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(UNDERSTANDING HOW TO EXPRESS A VECTOR AS A SUM OF VECTORS WITHIN A SPAN IS A FUNDAMENTAL CONCEPT IN LINEAR
ALGEBRA. THIS PROCESS INVOLVES DECOMPOSING A GIVEN VECTOR INTO COMPONENTS THAT LIE WITHIN CERTAIN SUBSPACES OR
SPANS OF OTHER VECTORS. IN THIS ARTICLE, WE WILL EXPLORE HOW TO WRITE THE VECTOR Y = [2, ()] AS THE SUM OF A
VECTOR IN THE SPAN OF U = [é, -|] AND ANOTHER VECTOR. WE WILL BREAK DOWN THE STEPS INVOLVED, DISCUSS THE
RELEVANT CONCEPTS, AND ILLUSTRATE WITH DETAILED EXAMPLES TO CLARIFY THE PROCESS.

FUNDAMENTALS OF VECTORS AND SPAN

WHAT Is A VECTOR?

A VECTOR IS A MATHEMATICAL OBJECT THAT HAS BOTH MAGNITUDE AND DIRECTION. IN THE CONTEXT OF TWO-DIMENSIONAL
SPACE, VECTORS ARE OFTEN REPRESENTED AS ORDERED PAIRS, SUCH AS [X, Y]. THEY CAN BE ADDED TOGETHER AND SCALED BY
REAL NUMBERS, FOLLOWING SPECIFIC RULES.

UNDERSTANDING SPAN

THE SPAN OF A SET OF VECTORS IS THE SET OF ALL POSSIBLE LINEAR COMBINATIONS OF THOSE VECTORS. FOR EXAMPLE, THE
SPAN OF A SINGLE VECTOR U = [(), ]] INCLUDES ALL VECTORS THAT CAN BE WRITTEN AS!:

\[c\miMes U = c \mimes [6, 1]\]
WHERE C IS ANY REAL NUMBER.
Key PoInT:

- THE SPAN OF A SET OF VECTORS FORMS A SUBSPACE OF THE VECTOR SPACE (IN THIS cASE, \(\MATHBB{R}"2\)).
- ANY VECTOR IN THE SPAN CAN BE EXPRESSED AS A LINEAR COMBINATION OF THE BASIS VECTORS.

DecoMPosING VECTOR Y IN TERMS ofF U AND ITS SPAN

OUR GOAL IS TO EXPRESS:

\[Y =[2, 6]\]

AS THE SUM OF:

\[Y=V+W\]

WHERE:

-\NCV AN N\TEXT{SPANI(U) V), 1e., \( V = c \TiMes U = ¢ \Times [6, 1] \), For some scaLar \( ¢ \).

-\(W \) Is A VECTOR ORTHOGONAL (OR AT LEAST NOT IN THE SPAN OF \( U \)), OR SIMPLY A VECTOR SATISFYING THE

DECOMPOSITION.

IN ESSENCE, WE WANT TO FIND A SCALAR \( € \) SUCH THAT:



MY =c\tiMmes U + W \]

AND \( W \) LiEs ouTsibe THE sPan ofF \( U \).

STer-8Y-STEP PrROCESS TO WRITE Y AS A SUM OF A VECTOR IN SPAN(U)

Step 1: FiIND THE scALAR \( ¢ \) sucH THAT \( c \TiMes U \) I1s As cLoSE As
possiBLE To \( Y \)

Since \(V = ¢ \TiMes U \), oUR MAIN TASK IS To FIND \( C \) SUCH THAT:

\[V =c\times [6, 1]\]

approxiMATES \( Y =[2, 6] \).

To Fno \( € \), WE CAN SET UP THE EQUATION:

\[Y-V=w\]

WHICH LEADS TO!

\[[2, 6]- c\Times [6, 1] =W \]

IF we cHoose \( V' \) To 8 THE ProjecTIoN ofF \( Y \) onTo \( U \), THe resibuaL \( W \) wiLL B orRTHOGONAL To \(
U \). THIS IS A STANDARD APPROACH IN PROJECTION.

Step 2: CaLcuLATE THE PROJECTION oF \( Y \) onTo \(U\)

THe projecTioN ofF \( Y \) onTo \(U \) 1s civen BY:

\[
\text{rroy} U (Y) = \LerT( \rRAC{Y \cpoT UXU \cooT U} \rIGHT) \TiMeS U

\]

\WHERE:

-\( Y \coot U \) 1s THE bOT PrRODUCT OF \( Y \) AnD \( U \),
-\(U \cpoT U \) 1s THE boT ProbuCT of \( U \) WITH ITSELF.

CALCULATE THE DOT PRODUCTS:

\[
Y \cooT U=(2)(6) +(6)(1)=12+6=18
\]

\[

U\coot U=(6)"2+(1)"2=36+1=237
\]

NO\X/, COMPUTE THE SCALAR:

\l



c = \rrac{Y \cooT UXU \cooT U} = \rrac{183}{373
\]

THus,

\[
V =c\1iMes U = \rrac{ 18 {373 \TiMes [6, 1] = \LerT[ \FrrAc{ 18 {37} \TiMes 6, \FRAC{183}{37} \TiMeS 1 \RIGHT]

\]

\WHICH SIMPLIFIES TO:

\[
V = \Lert[ \rrRAc{108}{ 37}, \rrAC{ 183{373} \RIGHT]

\]

Step 3: FIND THE ResIDUAL VECTOR \( W \)

Now, COMPUTE:

\[
W=Y-V=[2,6]-\Lert[ \rrac{1083}{373, \rrac{18}{37} \riGHT]
\]

EXPRESSED AS:

\[
W = \LerT[ 2 - \rRAC{1083{373}, 6 - \rrAc{183}{373} \rIGHT]
\]

CONVERT 2 AND 6 TO FRACTIONS WITH DENOMINATOR 37:

\[

2 =\rrac{743}{373
\]

\[

6 =\rrac{2223}{37}
\]

So:

\[

W = \LerT[ \rRAC{743}{37} - \rrac{1083}{373}, \rrac{222}{373} - \rrac{183{37} \riGHT] = \LerT[ \rrAC{74 -
108}37}, \rrAc{222 - 183}{37} \riGHT]

\]

WHICH SIMPLIFIES TO:

\[
W = \LerT[ -\rrRAC{34}{373}, \rrAc{204}{37} \riGHT]
\]

INTERPRETING THE DECOMPOSITION

THe pecomposiTIoN of \( Y \) Is:



\[
Y =V + W = \Lert[ \rrac{1083}{373, \rrac{ 18}{37} \riGHT] + \LerT[ -\rrAC{34}{37}, \rrAc{2043}{373 \RIGHT]
\]

\WHERE:

-\CV AN \TexT{SPAN}(U) ),
-\(W \) IS THE RESIDUAL VECTOR ORTHOGONAL To \( U \).

THIS DECOMPOSITION DEMONSTRATES THAT Y CAN BE EXPRESSED AS THE SUM OF:

- A SCALAR MULTIPLE of U (THE PROJECTION COMPONENT),
- AND A RESIDUAL COMPONENT \( W/ \), WHICH IS oRTHOGONAL To U.

IMPORTANT:

- IF THE PROBLEM SPECIFICALLY ASKS TO WRITE Y AS THE SUM OF A VECTOR IN SPAN(U) AND ANOTHER VECTOR, THEN THIS
ResIDUAL \( W \) IS THE EXPLICIT COMPLEMENTARY VECTOR.

- IF THE GOAL IS TO EXPRESS Y SOLELY AS A SUM INVOLVING U, THEN THE SCALAR MULTIPLE (PROJECTION) SUFFICES, WITH
THE RESIDUAL CONSIDERED PART OF THE DECOMPOSITION.

ALTERNATIVE APPROACH: EXPRESSING \( Y \) As A LINeAR COMBINATION OF
\(U\) ano A COMPLEMENTARY VECTOR

SUPPOSE WE WANT TO WRITE:

\[
Y=a\TiMes U +7Z
\]

\WHERE:

-\(A\)Is A SCALAR,
-\(Z\) 1s orTHoGonAL To \( U \).

THIS IS THE PROJECTION METHOD, AND THE PREVIOUS STEPS HAVE DEMONSTRATED HOw To coMPUTE \( A \) ano \( Z \).
SUMMARY OF STEPS:

1. CompuTE THE poT PrRoDUCT \( Y \cpoT U \).

2. CompuTte \( U \cpoT U \).

3. Finp THE scaLAR \( A = \Frrac{Y \cooT UXU \coot U} \).

4. CALCULATE THeE PROJECTION \( V = A \TiMes U ).

5.Determne \(Z =Y - V ).

THIS METHOD ENSURES THAT:

-\CV AN \TexT{SPAN}(U) ),
-\(Z \perp U \).

PrRACTICAL APPLICATIONS OF VECTOR DECOMPOSITION

UNDERSTANDING HOW TO DECOMPOSE VECTORS IS CRUCIAL ACROSS MULTIPLE DISCIPLINES, INCLUDING:

- CoMPUTER GRAPHICS: FOR TRANSFORMATIONS AND PROJECTIONS.



- DATA SCIENCE: IN PRINCIPAL COMPONENT ANALYSIS AND REGRESSION.
- ENGINEERING: FOR SIGNAL PROCESSING AND CONTROL SYSTEMS.
- PHYSICS: IN RESOLVING FORCES AND MOTION COMPONENTS.

BY MASTERING THE PROCESS OF EXPRESSING VECTORS AS SUMS OF COMPONENTS IN A SPAN, PROFESSIONALS CAN ANALYZE
COMPLEX SYSTEMS, OPTIMIZE SOLUTIONS, AND INTERPRET DATA MORE EFFECTIVELY.

SUMMARY AND KEY T AKEAWAYS

- To express Y = [2, 6] AS THE SUM OF A VECTOR IN SPAN(U) AND ANOTHER VECTOR, THE PROJECTION METHOD IS
EFFECTIVE.
- THE SCALAR MULTIPLE OF U THAT BEST APPROXIMATES Y IS FOUND VIA THE DOT PRODUCT FORMULA!

\[

A = \rrac{Y \cooT UXU \cooT U}
\]

- THE PROJECTION VECTOR IS:
\[

V = a\TiMes U

\]

- THE RESIDUAL VECTOR:

\[

W=Y-V

\]

coMpLETES THE DECOMPOSITION, WITH \( V \IN \TEXT{SPAN}(U) \) anD \( W \) orTHOGONAL TO \( U \).

- THIS PROCESS IS FUNDAMENTAL IN UNDERSTANDING VECTOR SPACES AND THEIR SUBSPACES, ENABLING PRECISE MANIPULATIONS
AND

FREQUENTLY AskeD QUESTIONS

How DO YOU EXPRESS THE VECTOR Y =[2, 6] AS A SUM OF A VECTOR IN THE SPAN
orU=[6, 1P

To EXPRESS Y AS A SUM OF A VECTOR IN THE SPAN OF U, FIND A SCALAR C SUCH THAT Y = C U. SOLVING FOR C: 2 = 6C
AND 6 = 1C. SINCE THESE ARE DIFFERENT, Y CANNOT BE EXPRESSED AS A SCALAR MULTIPLE OF U, BUT CAN BE WRITTEN AS THE
SUM OF A VECTOR IN SPAN(U) AND ANOTHER VECTOR.

\WHAT IS THE PROCESS TO WRITE Y =[2, 6] AS THE SUM OF A VECTOR IN SPAN(U)
AND ANOTHER VECTOR?

FIRST, FIND A SCALAR C SUCH THAT C U APPROXIMATES Y. THEN, WRITEY = c U + (Y - c U). THe vecTor c U IS IN
spAN(U), AND (Y - ¢ U) IS THE RESIDUAL VECTOR. THIS RESIDUAL MAY OR MAY NOT BE IN SPAN(U).

WHAT IS THE SPECIFIC VECTOR IN SPAN(U) THAT CAN BE ADDED TO ANOTHER VECTOR



ToGeT Y =[2, 6J?

SiNnce U =[6, 1], FIND € SUCH THAT ¢ [6, 1] 1S cLosE To Y. For EXAMPLE, cHoose ¢ = 1/3, THenc U =[2, 1/3]. The
DIFFERENCE Y - ¢ U = [0, 17/3], wHicH is NoT IN sSPAN(U). THEREFORE, Y CAN BE WRITTEN AS THE SUM oF [2, 1/3] IN
spAN(U) AND THE ResiDUAL [0, 17/3].

CaN Y =[2, 6] BE WRITTEN AS A LINEAR COMBINATION of U =[6, 1]° WHY OR WHY
NOT?

NO, BECAUSE Y AND U ARE NOT SCALAR MULTIPLES OF EACH OTHER, SO Y CANNOT BE EXPRESSED AS A SINGLE SCALAR
MULTIPLE OF U. HO\X/EVER/ Y CAN BE EXPRESSED AS A SUM INVOLVING VECTORS IN SPAN(U) PLUS A RESIDUAL VECTOR.

W/HAT IS THE SIGNIFICANCE OF EXPRESSING A VECTOR AS A SUM OF VECTORS IN A
SPAN?P

EXPRESSING A VECTOR AS A SUM OF VECTORS IN A SPAN HELPS UNDERSTAND ITS COMPONENT IN THE DIRECTION OF THE SPAN
AND THE REMAINING ORTHOGONAL PART. |T IS FUNDAMENTAL IN VECTOR DECOMPOSITION, PROJECTIONS, AND SOLVING LINEAR
SYSTEMS.

ADDITIONAL RESOURCES

Ler Y =[2 6] aND U =[6 1], WRITE Y AS THE SUM OF A VECTOR IN SPAN IS A COMPELLING PROBLEM THAT EXPLORES
FUNDAMENTAL CONCEPTS IN LINEAR ALGEBRA, PARTICULARLY THE IDEAS OF VECTOR SPACES, SPAN, AND LINEAR COMBINATIONS.
THIS PROBLEM SERVES AS AN EXCELLENT EXAMPLE FOR STUDENTS AND ENTHUSIASTS AIMING TO DEEPEN THEIR UNDERSTANDING OF
HOW VECTORS CAN BE DECOMPOSED AND EXPRESSED WITHIN SPECIFIC SUBSPACES. BY ANALYZING HOW THE VECTOR Y CAN BE
REPRESENTED AS A SUM INVOLVING VECTORS IN THE SPAN OF U, ONE GAINS INSIGHT INTO THE STRUCTURE OF VECTOR SPACES
AND THE PRACTICAL METHODS USED TO MANIPULATE VECTORS WITHIN THESE SPACES.

UNDERSTANDING THE PROBLEM

BEFORE DELVING INTO THE SOLUTION, IT’S ESSENTIAL TO CLARIFY WHAT THE PROBLEM ENTAILS. GIVEN TWO VECTORS:

Y =[2, 6]
~U=[6, 1]

THE TASK IS TO EXPRESS Y AS A SUM OF A VECTOR THAT LIES IN THE SPAN OF U AND POSSIBLY ANOTHER VECTOR, OR MORE
SPECIFICALLY, TO WRITE:

\[Y=v+wl\]
W/HERE:

- VIS A VECTOR IN THE SPAN OF U (MEANING v = AU FOR SOME SCALAR A),
- W IS A VECTOR IN THE SPAN OF SOME OTHER VECTORS OR POSSIBLY THE ZERO VECTOR, DEPENDING ON THE CONTEXT.

IN MANY CASES, SUCH PROBLEMS AIM TO EXPRESS Y AS A LINEAR COMBINATION OF U AND OTHER VECTORS, OFTEN TO
UNDERSTAND THE COMPONENTS OF Y RELATIVE TO A SUBSPACE SPANNED BY U.



Key CoONCEPTS IN LINEAR ALGEBRA

TO APPROACH THIS PROBLEM EFFECTIVELY, A SOLID GRASP OF SEVERAL CORE CONCEPTS IS NECESSARY:

VECTOR SPACES AND SUBSPACES

- A VECTOR SPACE IS A COLLECTION OF VECTORS WHERE ADDITION AND SCALAR MULTIPLICATION ARE DEFINED.
- A SUBSPACE IS A SUBSET OF A VECTOR SPACE THAT IS ITSELF A VECTOR SPACE, CLOSED UNDER ADDITION AND SCALAR
MULTIPLICATION.

SPAN oF A VECTOR

- THE sPAN oF A VECTOR U (DENOTED AS SPAN{U3}) IS THE SET OF ALL SCALAR MULTIPLES OF U:
\[\TexT{sPan}\{U\} = \{ \aLPHA U : \aLPHA \IN \MaTHBR{R} \} \]

- ANY VECTOR IN THE SPAN CAN BE WRITTEN AS A LINEAR COMBINATION OF THE BASIS VECTORS OF THAT SPAN.

LiNeaAR COMBINATIONS AND DECOMPOSITION

- EXPRESSING A VECTOR Y AS A SUM OF VECTORS IN SPECIFIC SPANS INVOLVES SOLVING FOR SCALARS THAT MAKE SUCH A
DECOMPOSITION POSSIBLE.
- THIS PROCESS OFTEN INVOLVES SOLVING LINEAR EQUATIONS.

STeEP-BY-STEP SOLUTION

THE GOAL IS TO WRITE Y AS A SUM OF A VECTOR IN THE SPAN OF U AND POSSIBLY ANOTHER COMPONENT ORTHOGONAL OR
INDEPENDENT. FOR SIMPLICITY, WE’LL FOCUS ON EXPRESSING Y DIRECTLY AS A SCALAR MULTIPLE OF U PLUS A RESIDUAL
VECTOR.

STEP 1: EXPRESS Y AS A SCALAR MULTIPLE oF U

SUPPOSE:
\[Y =\ALPHA U + W \]
WHERE W 1S ORTHOGONAL (OR AT LEAST INDEPENDENT) ToO U.

To FIND A, WE CAN PROJECT Y oNTO U:

\[
\aLpHa = \rrAc{Y \cooT U}U \cooT U}

\]

-\ Y \cpoT U \) Is THE DOT PrODUCT OF Y AND U.



-\(U \cpoT U \) Is THE DOT PRODUCT OF U WITH ITSELF.

CALCULATING THESE:

\[

Y \cooTtU=(2)6)+ (&)1 =12+6=18
\]

\[
UlcooTU=(6)"2+(1)"2=36+1=37
\]

THus:

\[
\aLpHa = \rrAc{183}{37}

\]

STEP 2: FIND THE VECTOR IN THE SPAN OF U

THE VECTOR V IN THE SPAN OoF U IS:

\[

v =\aLpHa U = \rrac{ 1837} \1iMes [6, 1] = \Ler7[ \Frac{183}{373 \1iMes 6, \rrAc{ 18} 37} \TiMeS 1 \RIGHT] =
\LerT[ \rrAc{1083{373, \rrac{18}{ 37} \riGHT]

\]

STeP 3: COMPUTE THE RESIDUAL VECTOR W/

Now, W Is:
\l
W=Y-v
\]

WHICH GIVES:
\[

W =2, 6] - \LerT[ \rRAc{1083}{ 373}, \rrac{183}{37} \riGHT] = \LerT[ 2 - \rRac{108}{ 373}, 6 - \rrac{18}{37}
\RIGHT]

\]

EXPRESSED WITH COMMON DENOMINATORS:

\[
2 =\rrac{743}{373
\]

\[
6 =\rrac{2223{37}
\]

THEREFORE:

\[
W = \LerT[ \rRAC{743{373 - \rrac{108}{37}, \rrAc{2223{373 - \rrac{ 183}{37} \riGHT] = \LerT][ -



\rrRAC{34}{ 37}, \rrAC{2043}{373} \RIGHT]
\]

FINAL DECcOMPOSITION

PUTTING IT ALL TOGETHER, Y CAN BE EXPRESSED AS:

\[
Y =v+ W = \Lert[ \rrAC{ 1083{373, \Frrac{ 183}{37} \riGHT] + \LerT[ -\FrAC{343}{373}, \rrac{204}{ 37} \rIGHT]

\]

WITH:

-\Cv \In \Text{spAan}\{U\} \),
-\( W \) ORTHOGONAL OR INDEPENDENT OF | (DEPENDING ON THE CONTEXT, FURTHER ORTHOGONAL PROJECTION CAN BE
USED).

THIS DECOMPOSITION DEMONSTRATES HOW Y RELATES TO U AND HIGHLIGHTS THE USEFULNESS OF PROJECTIONS IN VECTOR
DECOMPOSITION.

FEATURES, PROS, AND CONS OF THE METHOD

FEATURES:

- UTILIZES DOT PRODUCTS TO FIND ORTHOGONAL PROJECTIONS.

- PROVIDES A CLEAR GEOMETRIC INTERPRETATION OF THE VECTOR DECOMPOSITION.

- DEMONSTRATES THE LINEARITY OF VECTOR SPACES AND THE CONCEPT OF SPAN.
Pros:

- STRAIGHTFORW ARD FOR LOW-DIMENSIONAL VECTORS.

- GENERALIZABLE TO HIGHER DIMENSIONS WITH SIMILAR METHODS.

- OFFERS INSIGHT INTO THE STRUCTURE OF VECTOR SPACES AND LINEAR COMBINATIONS.
Cons:

- ASSUMES FAMILIARITY WITH DOT PRODUCTS AND PROJECTIONS.

- MAY BECOME COMPUTATIONALLY INTENSIVE WITH LARGE VECTORS OR MULTIPLE BASIS VECTORS.

- THE ORTHOGONALITY ASSUMPTION SIMPLIFIES THE PROCESS BUT MAY NOT ALWAYS BE APPLICABLE IN NON-ORTHOGONAL
CONTEXTS.

EXTENSIONS AND APPLICATIONS

THIS PROBLEM’S PRINCIPLES EXTEND FAR BEYOND SIMPLE TWO-VECTOR CASES:

- PROJECTION IN MACHINE LEARNING: DECOMPOSING DATA VECTORS INTO COMPONENTS ALIGNED WITH FEATURE VECTORS.



- SIGNAL PROCESSING: SEPARATING SIGNALS INTO COMPONENTS BASED ON BASIS VECTORS.
- CoMPUTER GRAPHICS: DECOMPOSING MOVEMENTS OR TRANSFORMATIONS INTO BASIS VECTORS.
- DATA COMPRESSION: REPRESENTING DATA EFFICIENTLY THROUGH BASIS VECTORS IN VECTOR SPACES.

CoNCLUSION

EXPRESSING Y = [2, 6] AS A SUM OF A VECTOR IN THE SPAN OF U = [6, 1] OFFERS A CONCRETE EXAMPLE OF FUNDAMENTAL
LINEAR ALGEBRA CONCEPTS. THROUGH PROJECTION, WE DECOMPOSED Y INTO A COMPONENT ALIGNED WITH U AND A RESIDUAL
COMPONENT ORTHOGONAL TO IT. THIS METHOD EXEMPLIFIES HOW VECTOR SPACES, SPANS, AND LINEAR COMBINATIONS
INTERTWINE TO PROVIDE INSIGHTS INTO THE STRUCTURE AND RELATIONSHIPS OF VECTORS IN A SPACE.

SUCH TECHNIQUES ARE NOT ONLY ACADEMICALLY INTERESTING BUT ARE ALSO PRACTICALLY VITAL ACROSS VARIOUS
SCIENTIFIC AND ENGINEERING DISCIPLINES. UNDERSTANDING HOW TO DECOMPOSE VECTORS INTO COMPONENTS RELATIVE TO
SPANS SERVES AS A FOUNDATION FOR MORE ADVANCED TOPICS LIKE BASIS TRANSFORMATIONS, EIGENVECTOR ANALYSIS, AND
DIMENSIONALITY REDUCTION.

IN SUMMARY, THIS PROBLEM ENCAPSULATES THE ELEGANCE OF LINEAR ALGEBRA—TRANSFORMING ABSTRACT MATHEMATICAL
NOTIONS INTO TANGIBLE TOOLS FOR ANALYZING AND UNDERSTANDING THE GEOMETRY OF VECTORS AND SPACES.
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