA = 0.2

\]

BuT \(\sin \THETA\) 15 UNKNOWN. To FIND \(\sIN \THETA\), WE USE THE PYTHAGOREAN IDENTITY:

\[
\sIN*2 \THETA + \cos™2 \THETA = 1

\]

\[
\sIN*2 \THETA = 1 -(0.2)"2 =1-0.04 =0.96
\]

\[
\siIN \THETA = \PM \s@rT{0.96} \APPrOX \PM 0.9798

\]

THE SIGN DEPENDS ON THE QUADRANT WHERE © LIES, BUT FOR THE PURPOSE OF THE SUM, THE MAGNITUDE SUFFICES UNLESS
ADDITIONAL INFO IS PROVIDED.

Now, compuTe \(\cos 2\) ano \(\sin 2\):

\[
\cos 2 \approx -0.4161

\]

\[
\siN 2 \approx 0.9093

\]

THus,

\[
\cos (\THETA + 2) = 0.2 \TiMes (-0.4161) - (\pm 0.9798) \TiMes 0.9093

\]

CALCULATIONS:
- For \(\siIN \THETA = + 0.9798\):

\[
\cos (\THeTA + 2) \apProx 0.2 \TiMes (-0.4161) - 0.9798 \TiMes 0.9093

\]

\l
=-0.0832-0.891

\]

\l
=-0.9742

\]

- For \(\siN \THETA = - 0.9798\):

\[
\cos (\THeTA + 2) \aPProx -0.0832 + 0.891=0.8078

\]



THEReFORE, THE SUM \(S\) CAN TAKE TWO POSSIBLE VALUES DEPENDING ON THE SIGN OF \(\siN \THETA\):

\[
S \approx \rrac{\siNn 3}{\sin 1} \TiMes (\pM 0.9742)

\]

CaLcuLaTe \(\sin 3\) ano \(\sin TV):

\[
\sin 3 \apProx 0.1411

\]

\[
\siN 1 \approx 0.8415

\]

COMPUTE THE RATIO:

\[
\rrAC{\siNn 3}{\siN 13 \aprrox \Frac{0.14113{0.8415} \arProx 0.1677

\]

FINAL VALUES:

- WHeN \(\sIN \THETA \APPrROX +0.9798\):

\[

S \approx 0.1677 \TimMes (-0.9742) \approx -0.1634
\]

- WHen \(\sIN \THETA \APPrROX -0.9798\):

\[

S \approx 0.1677 \TiMes 0.8078 \approx 0.1355

\]

SUMMARY OF THE SOLUTION

FINAL APPROXIMATE ANSWERS:

- IF \(\sin \THETA\) IS POSITIVE:

\l

\BOXED{

S \approx -0.1634
}

\]

- IF \(\siNn \THETA\) IS NEGATIVE:

\[

\BOXED{

S \approx 0.1355
}

\]
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If Cos 0 2 Find The Value Of Cos Cos 2 Cos 4
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