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Understanding the relationship between exponential functions and trigonometric functions is
fundamental in mathematics, especially in fields such as engineering, physics, and complex analysis.
One of the most powerful tools in this regard is the Euler's formulas, which express sine and cosine
functions in terms of complex exponentials. Specifically, the formula

\[ \sin x = \frac{1}{2i} (e~ {ix} - e~ {-ix})\]

serves as a cornerstone for deriving various trigonometric identities, simplifying complex calculations,
and establishing connections between different mathematical concepts. This article aims to explore

how the formula can be used to derive key identities, understand its derivation, and appreciate its
significance in mathematical analysis.

Understanding Euler’s Formula and Its Components

Euler’s Formula: The Foundation

Euler’'s formula states that for any real number \(x\),

\[ e~ {ix} =\cos x + i\sin x \]

This remarkable identity connects exponential functions with trigonometric functions, providing a
bridge between real and complex analysis. Its proof relies on Taylor series expansions of exponential,

sine, and cosine functions, and it forms the basis for deriving the sine and cosine formulas in terms of
exponentials.

Expressing Cosine and Sine via Exponentials

Using Euler’s formula and its conjugate, we can express cosine and sine as follows:
- Cosine:

\[ \cos x = \frac{e™{ix} + e™{-ix}}{2}\]

- Sine:

\[ \sin x = \frac{e"{ix} - e~ {-ix}}{2i} \]



These expressions are invaluable because they allow us to manipulate trigonometric functions
algebraically using exponential properties, leading to simplified derivations of identities.

Deriving the Sine Identity from the Exponential
Formula

The Formula in Focus

The formula under consideration is:
\[\sin x = \frac{1}{2i} (e™{ix} - e~ {-ix})\]

This formula provides a direct way to express the sine function in terms of exponential functions. It is
particularly useful for deriving identities, solving equations, and analyzing Fourier series.

Step-by-Step Derivation of the Identity

Let’s understand how this formula is derived from Euler’s formula:
1. Start with Euler’s formula:

\[ e~ {ix} =\cos x + i\sin x \]
\[ e~ {-ix} =\cos x -i\sin x\]

2. Subtract the two equations:

\[ e~ {ix} - e™{-ix} = (\cos x + i\sin x) - (\cos x - i \sin x) = 2i \sin x \]
3. Solve for \(\sin x\):

\[ \sin x = \frac{e™{ix} - e~ {-ix}}{2i} \]

This confirms the formula’s validity and demonstrates how the exponential form of sine emerges
naturally from Euler’s identities.

Using the Formula to Obtain Trigonometric Identities

The exponential representation of sine is a powerful tool for deriving various identities. It simplifies



the process of proving identities that might be more complex when approached purely through
geometric or algebraic methods.

Common Trigonometric ldentities Derived from the
Exponential Formula

1. Sum and Difference Formulas

- Sine of sum:

\[\sin(a + b) = \frac{1}{2i} (e”{i(a + b)} - e”~{-i(a + b)}) \]
Using properties of exponents:

\[ e~{i(a + b)} = e~{ia} e~{ib} \]
\[ e~{-i(a + b)} = e~{-ia} e~{-ib} \]

Thus,

\[\sin(a + b) = \frac{1}{2i} \left( e~ {ia} e”~{ib} - e~{-ia} e”~{-ib} \right) \]
Expressing sine and cosine in exponential form can then be used to derive:
\[ \sin(a + b) =\sin a \cos b + \cos a \sin b \]

2. Product-to-Sum Formulas

Using exponential identities, we can derive formulas such as:

\[\sin a \sin b = \frac{1}{2} [ \cos(a - b) - \cos(a + b) ]\]

which are useful in integrals and Fourier analysis.

Deriving the Cosine Identity

Similarly, the cosine function can be expressed as:
\[ \cos x = \frac{1}{2} (e~ {ix} + e~ {-ix})\]
and used to derive identities like:

\[ \cos(a + b) =\cos a \cos b -\sin a\sin b \]



Applications of the Exponential Formula in
Mathematical Analysis

The exponential representation of sine (and cosine) is not merely theoretical; it has practical
applications across various fields.

1. Solving Trigonometric Equations

By rewriting trigonometric functions in exponential form, many complex equations become algebraic,
simplifying solutions.

Example: Solving \( \sin x = k'\) involves rewriting as:
\[ \frac{e™{ix} - e~ {-ix}}{2i} = k\]

which can be manipulated into an algebraic quadratic in \( e”™ {ix} \).

2. Fourier Series and Signal Processing

Fourier series express periodic functions as sums of sines and cosines. Using exponential forms
simplifies the calculations of Fourier coefficients and helps analyze signals efficiently.

3. Complex Analysis and Contour Integration

Complex integrals often involve exponential functions, and understanding the exponential form of
sine is crucial for evaluating integrals in the complex plane.

4. Quantum Mechanics and Wave Functions

Wave functions in quantum mechanics are often expressed in exponential form, and sine functions
appear naturally in solutions to Schrédinger’s equation.

Conclusion: The Power of Exponential Formulas in
Trigonometry

The formula



\[\sin x = \frac{1}{2i} (e~ {ix} - e~ {-ix})\]

serves as a fundamental bridge between exponential and trigonometric functions. It not only provides
a straightforward derivation of sine but also unlocks a suite of identities that are essential in
advanced mathematics and physics. By leveraging Euler’s formula, mathematicians and engineers
can simplify complex calculations, solve equations more efficiently, and deepen their understanding
of the interconnected nature of mathematical functions.

Understanding and utilizing this exponential representation enhances analytical capabilities and
opens new pathways for exploring the beauty and utility of trigonometry in various scientific
disciplines. Whether deriving identities, solving equations, or analyzing signals, this formula remains a
vital tool in the mathematician's toolkit.

Frequently Asked Questions

What is the formula for expressing sine in terms of
exponential functions?

The formula is sin x = (1/2i)(e™{ix} - e”™ {-ix}).

How does Euler's formula relate to deriving the sine identity?

Euler's formula e” {ix} = cos x + i sin x allows us to express sine as a combination of exponential
functions, leading to the identity sin x = (1/2i)(e™{ix} - e~ {-ix}).

Why is the exponential form of sine useful in trigonometry?

It simplifies calculations involving trigonometric functions, especially in complex analysis, differential
equations, and Fourier analysis.

Can you derive the sine identity starting from Euler's formula?

Yes. By writing e”™{ix} = cos x + i sin x and e”™ {-ix} = cos x - i sin x, subtracting these gives 2i sin x
= e~ {ix} - e~ {-ix}, which simplifies to sin x = (1/2i)(e”~ {ix} - e~ {-ix}).

What is the significance of the imaginary unit 'i' in the sine
exponential formula?

The imaginary unit 'i' ensures the correct phase and magnitude relationship between the exponential
functions and the sine function, enabling the extraction of sine from complex exponentials.

How can the exponential formula for sine be used in solving
differential equations?

It allows solutions to be expressed as exponential functions, making differential equations easier to
solve using algebraic methods and complex analysis techniques.



Is the exponential formula for sine applicable to all real x
values?

Yes, the formula is valid for all real x and extends naturally into complex analysis, providing a
powerful tool for both real and complex functions.

What are the advantages of using the formula sin x =
(1/2i)(e” {ix} - e~ {-ix}) over the basic sine definition?

It simplifies the manipulation of sine functions in calculus and complex analysis, especially when
dealing with integrals, derivatives, and Fourier transforms.

How does understanding this exponential identity help in
advanced mathematics?

It provides a foundation for understanding complex analysis, signal processing, quantum mechanics,
and other fields that utilize exponential and trigonometric functions interchangeably.

Additional Resources

Use The Formulasin X = 1/2i (e”ix - e”-ix) To Obtain Identity: An Investigative Examination
The realm of mathematics, especially complex analysis and trigonometry, is rich with profound
identities that bridge seemingly disparate functions. Among these, Euler’s formula and its subsequent

derivations have revolutionized how mathematicians understand the relationship between
exponential and trigonometric functions. The formula:

\[ \sin x = \frac{1}{2i} (e~ {ix} - e~ {-ix})\]
stands out as a cornerstone in this edifice, serving as a gateway to numerous identities and
applications. This investigative article delves into the origins, derivation, and significance of this

formula, exploring its role in deriving trigonometric identities and its pervasive influence across
mathematics and physics.

Historical Context and Foundations

Understanding the significance of \(\sin x = \frac{1}{2i} (e”{ix} - e~ {-ix})\) necessitates a brief look
into the historical development of exponential and trigonometric functions.

Euler’s Pioneering Contribution

Leonhard Euler, in the 18th century, formulated the groundbreaking Euler’s formula:



\[ e~ {ix} =\cos x + i\sin x \]
This elegant identity linked exponential functions with trigonometric functions, providing a powerful

tool for analysis. Euler’s formula was initially motivated by the study of complex numbers and their
geometric interpretation, laying the foundation for complex analysis.

The Evolution of Trigonometric Identities

Prior to Euler, trigonometry was primarily geometric, with identities derived from right triangles and
unit circles. Euler’s formula provided an alternative, algebraic approach, enabling the derivation of
identities through exponential functions.

The Derivation of the Sine Formula from Euler’s
Identity

The core focus of this investigation is understanding how the formula:
\[ \sin x = \frac{1}{2i} (e™{ix} - e~ {-ix})\]

emerges naturally from Euler’s formula. The derivation is both elegant and instructive.

Starting Point: Euler’s Formula

Recall Euler’s identities:

\[

\begin{cases}

e~ {ix} =\cos x + i\sin x \\
e™{-ix} =\cos x -i\sin x
\end{cases}

\]

The second equation is obtained by replacing \(x\) with \(-x\).

Subtracting and Simplifying

Subtract \(e”™ {-ix}\) from \(e” {ix}\):

\[
e™{ix} - e~{-ix} = (\cos x + i\sin x) - (\cos x - i \sin x) = 2 i\sin x



\]

This straightforward subtraction isolates \(\sin x\):
\[

e™{ix} -e~{-ix} = 2i\sin x

\]

Rearranging yields:

\[

\sin x = \frac{1}{2 i} (e~ {ix} - e~ {-ix})
\]

which is the fundamental formula in question.

Mathematical Significance and Applications

This formula isn't merely a theoretical curiosity; it has substantive implications in various fields.

Deriving Other Trigonometric Identities

By expressing sine in terms of exponentials, one can derive a host of identities, including:
- Cosine in exponential form:

\[

\cos x = \frac{1}{2} (e~ {ix} + e™{-ix})

\]

- Addition formulas:

Using exponential forms, identities such as \(\sin(a \pm b)\) and \(\cos(a \pm b)\) can be derived
systematically.

- Product-to-sum and sum-to-product identities:

These are often more straightforward to derive via exponential representations.

Fourier Analysis and Signal Processing

The ability to express sine and cosine functions as sums or differences of exponentials underpins
Fourier analysis. This is fundamental in:

- Signal decomposition



- Quantum mechanics
- Electrical engineering

The exponential form simplifies the handling of oscillatory functions, especially when integrating or
transforming functions.

Complex Analysis and Contour Integration

In complex analysis, expressing trigonometric functions in exponential form allows for contour
integration techniques, residue calculations, and the evaluation of integrals involving sine and cosine.

Further Derivations and ldentities

Having established the sine function in exponential form, mathematicians leverage it to derive
additional identities.

Expressing Cosine in Exponential Form

Starting from Euler’s formula:

\[
e™{ix} =\cos x + i\sin x
\]

and its conjugate:

\[
e™{-ix} =\cos x -i\sin x
\]

Adding these:

\[
e™{ix} + e~ {-ix} = 2 \cos x
\]

which leads to:

\[
\cos x = \frac{1}{2} (e~ {ix} + e~ {-ix})
\]



Sum and Difference Formulas

Using exponential identities:

\[
e™{i(a + b)} = e~{ia} e~{ib}
\]

and similarly for other combinations, one can derive sum and difference formulas for sine and cosine:

\[
\sin(a \pm b) = \sin a \cos b \pm \cos a \sin b
\]
\[
\cos(a \pm b) = \cos a \cos b \mp \sin a\sin b
\]

which are central to trigonometry.

Double-Angle and Half-Angle Formulas

Expressed via exponential functions:

\[
\sin 2x = 2 \sin x \cos x = \frac{e™{2ix} - e~ {-2ix}}{2i}
\]

Similarly, half-angle formulas are derived by manipulating exponential expressions.

Extensions and Generalizations

The exponential representation of sine and cosine extends beyond real angles into complex and
hyperbolic functions.

Hyperbolic Sine and Cosine

Analogous identities for hyperbolic functions are:

\[
\sinh x = \frac{e™{x} - e~ {-x}}{2}
\]
\[



\cosh x = \frac{e™{x} + e~ {-x}}{2}
\]

which mirror the trigonometric identities but involve real exponents.

Complex Arguments and Multivalued Functions

Complex analysis permits the extension of these identities to complex arguments, leading to rich
structures such as branch cuts and multivalued functions.

Implications for Teaching and Mathematical Intuition

The derivation and understanding of \(\sin x = \frac{1}{2i} (e”~{ix} - e~ {-ix})\) serve as pedagogical
tools:

- lllustrate the deep connection between exponential and trigonometric functions.
- Facilitate computational techniques in calculus and differential equations.
- Provide a unified framework for understanding oscillatory phenomena.

Conclusion: The Power of Exponential-Trigonometric
Identities

The formula
\[ \sin x = \frac{1}{2i} (e™{ix} - e~ {-ix}) \]

is more than a mathematical curiosity; it is a fundamental bridge linking exponential and
trigonometric worlds. Its derivation from Euler’s formula underscores the unity of mathematical
concepts and unlocks a multitude of identities and techniques across analysis, physics, and
engineering. By examining its origins, derivations, and applications, we appreciate its central role in
both theoretical and applied mathematics, exemplifying the elegance and interconnectedness
inherent in mathematical structures.

In essence, the exploration of this identity reveals how a simple algebraic manipulation—subtracting
conjugate exponentials—can unlock a universe of mathematical understanding, demonstrating the
profound power of exponential functions in analyzing periodic phenomena and beyond.
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