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Understanding functions and their properties is fundamental in mathematics, especially in the realms of algebra
and calculus. Among the various types of functions, one-to-one functions (also known as injective functions)
hold particular significance due to their unique characteristics and applications. In this article, we will
explore the definitions, properties, and examples of two specific one-to-one functions, G and H, and analyze their
roles within mathematical frameworks.

---

Introduction to One-to-one (Injective) Functions

Definition of Injective Functions
A function \(f: A \to B\) is called one-to-one or injective if and only if:
- For every pair of elements \(a_1, a_2 \in A\),
- If \(f(a_1) = f(a_2)\), then \(a_1 = a_2\).

In simpler terms, distinct elements in the domain map to distinct elements in the codomain. No two different inputs
produce the same output.

Significance of Injective Functions
Injective functions are crucial because:
- They preserve uniqueness—no information is lost in the mapping.
- They are essential in defining inverse functions, which are functions that 'undo' the effect of the original
function.
- They serve in proofs involving function properties, such as demonstrating the invertibility of functions.

---

Definitions of Functions G and H

Suppose we are given two functions, G and H, defined as follows:

Function G
Let \(G: \mathbb{R} \to \mathbb{R}\) be defined by:
\[
G(x) = 3x + 7
\]



Function H
Let \(H: \mathbb{R} \to \mathbb{R}\) be defined by:
\[
H(x) = \sqrt{x + 5}
\]

These functions are chosen for their contrasting properties: G is linear and H involves a radical, which impacts
their injectivity.

---

Analyzing the One-to-one Nature of G and H

Is G a One-to-one Function?
To determine if \(G(x) = 3x + 7\) is injective:

Recall the general form of a linear function \(ax + b\), where \(a \neq 0\).1.

Linear functions with non-zero slope are always injective because:2.

For \(G(x_1) = G(x_2)\), we have \(3x_1 + 7 = 3x_2 + 7\).

Subtracting 7 from both sides yields \(3x_1 = 3x_2\).

Dividing both sides by 3 gives \(x_1 = x_2\).

Conclusion: Since each distinct input yields a distinct output, G is injective over \(\mathbb{R}\).

Is H a One-to-one Function?
For \(H(x) = \sqrt{x + 5}\):

Consider the domain: \(x + 5 \geq 0 \Rightarrow x \geq -5\).1.

To test injectivity, suppose \(H(x_1) = H(x_2)\):2.
\[
\sqrt{x_1 + 5} = \sqrt{x_2 + 5}
\]

Squaring both sides:3.
\[
x_1 + 5 = x_2 + 5
\]

Subtracting 5:4.
\[
x_1 = x_2
\]



However, the key is to consider the domain. Since square root functions are non-decreasing over their domain,
and the domain is \(x \geq -5\), the function is injective on this domain.

Summary:
- H is injective over its domain \(x \geq -5\) because the square root function is strictly increasing there.
- If the domain were extended to all real numbers, \(H\) would not be defined for \(x < -5\), and over its domain,
it remains one-to-one.

Conclusion: Both G and H are one-to-one functions over their respective domains.

---

Inverse Functions of G and H

One of the main reasons to study injective functions is their invertibility.

Inverse of G
Given \(G(x) = 3x + 7\),
- To find \(G^{-1}(x)\), solve for \(x\):
\[
y = 3x + 7
\]
\[
x = \frac{y - 7}{3}
\]
- So,
\[
G^{-1}(x) = \frac{x - 7}{3}
\]

Inverse of H
Given \(H(x) = \sqrt{x + 5}\),
- To find \(H^{-1}(x)\), solve for \(x\):
\[
y = \sqrt{x + 5}
\]
\[
x + 5 = y^2
\]
\[
x = y^2 - 5
\]
- Therefore,
\[
H^{-1}(x) = x^2 - 5
\]
- Domain considerations: Since \(H\) maps \(x \geq -5\) to \(y \geq 0\), the inverse \(H^{-1}(x) = x^2 - 5\)
maps \(x \geq 0\) back to \(x \geq -5\).

---



Properties and Applications of G and H

Properties of G
- Linearity: G is a linear function, which simplifies analysis.
- Injectivity: As established, G is one-to-one for all real \(x\).
- Range: Since \(G(x) = 3x + 7\), the range is all real numbers, \(\mathbb{R}\).
- Inverse: The inverse \(G^{-1}(x) = \frac{x - 7}{3}\) is also linear.

Applications:
- Used in solving linear equations.
- Modeling proportional relationships where the rate of change is constant.
- Inverse functions for solving for original variables.

Properties of H
- Radical function: Involves a square root, which is non-negative.
- Injectivity: Strictly increasing over its domain, hence injective.
- Range: \(H(x) \geq 0\), with the domain \(x \geq -5\).
- Inverse: \(H^{-1}(x) = x^2 - 5\), with domain \(x \geq 0\).

Applications:
- In modeling phenomena where quantities involve square roots, such as distances or areas.
- In inverse problems where one needs to solve for the original variable.

---

Visual Representation and Graphs

Visualizing functions G and H enhances understanding of their properties.

Graph of G
- A straight line with slope 3 and y-intercept 7.
- For example:
- \(G(0) = 7\)
- \(G(1) = 10\)
- \(G(-2) = 1\)

Graph of H
- A curve starting at \((-5, 0)\), increasing monotonically.
- For example:
- \(H(-5) = \sqrt{0} = 0\)
- \(H(0) = \sqrt{5} \approx 2.236\)
- \(H(4) = \sqrt{9} = 3\)

---



Summary and Key Takeaways

Both functions G and H are one-to-one (injective) over their respective domains.

G, a linear function with a non-zero slope, is injective over all real numbers.

H, involving a square root, is injective over \(x \geq -5\), where it is defined and strictly increasing.

The inverse functions of G and H are straightforward to compute and are essential in solving equations
involving these functions.

Understanding these functions' properties provides foundational knowledge applicable across various
mathematical and real-world contexts, such as engineering, physics, and data analysis.

---

Conclusion

The functions G and H serve as excellent examples of one-to-one functions with distinct characteristics. G's
linearity simplifies inverse computation and graphical interpretation, while H's radical form introduces domain
restrictions but maintains injectivity within its domain. Recognizing the properties of such functions is vital in
advanced mathematics, especially when dealing with invertibility, solving equations, and modeling real-world
phenomena. Mastery of these concepts facilitates deeper insights into the structure of functions and their
applications across diverse fields.

Frequently Asked Questions

What are the key properties that define the one-to-one functions G and H?

A one-to-one function assigns distinct inputs to distinct outputs, meaning if G(x1) = G(x2), then x1 = x2;
similarly for H. These functions are injective, ensuring no two different inputs produce the same output.

How do the functions G and H relate to each other in the given definitions?

The relationships between G and H depend on their specific definitions, but typically, they may be composed,
inverses, or have shared properties such as both being injective, which can affect their combined behavior in
functional analysis.

Can you provide an example of explicit definitions for G and H as one-to-one
functions?

Certainly! For example, G(x) = 3x + 2 and H(x) = x^3 are both injective functions over real numbers, making
them one-to-one functions under their respective domains.

What is the significance of knowing that G and H are one-to-one functions in



mathematical analysis?

Knowing that G and H are one-to-one allows us to guarantee the existence of inverse functions, facilitate
solving equations, and analyze their behavior more accurately, especially in composition and inverse functions.

How can we verify that G and H are indeed one-to-one functions based on
their definitions?

To verify, we can check that for each function, if G(x1) = G(x2), then x1 must equal x2, and similarly for H.
Alternatively, proving that their derivatives are always positive or negative over the domain can also
establish injectivity.

Are the functions G and H necessarily invertible if they are one-to-one?

Yes, any one-to-one (injective) function defined on a suitable domain is invertible on that domain, meaning there
exists an inverse function that reverses its mapping.

What potential applications might involve functions G and H being one-to-
one in real-world scenarios?

Applications include cryptography, data encoding, inverse problem solving in physics and engineering, and
modeling scenarios where unique correspondence between variables is essential, such as in mapping functions in
computer graphics or data transformations.

Additional Resources
One-to-One Functions G and H: An In-Depth Analysis

Understanding the nuances of mathematical functions is fundamental in fields ranging from pure mathematics to
computer science and engineering. Among these, one-to-one functions—also known as injective functions—are
particularly significant because of their unique properties and applications. In this detailed article, we will
explore the definitions, properties, and implications of two specific one-to-one functions designated as G and H.
We aim to provide an expert-level overview, emphasizing clarity, thoroughness, and practical insights.

---

Introduction to One-to-One (Injective) Functions

Before delving into the specifics of functions G and H, it is essential to establish a solid understanding of what
makes a function one-to-one.

Definition of One-to-One (Injective) Functions

A function \(f: A \to B\) between two sets A and B is called one-to-one or injective if it maps distinct elements
of A to distinct elements of B. Formally:

> A function \(f\) is injective if and only if
> for all \(x_1, x_2 \in A\),
> if \(x_1 \neq x_2\), then \(f(x_1) \neq f(x_2)\).



Alternatively, the contrapositive states:

> if \(f(x_1) = f(x_2)\), then \(x_1 = x_2\).

This property ensures that the function never "collapses" different inputs into the same output, which is vital
in fields like cryptography, data encoding, and inverse function analysis.

---

Defining Functions G and H

In many mathematical contexts, functions G and H are introduced with particular formulas or rules. For our
analysis, let's assume they are defined over specific domains and codomains, with explicit formulas provided.

Suppose:

- Function G: \(G: \mathbb{R} \to \mathbb{R}\), defined by
\[
G(x) = 3x + 7
\]

- Function H: \(H: \mathbb{R} \to \mathbb{R}\), defined by
\[
H(x) = \frac{2x - 5}{x + 4}
\]

These are common function forms—linear and rational—that serve as excellent case studies for injectivity.

---

Analyzing Function G: A Linear Function

Properties of G: \(G(x) = 3x + 7\)

Linear functions of the form \(ax + b\), where \(a\) and \(b\) are real numbers, are fundamental in understanding
injectivity. The function \(G\) is particularly straightforward:

- Domain: \(\mathbb{R}\)
- Codomain: \(\mathbb{R}\)
- Slope (a): 3
- Intercept (b): 7

Is G One-to-One? The Analysis

To verify if \(G\) is injective:

- Method 1: Algebraic Test

Assuming \(G(x_1) = G(x_2)\):



\[
3x_1 + 7 = 3x_2 + 7
\]

Subtract 7 from both sides:

\[
3x_1 = 3x_2
\]

Divide both sides by 3:

\[
x_1 = x_2
\]

Since equal outputs imply equal inputs, \(G\) is injective.

- Method 2: Graphical Intuition

The graph of \(G\) is a straight line with slope 3, which is non-zero. All lines with non-zero slope are strictly
monotonic (either increasing or decreasing), and thus, they are injective over the real numbers.

Implications of G's Injectivity

Because \(G\) is injective:

- It has an inverse function \(G^{-1}\), given by:

\[
G^{-1}(y) = \frac{y - 7}{3}
\]

- The inverse is also a linear function, which is easy to compute and analyze.

- The function preserves uniqueness: each input corresponds to a unique output, making it ideal for
encoding/decoding processes where reversibility is essential.

---

Analyzing Function H: A Rational Function

Properties of H: \(H(x) = \frac{2x - 5}{x + 4}\)

Rational functions exhibit more complex behavior, and their injectivity depends on their algebraic form and
domain restrictions.

- Domain: Since division by zero is undefined, the domain excludes \(x = -4\):

\[
\text{Domain of } H: \mathbb{R} \setminus \{-4\}
\]



- Range: To be determined through analysis.

Is H One-to-One? The Analysis

To verify whether \(H\) is injective:

- Method: Algebraic Approach

Suppose \(H(x_1) = H(x_2)\):

\[
\frac{2x_1 - 5}{x_1 + 4} = \frac{2x_2 - 5}{x_2 + 4}
\]

Cross-multiplied:

\[
(2x_1 - 5)(x_2 + 4) = (2x_2 - 5)(x_1 + 4)
\]

Expanding both sides:

\[
2x_1 x_2 + 8x_1 - 5x_2 - 20 = 2x_2 x_1 + 8x_2 - 5x_1 - 20
\]

Notice \(2x_1 x_2\) and \(2x_2 x_1\) are equal and cancel out:

\[
8x_1 - 5x_2 - 20 = 8x_2 - 5x_1 - 20
\]

Subtract \(-20\) from both sides:

\[
8x_1 - 5x_2 = 8x_2 - 5x_1
\]

Bring all terms to one side:

\[
8x_1 + 5x_1 = 8x_2 + 5x_2
\]

\[
(8 + 5) x_1 = (8 + 5) x_2
\]

\[
13x_1 = 13x_2
\]

Divide both sides by 13:

\[
x_1 = x_2
\]



- Conclusion: Since \(H(x_1) = H(x_2)\) implies \(x_1 = x_2\), the function \(H\) is injective on its domain
\(\mathbb{R} \setminus \{-4\}\).

Additional Considerations

- Behavior at the excluded point: \(x = -4\) is a point of discontinuity, and the function cannot be defined there.

- Range of H: Since \(H\) is injective and rational, it could be useful to find its range explicitly.

---

Inverse Functions of G and H

Having established that both G and H are injective, let's derive their inverse functions, which are crucial in
applications requiring reversibility.

Inverse of G: \(G^{-1}(y)\)

Starting from:

\[
y = 3x + 7
\]

Solve for \(x\):

\[
x = \frac{y - 7}{3}
\]

Thus:

\[
G^{-1}(y) = \frac{y - 7}{3}
\]

- Domain of \(G^{-1}\): \(\mathbb{R}\)

- Range of \(G^{-1}\): \(\mathbb{R}\)

Inverse of H: \(H^{-1}(y)\)

Starting from:

\[
y = \frac{2x - 5}{x + 4}
\]

Cross-multiplied:

\[



y(x + 4) = 2x - 5
\]

Expanding:

\[
yx + 4y = 2x - 5
\]

Group terms with \(x\):

\[
yx - 2x = -5 - 4y
\]

Factor \(x\):

\[
x(y - 2) = -5 - 4y
\]

Solve for \(x\):

\[
x = \frac{-5 - 4y}{y - 2}
\]

- Domain of \(H^{-1}\): All real \(y\) such that the denominator \(y - 2 \neq 0\):

\[
\boxed{y \neq 2}
\]

- Range of \(H\): All real \(y \neq 2\), since the inverse's domain excludes \(2\).

---

Practical Implications and Applications

Understanding the injectivity of G and H has profound implications across various fields.

Reversibility

The One To One Functions G And H Are Defined As Follows

The One To One Functions G And H Are Defined As Follows

https://sip.evo9x.com/ma03/the-one-to-one-functions-g-and-h-are-defined-as-follows.pdf


Related Articles

What Is The Punishment For Drunk Driving And Killing Someone
What Type Of Cell Makes Up Almost Half The Volume Of Blood
Most People Who Are Treated For Amphetamine Abuse Quizlet

Back to Home

https://sip.evo9x.com/ma03/what-is-the-punishment-for-drunk-driving-and-killing-someone.pdf
https://sip.evo9x.com/ma03/what-type-of-cell-makes-up-almost-half-the-volume-of-blood.pdf
https://sip.evo9x.com/ma03/most-people-who-are-treated-for-amphetamine-abuse-quizlet.pdf
https://sip.evo9x.com

