FIND THE ANGLE BETWEEN THE PLANES - 4x + 2y 4z2=6
AND -5Xx 2v +

FIND THE ANGLE BETWEEN THE PLANES - 4X + 2y + 42=6 AND -Ex + 2y + ...

(UNDERSTANDING HOW TO FIND THE ANGLE BETWEEN TWO PLANES IS A FUNDAMENTAL CONCEPT IN THREE-DIMENSIONAL
GEOMETRY. THIS PROCESS INVOLVES ANALYZING THE NORMAL VECTORS OF THE PLANES, SINCE THE ANGLE BETWEEN THE PLANES
IS DIRECTLY RELATED TO THE ANGLE BETWEEN THEIR NORMAL VECTORS. IN THIS GUIDE, WE'LL EXPLORE THE DETAILED STEPS TO

CALCULATE THE ANGLE BETWEEN THE GIVEN PLANES, INCLUDING THE NECESSARY MATHEMATICAL PRINCIPLES, FORMULAS, AND
ILLUSTRATIVE EXAMPLES.

UNDERSTANDING THE GEOMETRY OF PLANES AND THEIR NORMALS

PLANES IN THREE-DIMENSIONAL SPACE

- A PLANE IN 3D SPACE CAN BE REPRESENTED BY A LINEAR EQUATION OF THE FORM:
\[ax+BY +cz=p\]

- Here, \(a\), \(8\), AnD \(C\) ARE COEFFICIENTS THAT DEFINE THE ORIENTATION OF THE PLANE, AND \(D\) IS A CONSTANT.

NorMAL VECTORS TO PLANES

- Tre coerricienTs \(A\), \(8\), anp \(c\) IN THE PLANE EQUATION FORM THE NORMAL VECTOR \(\vEC{n}\).
\[ \vec{n} = \LANGLE A, &, C \RANGLE \]

- THE NORMAL VECTOR IS PERPENDICULAR (ORTHOGONAL) TO THE PLANE.

IMPORTANCE OF NORMAL VECTORS IN FINDING THE ANGLE

- THE ANGLE BETWEEN TWO PLANES IS THE SAME AS THE ANGLE BETWEEN THEIR RESPECTIVE NORMAL VECTORS.
- THEREFORE, THE PROBLEM REDUCES TO CALCULATING THE ANGLE BETWEEN TWO VECTORS.

MATHEMATICAL APPROACH TO FIND THE ANGLE BETWEEN T wo PLANES

STep 1: EXxTRACT NORMAL VECTORS FROM THE PLANE EQUATIONS

- FOR THE TWO PLANES GIVEN, IDENTIFY THEIR NORMAL VECTORS:

1.PLaNe 1:\(4x + 2v+4z2=6\)
NorMmaL vecTor: \(\vec{n} 1= \LANGLE 4, 2, 4 \RANGLE \)



2. PLane 2: \(-5x + 2y + c z =0 \) (NOTE: THE ORIGINAL PROBLEM SEEMS INCOMPLETE, BUT ASSUMING THE GENERAL FORM IS
SIMILAR, E.G., \(=6x + 2y + Mz =~ \)...)
NorMaL vecTor: \(\vec{n} 2 = \LANGLE -5, 2, M \rANGLE \)

- IN CASE THE SECOND PLANE'S EQUATION IS INCOMPLETE, ENSURE TO IDENTIFY THE COEFFICIENTS CORRECTLY FROM THE
PROBLEM STATEMENT.

STEP 2: Use THE DoT PRoODUCT FORMULA FOR VECTORS

- The ANGLE \(\THETA\) BETWEEN TWO VECTORS \(\VvEC{A}\) AND \(\VEC{B}\) IS GIVEN BY:

\l

\cos \THeTA = \rrAc{\vec{a} \cooT \vec{e}}{|\vec{a}| \vec{a}l}

\]

- W/HERE:
- \(\vec{a} \cooT \vec{s}\) Is THE DOT PRODUCT.
- \(\vec{a}\) ano \(\vec{B}|\) Are THE MAGNITUDES (LENGTHS) OF THE VECTORS.

Step 3: CALCULATE THE DoT PRODUCT AND MAGNITUDES

- DoT PrRODUCT:

\[
\vec{n} 1 \cooT \vec{n} 2=(a_1)(a_2)+(_1)(E_2)+(c_1)c_2)
\]

- MAGNITUDES:

\[
\vec{n} Il =\sqrT{a_1"2 +8 "2 + c_1"2}

\]

- SUBSTITUTE THE SPECIFIC VALUES FROM THE NORMAL VECTORS.

Step 4: FinD THE ANGLE \(\THETA\)

- CatcuLaTe \(\cos \THETA\):

\[
\cos \THeTA = \rrRAc{\vec{n} 1 \cpoT \vec{n} 2}{[\vec{n} T|\vec{n} 23
\]

- THen, peTerMINE \(\THETA)):

\[
\THeTA = \Arccos \LerT( \FrrAac{\vec{N} 1 \cooT \vec{n} 2}{|\vec{n} 1| \vec{n} 2[} \riGHT)

\]

- ENSURE THE ANGLE IS IN DEGREES OR RADIANS AS NEEDED.



\¥/ orkeD ExXAMPLE; CALCULATING THE ANGLE BETWEEN THE GIVEN PLANES

GIVEN PLANES

-PLane 1:\(4x + 2y +4z=06\)
- PLANE 2: \(-5x + 2y + Mz =N \) (AssuMiNG A sPecIFIC VALUE For \(M\) anD \(N\) For ILLUSTRATION, sAY \(M=3\)

AND \(n=8\))

So, PLane 2: \(-5x + 2y + 3z2=18\)

STep 1: EXTRACT NorRMAL VECTORS

- \(\vec{n}_1=\LANGLE 4, 2, 4 \RANGLE\)
- \(\vec{n}_2 = \LaNGLE -5, 2, 3 \RANGLE\)

STEP 2: CoMPUTE DOT PrODUCT

\[
\vec{n} 1 \cooT \vec{n} 2=(4)(-5)+(2)(2) +(4)(3)=-20+4+12=-4
\]

STeP 3: CoMPUTE MAGNITUDES

\[
\vec{n} 1| =\sqrT{4"2 + 272 + 4”2} = \s@rT{16 + 4 + 16} = \sqrT{36} =6
\]

\[
\vec{n} 2| =\srT{(-5)"2 + 272 + 372} = \sqrT{25 + 4 + 9} = \sqrT{38} \aPPrOX 6.164
\]

Step 4: CaLcuLaTe \(\cos \THETA))

\[
\cos \THeTA = \FrRAC{-4}{6 \TiMes 6.1643} \arProx \Frac{-4}{36.984} \approx -0.108

\]

Step 5: Fino \(\THETA\)
\[

\THeTA = \Arccos(-0.108) \approx 96.2"\circ

\]

RESULT: THE ANGLE BETWEEN THE TWO PLANES IS APPROXIMATELY 96.2 DEGREES, INDICATING THEY ARE NEARLY
PERPENDICULAR BUT SLIGHTLY OBTUSE.



ADDITIONAL TIPS FOR ACCURATE CALCULATION

1. DOUBLE-CHECK THE COEFFICIENTS: ENSURE THE PLANE EQUATIONS ARE CORRECTLY WRITTEN AND COEFFICIENTS ARE
CORRECTLY IDENTIFIED.

2. USE A CALCULATOR OR SOFTWARE: FOR INVERSE COSINE CALCULATIONS, UTILIZE SCIENTIFIC CALCULATORS OR
COMPUTATIONAL TOOLS FOR PRECISION.

3. CONSIDER THE RANGE OF THE ANGLE: SINCE THE DOT PRODUCT CAN BE NEGATIVE, RESULTING IN AN ANGLE GREATER THAN
QOOI VERIFY WHETHER YOU ARE INTERESTED IN THE ACUTE OR OBTUSE ANGLE BETWEEN THE PLANES.

4. NORMALIZE VECTORS: WHEN IN DOUBT, NORMALIZE THE NORMAL VECTORS BEFORE CALCULATING THE DOT PRODUCT,
BUT THIS IS OPTIONAL IF USING THE DOT PRODUCT FORMULA DIRECTLY.

APPLICATIONS OF FINDING THE ANGLE BETWEEN PLANES

- ENGINEERING AND ARCHITECTURE: DETERMINING THE ANGLE BETWEEN STRUCTURAL COMPONENTS.
- CoMPUTER GRAPHICS: CALCULATING SURFACE ORIENTATIONS FOR RENDERING.

- RoBoTIcs: UNDERSTANDING THE RELATIVE POSITIONING OF PLANES IN SPACE FOR NAVIGATION.
- MATHEMATICAL RESEARCH: ANALYZING GEOMETRIC PROPERTIES AND RELATIONSHIPS.

CoNCLUSION

FINDING THE ANGLE BETWEEN TWO PLANES INVOLVES A STRAIGHTFORW ARD PROCESS ROOTED IN VECTOR MATHEMATICS. By
IDENTIFYING THE NORMAL VECTORS FROM THE PLANE EQUATIONS, APPLYING THE DOT PRODUCT FORMULA, AND COMPUTING THE
INVERSE COSINE, YOU CAN DETERMINE THE PRECISE ANGLE BETWEEN THE PLANES. THIS PROCESS IS ESSENTIAL IN VARIOUS FIELDS
THAT REQUIRE SPATIAL UNDERSTANDING AND GEOMETRIC ANALYSIS. ALWAYS ENSURE THE COEFFICIENTS ARE ACCURATELY
EXTRACTED, AND DOUBLE-CHECK CALCULATIONS TO MAINTAIN PRECISION. WITH PRACTICE, CALCULATING THE ANGLE BETWEEN
PLANES BECOMES AN INTUITIVE AND VALUABLE SKILL IN THREE-DIMENSIONAL GEOMETRY.

REMEMBER: THE KEY TO MASTERING THIS TOPIC LIES IN UNDERSTANDING THE CONNECTION BETWEEN THE PLANES’ EQUATIONS AND
THEIR NORMAL VECTORS, AND HOW VECTOR OPERATIONS FACILITATE GEOMETRIC INSIGHTS IN 3D sPACE.

FREQUENTLY ASkeD QUESTIONS

How Do YOU FIND THE ANGLE BETWEEN TWO PLANES GIVEN THEIR EQUATIONS?

TO FIND THE ANGLE BETWEEN TWO PLANES, YOU NEED TO DETERMINE THE ANGLE BETWEEN THEIR NORMAL VECTORS. FIRST,
EXTRACT THE NORMAL VECTORS FROM EACH PLANE'S EQUATION, THEN USE THE DOT PRODUCT FORMULA: COS® = (N; * Ny) /
(INy| INg]). FINALLY, TAKE THE ARCCOSINE TO FIND THE ANGLE ©.



\WHAT ARE THE NORMAL VECTORS OF THE GIVEN PLANES?

FOR THE PLANE 4X + 2Y + 4z = &, THE NORMAL VECTOR IS Ny = (4, 2, 4). FOR THE PLANE -5x - 2Y + ... (ASSUMING THE
FULL EQUATION IS PROVIDED), THE NORMAL VECTOR IS Np = (=5, =2, ...). YOU NEED THE COMPLETE SECOND EQUATION TO
DETERMINE ITS NORMAL VECTOR ACCURATELY.

How po | COMPUTE THE DOT PRODUCT OF THE NORMAL VECTORS IN THIS PROBLEM?

THE DOT PRODUCT OF THE NORMAL VECTORS Ny = (4, 2, 4) AND N, = (-5, -2, ¢) (ASSUMING THE Z-COMPONENT C IS GIVEN)
IS CALCULATED AS: (4)(=5) + (2)(-2) + (4)(C). PLUG IN THE VALUE OF C FROM THE SECOND PLANE'S EQUATION TO
COMPUTE THE DOT PRODUCT.

\W/HAT IS THE FORMULA FOR CALCULATING THE ANGLE BETWEEN TWO PLANES ONCE THE
NORMAL VECTORS ARE KNOWN?P

THE ANGLE © BETWEEN THE TWO PLANES IS GIVEN BY: COS® = (Ny * Np) / (INi] IN,l), WHERE Ny AND N, ARE THE NORMAL
VECTORS OF THE PLANES. USE THIS TO FIND © = ARCCOS OF THAT VALUE.

CAN THE ANGLE BETWEEN TWO PLANES BE GREATER THAN 90 DEGREES?

NO, THE ANGLE BETWEEN TWO PLANES IS DEFINED AS THE ACUTE ANGLE BETWEEN THEIR NORMAL VECTORS, WHICH RANGES FROM
0° To 90°. IF THE CALCULATED ANGLE EXCEEDS ?0°, SUBTRACT IT FROM 180° TO FIND THE SMALLER, ACUTE ANGLE BETWEEN
THE PLANES.

ADDITIONAL RESOURCES

FIND THE ANGLE BETWEEN THE PLANES - 4x + 2Y + 42 =6 AND -5X + 2v + ...

(UNDERSTANDING THE SPATIAL RELATIONSHIP BETWEEN PLANES IS A FUNDAMENTAL ASPECT OF VECTOR CALCULUS AND
ANALYTICAL GEOMETRY, WITH APPLICATIONS SPANNING ENGINEERING, PHYSICS, AND COMPUTER GRAPHICS. THE PROBLEM OF
DETERMINING THE ANGLE BETWEEN TWO PLANES IS BOTH CONCEPTUALLY INTRIGUING AND MATHEMATICALLY RICH. IN THIS
ARTICLE, WE DELVE DEEPLY INTO THE METHODOLOGY FOR FINDING THE ANGLE BETWEEN TWO PLANES—SPECIFICALLY FOCUSING
ON THE PLANES DEFINED BY THE EQUATIONS 4X + 2y + 4z = 6 AND -5X + 2Y + ... (NOTE: THE SECOND PLANE'S EQUATION
APPEARS INCOMPLETE, SO FOR THE PURPOSES OF THIS ANALYSIS, WE WILL ASSUME A TYPICAL FORM, SAY, -6x + 2y + 3z =
C, WHERE C IS A CONSTANT). OUR GOAL IS TO ELUCIDATE THE PRINCIPLES, CALCULATIONS, AND INTERPRETATIONS INVOLVED IN
SUCH A PROBLEM.

UNDERSTANDING PLANES IN 3D SPACE

WHAT Is A PLANE?

IN THREE-DIMENSIONAL SPACE, A PLANE IS A FLAT, TWO~DIMENSIONAL SURFACE EXTENDING INFINITELY IN ALL DIRECTIONS WITHIN
ITS DIMENSION. MATHEMATICALLY, A PLANE CAN BE REPRESENTED BY A LINEAR EQUATION OF THE FORM:

\[Ax+By+Cz+D=01\]

wHere \(A\), \(B\), ano \(C\) ARE THE COEFFICIENTS THAT FORM THE NORMAL VECTOR TO THE PLANE, AND \(D\) IS A
CONSTANT.



THe RoLE oF THE NORMAL VECTOR

THe NorMAL VECTOR \(\VEC{N}\) OF A PLANE IS PERPENDICULAR TO THE SURFACE OF THE PLANE. FOR THE GENERAL EQUATION
\(Ax + By + Cz+ D = 0\), THe NorMAL VECTOR IS \(\VEc{n} = \LANGLE A, B, C \RANGLE\).

THIS NORMAL VECTOR IS CRUCIAL BECAUSE THE ANGLE BETWEEN TWO PLANES IS DIRECTLY RELATED TO THE ANGLE BETWEEN
THEIR NORMAL VECTORS. SPECIFICALLY, THE ANGLE BETWEEN THE PLANES IS THE SAME AS THE ANGLE BETWEEN THEIR NORMAL
VECTORS.

MATHEMATICAL FOUNDATION FOR FINDING THE ANGLE BETWEEN PLANES

ANGLES BETWEEN NORMAL VECTORS

GIveN Two PLANES WITH NORMAL VECTORS \(\vec{n}_1\) ano \(\vec{n}_2\), THe ancLe \(\THETA\) BETWEEN THE
PLANES IS GIVEN BY THE ANGLE BETWEEN THESE VECTORS:

\[
\cos \THeTA = \rrRAc{\vec{n} 1 \cpoT \vec{n} 2}{[\vec{n} T|\vec{n} 23
\]

\WHERE!:

- \(\vec{n} 1 \coot \vec{n} 2\) IS THE DOT PRODUCT OF THE TWO VECTORS.
- \(\vec{n} T1\) ano \(J\vec{n} 2|\) ARE THE MAGNITUDES (LENGTHS) OF THE VECTORS.

IMPORTANT: THE ANGLE \(\THETA\) OBTAINED FROM THIS FORMULA IS THE ACUTE ANGLE (BETWEEN 0° AND 90°). IF THE
ANGLE EXCEEDS 90°, THE SUPPLEMENTARY ANGLE CAN BE CONSIDERED, BUT FOR MOST APPLICATIONS, THE PRINCIPAL VALUE
SUFFICES.

CoMPUTING THE DoT ProbDUCT AND MAGNITUDES

GIVEN VECTORS:

\[
\vec{n}_1=\LancLE A_1,B_1, C_1 \rANGLE
\]
\[
\vec{n} 2 =\Lancle A_2,B 2, C_2 \rANGLE
\]

THE DOT PRODUCT IS:

\[
\vec{n} 1 \cooT \vec{n} 2=A 1A 2+B 1B 2+C _1C 2
\]

AND THE MAGNITUDE OF EACH VECTOR IS:

\[
\vec{n} 1| =\sqrT{A_1"2+B "2 +C "2}



\]

APPLYING THE MeTHoD To THE GIVEN PLANES

EQUATION OF THE FIRST PLANE

THE FIRST PLANE IS GIVEN AS:

\[

dx+2vy+4z=56

\]

REARRANGED IN STANDARD FORM:

\[

Adx+2v+4z-6=0

\]

FROM THIS, THE NORMAL VECTOR OF THE FIRST PLANE IS:
\[

\vec{n}_1=\LANGLE 4, 2, 4 \RANGLE
\]

EQUATION OF THE SECOND PLANE

THE SECOND PLANE APPEARS TO BE INCOMPLETE IN THE PROMPT: “-5x 2Y +”. ASSUMING A STANDARD FORM SIMILAR TO THE
FIRST, A REASONABLE ASSUMPTION IS THAT THE FULL PLANE EQUATION IS:

\[
-5x+2vy+3z=c¢

\]

OR SOME SIMILAR FORM. FOR ILLUSTRATION, LET’'S PROCEED WITH:

\[
-5x+2y+3z=0D

\]

WHICH REARRANGES TO:!

\[
-5x+2vy+3z-p=0

\]

THE NORMAL VECTOR OF THE SECOND PLANE IS:

\l

\vec{n}_ 2 = \LANGLE -5, 2, 3 \RANGLE



\]

NOTE: THE CONSTANT \(D\) DOES NOT INFLUENCE THE ANGLE BETWEEN THE PLANES, AS ONLY THE NORMAL VECTORS MATTER.

CALCULATING THE ANGLE BETWEEN THE PLANES

STep 1: CoMPUTE THE DoT ProDUCT

\[
\vec{n} 1 \cooT \vec{n} 2=(4)(-5)+(2)(2)+(4)(3)=-20+4+12=-4
\]

STeP 2: COMPUTE THE MAGNITUDES

\[
\vec{n} 1] =\sqrt{4"2 + 272 + 472} = \sqrT{16 + 4 + 16} = \sqrT{36} =6
\]

\[
\vec{n} 2] =\sqrT{(-5)"2 + 2”2 + 372} = \sqrT{25 + 4 + 9} = \srT{38]} \apPrOX 6.1644
\]

STEP 3: DETERMINE THE COSINE OF THE ANGLE

\[
\cos \THeTA = \FrRAC{-43}{6 \TiMes 6.16443} \approx \FrRac{-4}{36.9864} \aprrox -0.1082

\]

Step 4: FiND THE ANGLE \(\THETA\)

\l

\THeTA = \ArRccos(-0.1082) \approx 95.8"\cIrc

\]

SINCE THE COSINE OF THE ANGLE IS NEGATIVE AND CLOSE To \(-0.1082\), THE ACTUAL PHYSICAL ANGLE BETWEEN THE
PLANES IS:

\[
\TexT{ANGLE} = 180" \circ - 95.8"\cIrc = 84.2"\cIrc

\]

OR, MORE STRAIGHTFORWARDLY, TAKING THE ABSOLUTE VALUE:

\[
\BoxeD{
\THETA \APPROX 95.8"\CIRC



BUT CONVENTIONALLY, THE ANGLE BETWEEN PLANES IS CONSIDERED THE SMALLER ANGLE, SO APPROXIMATELY 84.2°.

INTERPRETATION OF THE RESULT

THE CALCULATED ANGLE (~84.2°) INDICATES THAT THE TWO PLANES ARE NEITHER PARALLEL NOR PERPENDICULAR BUT
INTERSECT AT AN OBLIQUE ANGLE. IF THE NORMAL VECTORS WERE PARALLEL OR ANTIPARALLEL, THE PLANES WOULD BE
PARALLEL, CORRESPONDING TO A 0° orR 180° ANGLE. IF THE NORMAL VECTORS WERE ORTHOGONAL, THE PLANES WOULD
INTERSECT AT A RIGHT ANGLE (90°).

IN THIS CASE, THE ANGLE BEING CLOSE TO 84° SUGGESTS THAT THE PLANES ARE SOMEWHAT CLOSE TO INTERSECTING AT A
RIGHT ANGLE BUT ARE SLIGHTLY SKEWED. SUCH INFORMATION IS VALUABLE IN FIELDS LIKE STRUCTURAL ENGINEERING, WHERE

UNDERSTANDING THE INCLINATION BETWEEN DIFFERENT STRUCTURAL ELEMENTS IS CRITICAL, OR IN COMPUTER GRAPHICS FOR
RENDERING AND SHADING CALCULATIONS.

SpeciAL CAses AND CONSIDERATIONS

PARALLEL PLANES

PLANES ARE PARALLEL IF THEIR NORMAL VECTORS ARE SCALAR MULTIPLES. For EXAMPLE, IF \(\vec{n} 1 =k \vec{n} 2\),
THEN THE PLANES ARE PARALLEL, AND THE ANGLE BETWEEN THEM IS 0° (0r 180°, DEPENDING ON ORIENTATION).

PERPENDICULAR PLANES

PLANES ARE PERPENDICULAR IF THE DOT PRODUCT OF THEIR NORMAL VECTORS IS ZERO:

\[
\vec{n} 1 \cooT \vec{n} 2=0
\]

WHICH CORRESPONDS TO A 90° ANGLE BETWEEN THE PLANES.

IMPLICATIONS OF THE CONSTANT TERMS

W/HILE THE CONSTANTS \(D\) IN THE PLANE EQUATIONS INFLUENCE THE POSITION BUT NOT THE ORIENTATION, UNDERSTANDING
THEIR ROLE IS IMPORTANT IN RELATED PROBLEMS LIKE FINDING THE SHORTEST DISTANCE BETWEEN TWO PLANES OR POINTS.



CoNcCLUSION

DETERMINING THE ANGLE BETWEEN TWO PLANES IS A PROCESS ROOTED IN VECTOR ANALYSIS. BY EXTRACTING THE NORMAL
VECTORS FROM THE PLANE EQUATIONS, CALCULATING THEIR DOT PRODUCT AND MAGNITUDES, AND THEN APPLYING THE
ARCCOSINE FUNCTION, WE OBTAIN THE MEASURE OF THE ANGLE AT WHICH THE TWO PLANES INTERSECT. THIS APPROACH NOT
ONLY SIMPLIFIES THE PROBLEM BUT ALSO OFFERS INTUITIVE GEOMETRIC INSIGHTS.

IN OUR SPECIFIC CASE, ASSUMING THE SECOND PLANE'S EQUATION IS \(-5x + 2y + 3z = c\), THE APPROXIMATE ANGLE

Find The Angle Between The Planes 4x 2y 4z 6 And 5x 2y

Find The Angle Between The Planes 4x 2y 4z 6 And 5x 2y
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