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Find The Conjugacy Classes And Write The Class Equation ForQ8. Understanding the structure of groups is
fundamental in abstract algebra, especially when analyzing their symmetries and internal composition. One of
the key concepts in this realm is the idea of conjugacy classes, which partition a group into equivalence
classes based on conjugation. For the quaternion group Q8, which is a classic example of a non-abelian group
of order 8, identifying these conjugacy classes provides deep insight into its structure and properties. In this
article, we will explore the conjugacy classes of Q8, determine their sizes, and write the class equation that
encapsulates the group's composition.

Overview of the Quaternion Group Q8

Definition and Presentation of Q8
The quaternion group Q8 is a well-known example of a finite non-abelian group of order 8. It can be presented
as:
\[
Q8 = \langle i, j, k \mid i^2 = j^2 = k^2 = ijk \rangle
\]
Alternatively, it can be described explicitly as:
\[
Q8 = \{ \pm 1, \pm i, \pm j, \pm k \}
\]
with multiplication rules that mirror quaternion algebra.

Properties of Q8
- Order: 8
- Center: \( Z(Q8) = \{1, -1\} \)
- Non-abelian: Yes
- Elements of order 4: \( i, j, k, -i, -j, -k \)
- Elements of order 1 or 2: \( 1, -1 \)

Understanding these properties sets the stage for analyzing the conjugacy classes, as the center elements
always form singleton classes.

Conjugacy Classes in Q8

What are Conjugacy Classes?
In a group \(G\), two elements \(a, b \in G\) are conjugate if there exists an element \(g \in G\) such that:
\[
b = g a g^{-1}
\]
The conjugacy class of an element \(a\), denoted \( \text{Cl}(a) \), is the set of all elements conjugate to
\(a\):
\[
\text{Cl}(a) = \{ g a g^{-1} \mid g \in G \}



\]
These classes partition the group, and their sizes are related to the group's structure via the class equation.

Finding Conjugacy Classes in Q8
Since Q8 is non-abelian, not all elements form singleton classes. Our goal is to find all conjugacy classes
explicitly.

Step 1: Conjugacy classes of central elements

The center \(Z(Q8) = \{1, -1\}\) is always a subset of every group's center. For any \(z \in Z(Q8)\), the
conjugacy class is just \(\{z\}\) because:
\[
g z g^{-1} = z \quad \text{for all } g \in G
\]
Thus,
\[
\text{Cl}(1) = \{1\}
\]
\[
\text{Cl}(-1) = \{-1\}
\]

Step 2: Conjugacy classes of other elements

Next, examine the elements \(i, j, k, -i, -j, -k\). Due to symmetry and the relations in Q8, their conjugacy classes
will be grouped accordingly.

---

Conjugacy Class of \(i\)

Let's analyze \(i\) under conjugation by all elements:

- Conjugate by \(1\): \(1 \cdot i \cdot 1^{-1} = i\)

- Conjugate by \(-1\): \(-1 \cdot i \cdot (-1)^{-1} = -1 \cdot i \cdot -1 = -i\)

- Conjugate by \(i\) itself: \(i \cdot i \cdot i^{-1} = i \cdot i \cdot i^{-1} = i \cdot i \cdot i^{-1} = i\)

- Conjugate by \(j\):

\[
j i j^{-1}
\]
Recall the quaternion multiplication rules:
\[
j i = -k
\]
and
\[
j^{-1} = -j
\]
Therefore:
\[
j i j^{-1} = j i (-j) = j i (-j)
\]



But more straightforwardly, in quaternion algebra:
\[
j i = -k \quad \Rightarrow \quad j i j^{-1} = j i (-j) = -j i j
\]
Using associativity:
\[
j i j = j i j
\]
From quaternion multiplication:
\[
j i = -k
\]
then:
\[
j i j = -k j
\]
Now, \(k j = -i\), so:
\[
j i j = -(-i) = i
\]
Wait, but this suggests \(i\) maps to itself under conjugation by \(j\). Let's verify this carefully.

Alternatively, using the known relations:
\[
j i = -k
\]
and
\[
j k = i
\]
Similarly:
\[
j i j^{-1} = j i (-j) = - j i j
\]
We can use the relation:
\[
j i j^{-1} = j i (-j) = - j i j
\]
and from quaternion multiplication:
\[
j i j = -k j
\]
But since \(j k = i\), then \(k j = -i\), so:
\[
j i j = -k j = -(-i) = i
\]
Thus, conjugation by \(j\) leaves \(i\) unchanged.

Similarly, conjugation by \(k\):

\[
k i k^{-1}
\]

From relations:
\[
k i = j
\]
and



\[
k j = -i
\]
Calculating \(k i k^{-1}\):

\[
k i k^{-1} = k i (-k) = -k i k
\]

From quaternion relations, \(k i = j\), so:

\[
k i k = j k = -i
\]
Thus:

\[
k i k^{-1} = -(-i) = i
\]

Therefore, all conjugations of \(i\) by elements \(j, k\) leave \(i\) unchanged, and conjugation by \(-1\) maps
\(i\) to \(-i\).

Similarly, conjugation by \(-i\):

\[
(-i) i (-i)^{-1} = (-i) i (-i) = (-i) i (-i)
\]

Since \(-i\) is its own inverse (because \((-i)^2 = (-i)(-i) = i^2 = -1\)), but wait, actually:

\[
(-i)^2 = (-i)(-i) = i^2 = -1
\]
So \((-i)^{-1} = -i\), because:

\[
(-i)(-i) = -1 \Rightarrow (-i)^{-1} = -i
\]

Thus:

\[
(-i) i (-i) = (-i) i (-i) = (-i) i (-i)
\]

Calculating:

\[
(-i) i = -i i = -(-1) = 1
\]
then:

\[
1 \cdot (-i) = -i
\]

Hence, conjugation by \(-i\) maps \(i\) to \(-i\).



---

Summary for \(i\):

- \(i\) maps to itself under conjugation by \(i, j, k\), except for conjugation by \(-1, -i\), which map \(i\) to \(-
i\).

- Therefore, the conjugacy class of \(i\) is:

\[
\text{Cl}(i) = \{ i, -i \}
\]

Similarly, for \(j\) and \(k\),

\[
\text{Cl}(j) = \{ j, -j \}
\]
\[
\text{Cl}(k) = \{ k, -k \}
\]

---

Final conjugacy classes:

\[
\boxed{
\begin{aligned}
& \text{Cl}(1) = \{1\} \\
& \text{Cl}(-1) = \{-1\} \\
& \text{Cl}(i) = \{i, -i\} \\
& \text{Cl}(j) = \{j, -j\} \\
& \text{Cl}(k) = \{k, -k\}
\end{aligned}
}
\]

Total elements check:

\[
1 + 1 + 2 + 2 + 2 = 8
\]

which accounts for all elements in Q8.

The Class Equation of Q8

Understanding the Class Equation
The class equation expresses the order of the group as



Frequently Asked Questions

What is a conjugacy class in group theory?

A conjugacy class in a group is a set containing elements that are conjugate to each other, meaning for
elements g and h in the group, h is in the conjugacy class of g if there exists an element x in the group such that h
= xgx^{-1}.

How do you find the conjugacy classes in a group like Q8 (quaternion
group)?

To find the conjugacy classes in Q8, examine each element and determine which elements are conjugate to it by
calculating xgx^{-1} for all x in Q8, grouping elements that are conjugate into the same class.

What are the elements of Q8, the quaternion group?

Q8 has eight elements: {1, -1, i, -i, j, -j, k, -k}, where i, j, and k satisfy specific multiplication rules resembling
quaternion algebra.

What are the conjugacy classes of Q8?

The conjugacy classes of Q8 are: {1}, {-1}, {i, -i}, {j, -j}, {k, -k}.

How is the class equation for Q8 written?

The class equation for Q8 is: |Q8| = 1 + 1 + 2 + 2 + 2, corresponding to the sizes of its conjugacy classes,
summing to 8.

Why is the class equation important in group theory?

The class equation provides insights into the structure of the group, including the sizes of conjugacy classes
and the center, and helps in classifying groups.

Can you explain how to verify the conjugacy classes in Q8 step-by-step?

Yes, by selecting each element, computing xgx^{-1} for all x in Q8, and grouping elements that are conjugate
together, verifying the classes: {1}, {-1}, {i, -i}, {j, -j}, {k, -k}.

What is the significance of the sizes of conjugacy classes in Q8?

The sizes indicate the number of elements conjugate to each other and are related to the group's center and
normal subgroups, revealing the group's internal symmetry.

How does the conjugacy class structure of Q8 compare to other groups
like cyclic groups?

Unlike cyclic groups where all elements form singleton conjugacy classes, Q8 has nontrivial conjugacy
classes of size greater than one, reflecting its non-abelian structure.



Additional Resources
Find The Conjugacy Classes And Write The Class Equation For Q8

Understanding the structure of groups, especially finite groups like the quaternion group \( Q_8 \), is
fundamental in abstract algebra. One of the key concepts in group theory is the idea of conjugacy classes,
which partition the group into equivalence classes under conjugation. The class equation then provides a
powerful way to relate the size and structure of these classes to the order of the group itself. In this
detailed exploration, we will analyze \( Q_8 \), identify its conjugacy classes, and derive its class equation
with meticulous reasoning.

---

Introduction to \( Q_8 \) and Its Significance

The quaternion group \( Q_8 \) is a classic example in group theory, often used to illustrate concepts such
as non-abelian groups, conjugacy classes, and group actions. Its structure is rich enough to demonstrate the
core principles of conjugacy but simple enough to analyze explicitly.

Definition of \( Q_8 \):
The quaternion group \( Q_8 \) is defined as
\[
Q_8 = \{\pm 1, \pm i, \pm j, \pm k\}
\]
with multiplication rules inspired by quaternion algebra. The key relations are:
- \( i^2 = j^2 = k^2 = -1 \)
- \( ij = k, \quad ji = -k \)
- \( jk = i, \quad kj = -i \)
- \( ki = j, \quad ik = -j \)

Order of \( Q_8 \):
The group has exactly 8 elements, so \( |Q_8| = 8 \).

Important properties:
- \( Q_8 \) is non-abelian, meaning that in general, \( xy \neq yx \).
- The center \( Z(Q_8) \) is non-trivial and plays a vital role in the conjugacy class structure.

---

Understanding Conjugacy in \( Q_8 \)

What are conjugacy classes?
Given a group \( G \), the conjugacy class of an element \( g \in G \) is the set:
\[
\text{Cl}_g = \{ hgh^{-1} \mid h \in G \}
\]
Conjugacy classes partition the group into disjoint subsets, where elements within the same class are
conjugate to each other.

Why are conjugacy classes important?
They are central to understanding the structure of the group, especially in representation theory, counting
elements, and deriving the class equation.

Properties relevant to \( Q_8 \):



- Conjugacy classes are invariant under conjugation.
- The size of each conjugacy class divides the order of the group.
- The center \( Z(G) \) is always a union of conjugacy classes, each being a singleton (since elements in the
center commute with all others).

---

Finding the Conjugacy Classes of \( Q_8 \)

Let's analyze \( Q_8 \) element-wise to determine their conjugacy classes.

Step 1: Identify the center \( Z(Q_8) \)

The center \( Z(Q_8) \) consists of elements that commute with all other elements.

- Since \( 1 \) is the identity, it commutes with all.
- Check whether \( -1 \) commutes with all elements:

\[
(-1) \cdot x = x \cdot (-1) \quad \text{for all } x \in Q_8
\]
Indeed, because \( -1 \) is scalar and commutes with all quaternion elements, we conclude:

\[
Z(Q_8) = \{\pm 1\}
\]

Thus, the center contains exactly two elements: \( 1 \) and \( -1 \).

Step 2: Conjugacy class of elements in \( Z(Q_8) \)

Since elements in the center commute with all elements, their conjugacy classes are singleton sets:

\[
\text{Cl}_1 = \{1\}
\]
\[
\text{Cl}_{-1} = \{-1\}
\]

Step 3: Conjugacy classes of \( \pm i, \pm j, \pm k \)

Now, focus on the elements \( i, -i, j, -j, k, -k \).

- The conjugacy class of \( i \):

\[
\text{Cl}_i = \{ h i h^{-1} \mid h \in Q_8 \}
\]

Similarly, for \( -i \), \( j \), \( -j \), \( k \), and \( -k \).

Given the symmetry and known relations, we evaluate conjugation explicitly.

---



Explicit Conjugation Calculations

Let's compute the conjugates of \( i \):

- For \( h = 1 \):

\[
1 \cdot i \cdot 1^{-1} = i
\]

- For \( h = -1 \):

\[
-1 \cdot i \cdot (-1)^{-1} = -1 \cdot i \cdot -1 = (-1)(i)(-1) = i
\]
(since \( -1 \) is in the center, it commutes with all elements, so conjugation by \( -1 \) leaves \( i \)
unchanged).

- For \( h = i \):

\[
i \cdot i \cdot i^{-1} = i \cdot i \cdot (-i) = i \cdot i \cdot (-i)
\]
but more straightforwardly,

\[
i \cdot i \cdot i^{-1} = i \cdot i \cdot (-i) = i \cdot i \cdot (-i)
\]
But since \( i \) has order 4 (\( i^4=1 \)), conjugation by \( i \) of \( i \) is:

\[
i \cdot i \cdot i^{-1} = i \cdot i \cdot (-i) \text{?}
\]
Actually, better to recall the conjugation formula:

\[
h i h^{-1}
\]

Let’s pick representatives:

- For \( h = j \):

\[
j \cdot i \cdot j^{-1}
\]

Recall that:

\[
j \cdot i = k
\]
and

\[
j^{-1} = -j
\]
since \( j^2 = -1 \), and \( j^{-1} = -j \).



Calculate:

\[
j \cdot i = k
\]
then:

\[
k \cdot j^{-1} = k \cdot (-j) = -k j
\]

But \( kj = i \), so:

\[
-k j = -i
\]

Therefore,

\[
j \cdot i \cdot j^{-1} = -i
\]

Similarly, conjugating \( i \) by \( k \):

\[
k \cdot i \cdot k^{-1}
\]

Recall:

\[
k \cdot i = -j
\]
and

\[
k^{-1} = -k
\]

Compute:

\[
(-j) \cdot (-k) = j \cdot k
\]
since \( (-j)(-k) = j k \).

Now, \( jk = i \), so:

\[
j k = i
\]

Thus:

\[
k \cdot i \cdot k^{-1} = i
\]



Summarizing:

- Conjugation of \( i \) by \( j \):

\[
j i j^{-1} = -i
\]

- Conjugation of \( i \) by \( k \):

\[
k i k^{-1} = i
\]

Similarly, conjugating \( i \) by elements in \( Q_8 \):

- \( 1 \) and \( -1 \): leaves \( i \) unchanged.

- \( i \) and \( -i \): as elements in the subgroup generated by \( i \), conjugation by \( i \) or \( -i \) will act as:

\[
i \cdot i \cdot i^{-1} = i
\]
and

\[
(-i) \cdot i \cdot (-i)^{-1} = (-i) \cdot i \cdot i = (-i) \cdot i \cdot i
\]

But since \( i \) commutes with itself, conjugation by \( \pm i \) leaves \( i \) unchanged.

Conclusion:

- The conjugacy class of \( i \) includes \( i \) and \( -i \). Confirmed by:

\[
j i j^{-1} = -i
\]
and the conjugation by \( j \) swaps \( i \) and \( -i \).

Similarly, conjugation by \( k \):

\[
k i k^{-1} = i
\]
so \( i \) and \( -i \) are conjugate, forming a class:

\[
\text{Cl}_i = \{ i, -i \}
\]

Analogous reasoning applies to \( j \) and \( -j \):

- Conjugation by
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