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Introduction

Calculating the length of a curve is a fundamental concept in calculus that has numerous
applications across physics, engineering, and mathematics. Whether analyzing the
trajectory of a moving object, designing complex curves in computer graphics, or
understanding the properties of geometric figures, finding the arc length of a parametric
curve provides valuable insights.

In this article, we will explore the process of determining the length of the specific
parametric curve defined by the vector function:

\[ R(t) = \langle 5t, 3 \cos(t), 3 \sin(t) \rangle \quad \text{for} \quad t \in [0, 5] \]

This particular curve combines linear and trigonometric components, leading to an
interesting shape that warrants a detailed analysis. We will walk through the step-by-step
procedure, including the derivation of the formula, calculations involved, and interpretation
of the results.

---

Understanding the Parametric Curve

What is a Parametric Curve?

A parametric curve in three-dimensional space is described by a vector function \( R(t) \),
which assigns to each parameter \( t \) a point in space:

\[ R(t) = \langle x(t), y(t), z(t) \rangle \]

Here, \( x(t) \), \( y(t) \), and \( z(t) \) are functions that describe how the point moves as \( t
\) varies.

The Given Curve

For our specific curve:

\[ R(t) = \langle 5t, 3 \cos(t), 3 \sin(t) \rangle \]

- The \( x \)-component increases linearly with \( t \), scaled by 5.
- The \( y \) and \( z \)-components trace out a circle of radius 3 in the \( yz \)-plane, with a
phase shift determined by the sine and cosine functions.



The Domain

The parameter \( t \) varies from 0 to 5:

\[ t \in [0, 5] \]

This range indicates the segment of the curve we are analyzing, which affects the total
length calculation.

---

The Concept of Arc Length

What is Arc Length?

Arc length refers to the distance along a curve between two points. For a parametric curve,
the arc length \( L \) from \( t = a \) to \( t = b \) is given by the integral:

\[ L = \int_{a}^{b} |\mathbf{R}'(t)| \, dt \]

where \( |\mathbf{R}'(t)| \) is the magnitude of the derivative of \( R(t) \).

Why is it Important?

Understanding the arc length allows us to:

- Measure distances along curved paths.
- Analyze the shape and properties of the curve.
- Calculate other characteristics like curvature or the length of a path in physical systems.

---

Deriving the Formula for the Length of the Curve

Step 1: Find the derivative \( R'(t) \)

Differentiate each component of \( R(t) \):

\[
\begin{cases}
x(t) = 5t \Rightarrow x'(t) = 5 \\
y(t) = 3 \cos(t) \Rightarrow y'(t) = -3 \sin(t) \\
z(t) = 3 \sin(t) \Rightarrow z'(t) = 3 \cos(t)
\end{cases}
\]

Step 2: Calculate the magnitude \( |\mathbf{R}'(t)| \)

\[
|\mathbf{R}'(t)| = \sqrt{(x'(t))^2 + (y'(t))^2 + (z'(t))^2}
\]



Substitute the derivatives:

\[
|\mathbf{R}'(t)| = \sqrt{5^2 + (-3 \sin(t))^2 + (3 \cos(t))^2}
\]

Simplify:

\[
|\mathbf{R}'(t)| = \sqrt{25 + 9 \sin^2(t) + 9 \cos^2(t)}
\]

Recall that \( \sin^2(t) + \cos^2(t) = 1 \), so:

\[
|\mathbf{R}'(t)| = \sqrt{25 + 9(1)} = \sqrt{25 + 9} = \sqrt{34}
\]

Step 3: Set up the integral for the arc length

Since \( |\mathbf{R}'(t)| \) is constant over the domain:

\[
L = \int_{0}^{5} |\mathbf{R}'(t)| dt = \int_{0}^{5} \sqrt{34} \, dt
\]

Calculate:

\[
L = \sqrt{34} \times (5 - 0) = 5 \sqrt{34}
\]

---

Final Calculation and Interpretation

The Length of the Curve

The exact length of the curve from \( t = 0 \) to \( t = 5 \) is:

\[
\boxed{
L = 5 \sqrt{34} \approx 5 \times 5.83095 \approx 29.15475
}
\]

This result indicates that the total length of the path traced by \( R(t) \) over the specified
interval is approximately 29.15 units.

Geometric Interpretation



- The linear component \( 5t \) causes the curve to extend along the \( x \)-axis.
- The \( y \) and \( z \) components trace a circle of radius 3, which is a constant in the \( yz
\)-plane.
- Since the magnitude of \( R'(t) \) is constant, the curve is composed of segments with
uniform speed, simplifying the length calculation.

---

Applications of Finding Curve Lengths

Understanding how to compute the length of a parametric curve is essential in various
fields, including:

- Physics: Calculating the distance traveled by an object moving along a complex path.
- Engineering: Designing cables, tracks, or piping that follow specific curves.
- Computer Graphics: Rendering smooth curves and animations.
- Mathematics: Analyzing properties of geometric figures and their relationships.

---

Additional Considerations

When Derivatives are Not Constant

In many cases, derivatives may not be constant, and the integral becomes more complex:

\[
L = \int_{a}^{b} |\mathbf{R}'(t)| dt = \int_{a}^{b} \sqrt{\left(\frac{dx}{dt}\right)^2 +
\left(\frac{dy}{dt}\right)^2 + \left(\frac{dz}{dt}\right)^2} \, dt
\]

You would need to evaluate this integral either analytically or numerically.

Numerical Methods

When the integral cannot be solved analytically, numerical methods like Simpson's rule or
trapezoidal rule can approximate the length with high accuracy.

---

Summary

- The parametric curve \( R(t) = \langle 5t, 3 \cos(t), 3 \sin(t) \rangle \) combines linear and
circular motion components.
- The derivative \( R'(t) \) is constant in magnitude, simplifying the arc length calculation.
- The length over the interval \( t \in [0, 5] \) is exactly \( 5 \sqrt{34} \), approximately 29.15
units.
- Calculating arc length is crucial in various scientific and engineering applications,
providing a foundation for more complex analyses.

---



Conclusion

Finding the length of a parametric curve involves understanding derivatives, magnitudes,
and integration. In the case of \( R(t) = \langle 5t, 3 \cos(t), 3 \sin(t) \rangle \), the problem
simplifies due to the constant magnitude of \( R'(t) \). This highlights the importance of
analyzing derivatives early in the process, as they often reveal key properties of the curve.

By mastering these techniques, students and professionals can analyze complex paths
efficiently, enabling advancements in design, analysis, and understanding of spatial
geometries. Whether dealing with simple or intricate curves, the principles outlined here
serve as a fundamental tool in the calculus toolkit.

---
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Frequently Asked Questions

How do you find the length of the curve defined by R(t)
= (5t, 3 cos t, 3 sin t) over the interval t = 5 to t = 5?
To find the length of the curve, use the formula for the arc length: L = ∫ from a to b of |R'(t)|
dt. First, compute R'(t), find its magnitude, and evaluate the integral from t=5 to t=5. Since
the interval has zero length, the length is zero; otherwise, evaluate accordingly.

What is the derivative R'(t) for the vector function R(t)
= (5t, 3 cos t, 3 sin t)?
The derivative R'(t) is (5, -3 sin t, 3 cos t). This results from differentiating each component
with respect to t.

How do you compute the magnitude |R'(t)| for the given
vector function?
The magnitude |R'(t)| = sqrt((5)^2 + (-3 sin t)^2 + (3 cos t)^2) = sqrt(25 + 9 sin^2 t + 9
cos^2 t). Since sin^2 t + cos^2 t = 1, this simplifies to sqrt(25 + 9(1)) = sqrt(25 + 9) =
sqrt(34).



What is the formula for the arc length of the curve R(t)
= (5t, 3 cos t, 3 sin t) from t = a to t = b?
The arc length L = ∫ from a to b of |R'(t)| dt = ∫ from a to b of sqrt(34) dt = sqrt(34) (b - a).

Given the interval t = 5 to t = 5, what is the length of
the specified curve?
Since the interval is from t=5 to t=5, the length of the curve is zero, because no distance is
covered over a zero-length interval.

Additional Resources
Find The Length Of The Curve R(t) = (5t, 3 Cos(t), 3 Sin(t)), 5 ≤ t ≤ 5

When delving into the fascinating world of calculus and vector geometry, one of the
fundamental problems involves finding the length of a curve represented parametrically.
This process is essential in numerous applications — from physics and engineering to
computer graphics and geometric modeling. In this guide, we will explore how to find the
length of the curve R(t) = (5t, 3 Cos(t), 3 Sin(t)), 5 ≤ t ≤ 5, providing a comprehensive,
step-by-step approach to understanding and solving this problem.

---

Understanding the Problem

Before diving into calculations, it’s crucial to understand what the problem entails. The
curve R(t) is given as a vector function:

R(t) = (x(t), y(t), z(t)) = (5t, 3 Cos(t), 3 Sin(t))

with the parameter t ranging from 5 to 5. While at first glance the interval appears
degenerate (from 5 to 5), it’s likely a typo or a placeholder, and in typical problems, the
interval would be from some t = a to t = b, where a ≠ b. For the purpose of this guide, we
will assume the interval is from t = 0 to t = 2π, which covers a complete cycle of the cosine
and sine functions, but the method applies generally.

Key Point: To find the length of a parametric curve R(t) over an interval [a, b], the
fundamental formula is:

\[ L = \int_{a}^{b} |\mathbf{R'}(t)| \, dt \]

where \(\mathbf{R'}(t)\) is the derivative of R(t), and \(|\mathbf{R'}(t)|\) is its magnitude.

---

Step 1: Differentiate the Vector Function R(t)



The first step is to compute the derivative of R(t) with respect to t:

\[
\mathbf{R'}(t) = \left( \frac{d}{dt} 5t, \frac{d}{dt} 3 \cos(t), \frac{d}{dt} 3 \sin(t) \right)
\]

Calculating each component:

- \( \frac{d}{dt} 5t = 5 \)
- \( \frac{d}{dt} 3 \cos(t) = -3 \sin(t) \)
- \( \frac{d}{dt} 3 \sin(t) = 3 \cos(t) \)

Thus, the derivative vector is:

\[
\mathbf{R'}(t) = (5, -3 \sin(t), 3 \cos(t))
\]

---

Step 2: Find the Magnitude of \(\mathbf{R'}(t)\)

The magnitude of \(\mathbf{R'}(t)\) is given by:

\[
|\mathbf{R'}(t)| = \sqrt{(5)^2 + (-3 \sin(t))^2 + (3 \cos(t))^2}
\]

Simplify inside the square root:

\[
|\mathbf{R'}(t)| = \sqrt{25 + 9 \sin^2(t) + 9 \cos^2(t)}
\]

Recall the Pythagorean identity:

\[
\sin^2(t) + \cos^2(t) = 1
\]

Substituting:

\[
|\mathbf{R'}(t)| = \sqrt{25 + 9 ( \sin^2(t) + \cos^2(t) )} = \sqrt{25 + 9 \times 1} =
\sqrt{25 + 9} = \sqrt{34}
\]

Key insight: The magnitude of the derivative is constant over the interval, equal to
\(\sqrt{34}\).

---



Step 3: Set Up the Arc Length Integral

Since \(|\mathbf{R'}(t)|\) is constant, the arc length \(L\) over the interval \(t = a\) to \(t =
b\) simplifies to:

\[
L = \int_{a}^{b} |\mathbf{R'}(t)| \, dt = |\mathbf{R'}(t)| \times (b - a)
\]

Assuming the interval from \(t=0\) to \(t=2\pi\):

\[
L = \sqrt{34} \times (2\pi - 0) = 2\pi \sqrt{34}
\]

If your actual interval differs, simply replace \(a\) and \(b\) with the given bounds.

---

Summary of the Calculation

| Step | Description | Result |
|-------|--------------|---------|
| 1 | Differentiate \(R(t)\) | \(\mathbf{R'}(t) = (5, -3 \sin(t), 3 \cos(t))\) |
| 2 | Find magnitude \(|\mathbf{R'}(t)|\) | \(\sqrt{34}\) (constant) |
| 3 | Integrate over interval | \(L = (b - a) \times \sqrt{34}\) |

---

Extending the Analysis: When the Magnitude is Not Constant

In most cases, the magnitude \(|\mathbf{R'}(t)|\) varies with t, and the integral must be
evaluated explicitly. For example, if the derivative components depend on t in a more
complicated way, the integral becomes:

\[
L = \int_{a}^{b} \sqrt{\left( \frac{dx}{dt} \right)^2 + \left( \frac{dy}{dt} \right)^2 +
\left( \frac{dz}{dt} \right)^2} \, dt
\]

In such cases, the process involves:

- Calculating the derivatives component-wise.
- Simplifying the expression under the square root.
- Performing the integral, which may require substitution or numerical methods if an explicit
antiderivative is not feasible.

---

Practical Applications of Curve Length Calculation



Understanding how to find the length of a parametric curve is vital across various fields:

- Physics: Calculating the displacement or the distance traveled by a particle moving along
a path.
- Engineering: Designing components with specified lengths or optimizing routes.
- Computer Graphics: Rendering curves and surfaces with precise measurements.
- Robotics: Planning the movement along complex trajectories.

---

Final Notes and Tips

- Always verify the interval: Ensure the bounds of t are correct; a typo (like \(5 \leq t \leq
5\)) results in zero length.
- Check for constant magnitude: Recognize when the derivative's magnitude is constant to
simplify calculations.
- Use identities: Leverage trigonometric identities to simplify radicals.
- Numerical methods: For complex integrals, consider numerical techniques like Simpson’s
rule or computational tools.

---

Conclusion

Finding the length of a curve given by a vector function involves differentiating, computing
the magnitude of the derivative, and integrating over the specified interval. In the case of \(
R(t) = (5t, 3 \cos(t), 3 \sin(t)) \), the derivative's magnitude simplifies to a constant, making
the calculation straightforward. This approach exemplifies how calculus provides elegant
solutions to geometric problems, bridging the gap between algebraic expressions and their
geometric interpretations.

Whether used in theoretical mathematics or practical engineering, mastering the process of
finding curve lengths enhances your ability to analyze and interpret complex systems with
precision and clarity.
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