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Understanding the relationship between the least common multiple (LCM) and the variables involved
is crucial in solving problems like, "The LCM of X and 168 is 504. Find the smallest possible value of
X." This mathematical problem involves concepts of factors, multiples, prime factorization, and
divisibility rules. In this comprehensive guide, we will explore the steps to determine the smallest

possible value of X, analyze the problem using prime factorization, and provide tips for solving similar
problems efficiently.

Understanding the Problem Statement

Before diving into calculations, it is essential to interpret what the problem asks:
- Given two numbers: X and 168.

- The least common multiple (LCM) of these two numbers is 504.

- Find the smallest possible value of X that satisfies this condition.

This problem requires a clear understanding of the properties of LCM and how it relates to the factors
of the numbers involved.

Fundamental Concepts for Solving the Problem

What Is the Least Common Multiple (LCM)?

The LCM of two numbers is the smallest positive integer that is divisible by both numbers. It
essentially represents the "least" number into which both original numbers evenly divide.

Key properties:

- The LCM of two numbers is at least as large as each of the numbers.
- It is found by considering the prime factors of both numbers.



Prime Factorization

Prime factorization involves expressing a number as a product of prime numbers. For example:

-168=2"3x3x7
-504=2"3x%x3""2x%x17

Prime factorization helps us understand the structure of numbers and is vital in calculating the LCM.

Relationship Between LCM, GCD, and the Numbers

The following relationship links the two:
LCM(a, b) x GCD(a, b) =a x b
Where:

- a and b are the numbers.
- GCD is the greatest common divisor (highest common factor).

This relationship is useful in verifying calculations.

Step-by-Step Solution Approach

To determine the smallest possible value of X, we need to analyze the prime factors involved,
considering that:

- The LCM of X and 168 is 504.
- X must be a positive integer satisfying this condition.

Let's systematically approach this problem:

Step 1: Prime Factorization of Known Numbers

Start by prime factorizing the given numbers:
- 168:
168 =273 x3"1x7"1

- 504:



504 =273 x372x7"1

Step 2: Understanding the LCM Requirements

The LCM of X and 168 must be 504. The LCM's prime factorization is:
504 =273 x 372 x7"1

Since the LCM takes the highest powers of each prime factor from both numbers, X must have prime
factors in such a way that when combined with 168, the LCM reaches the prime powers in 504.

Determining the Constraints for X

The prime factorization of X can be expressed as:
X =2"a x 3™b x 7™c x (possibly other primes)
Given that:

-168=27"3x371x7"1
- LCM(X, 168) =273 x 372 x 771

We analyze each prime factor separately:

Prime 2:

- The maximum exponent in X and 168 is 3 (from 168).
- To keep the LCM at 27 3, the exponent a in X must satisfy:

a<3

- To ensure the LCM remains 2~ 3, a can be any value from 0 up to 3.

Prime 3:

- 168 has 3°1.
- The LCM has 372.
- Therefore, the exponent b in X must satisfy:

b = 2 (to reach 372 in the LCM)



- And since 168 has 371, the maximum exponent between 168 and X for 3 is:
max(1, b) =2

- S0, b = 2. b can be 2 or higher, but to minimize X, we choose the smallest possible b, which is 2.

Prime 7:

-168 has 7"1.
-The LCM has 7™ 1.
- Thus, the exponent c in X must satisfy:

c=<1

- To keep the LCM at 71, c can be 0 or 1.

Other primes:

- Since the LCM is 504, which does not contain primes other than 2, 3, and 7, any additional prime
factors in X would increase its value unnecessarily.
- To find the smallest X, we avoid adding extra prime factors.

Constructing the Smallest Possible X

Based on the above constraints:

- For 2: a < 3 (to keep the LCM at 2" 3)

-For3:b=2

-For7:c=<1

To minimize X, choose the smallest exponents satisfying these constraints:
-a = 0 (since 0 < 3, and we want the smallest X)

-c =0 (since ¢ = 1, and choosing 0 minimizes X)

Therefore:

X=2%ax3"bx77c=2"0x3"2x7"0=1x9%x1=9



Verification of the Result

Let's verify that:
- The LCM of 9 and 168 is 504.
Prime factorization:

-9=372
-168 =273 x 371 x 7°1

Calculate the LCM:

- Take the highest powers:
- 273 (from 168)

-372 (from 9)

-771 (from 168)

-LCM =273 x 372 x 771 =8x9x 7 =504

Since the LCM matches the given value, and X = 9 satisfies all the constraints, the smallest possible
value of X is confirmed.

Summary and Final Answer

- The smallest possible value of X such that the LCM of X and 168 is 504 is 9.
Final answer:

X=9

Additional Tips for Solving Similar Problems

- Always start by prime factorizing the known numbers.

- Use the properties of LCM and GCD to establish constraints on the unknown variable.

- Focus on minimizing or maximizing prime exponents as needed to find the smallest or largest
possible value.

- Verify your solution by calculating the LCM to ensure it matches the given condition.

- Avoid introducing unnecessary prime factors when seeking minimal solutions.



Conclusion

Finding the smallest value of X given the LCM constraints involves understanding prime factorization,
the properties of LCM, and strategic selection of prime exponents. In this problem, we demonstrated
that X = 9 is the minimal value satisfying the condition that the LCM of X and 168 is 504. Applying
these principles can help efficiently solve a wide range of similar problems in number theory and
algebra, enhancing your problem-solving toolkit.
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Frequently Asked Questions

What is the key concept involved in finding the smallest value
of X given that LCM of X and 168 is 504?

The key concept is understanding the relationship between two numbers' Least Common Multiple
(LCM), their prime factorizations, and how to deduce the smallest possible value of X that satisfies the
LCM condition.

How do prime factorizations help in solving for the smallest X
when the LCM of X and 168 is 504?

Prime factorizations allow us to compare the exponents of prime factors in 168 and 504. Since the
LCM takes the highest exponent for each prime, we can determine the minimal X by considering
these exponents and ensuring X's prime factors do not exceed necessary values.

What is the prime factorization of 168 and 504?
168 = 2733 7; 504 = 2°33"27.

How do you determine the smallest possible value of X in this
problem?

Identify the prime factors of 504, then find the minimal X whose prime factors' exponents do not
exceed those in 504, and whose LCM with 168 results in 504. Typically, X will include the prime
factors where its exponents are less than or equal to those in 504, but adjusted to ensure the LCM is
504.



What is the process to verify the smallest X once a candidate
has been identified?

Calculate the LCM of the candidate X and 168. If the LCM equals 504, then X is valid. Repeat with
smaller candidates if possible, to find the minimal X that satisfies the condition.

What is the smallest possible value of X given that the LCM of
X and 168 is 504?

The smallest possible value of X is 126.

Additional Resources
The LCM of X and 168 is 504. Find the Smallest Possible Value of X.

Introduction

Mathematics, often regarded as the language of logic and reasoning, presents a plethora of intriguing
problems that challenge our understanding of numerical relationships. Among these, problems
involving least common multiples (LCMs) and greatest common divisors (GCDs) are fundamental,
providing essential insights into the structure of numbers. One such problem states: "The LCM of X
and 168 is 504. Find the smallest possible value of X." This question might seem straightforward at
first glance, but it encompasses a rich set of concepts in number theory that merit detailed
exploration.

This article aims to dissect this problem thoroughly. We will analyze the properties of LCMs,
understand the relationships between the numbers involved, and methodically derive the smallest
possible value of X. To do so, we will begin with foundational concepts, proceed through detailed
problem analysis, and finally conclude with a comprehensive explanation of the solution.

Understanding the Core Concepts
What Is the Least Common Multiple (LCM)?

The least common multiple of two integers, say A and B, is the smallest positive integer that is
divisible by both A and B. In other words, it's the smallest number into which both A and B divide
evenly.

Key properties of LCM:
- The LCM of two numbers is always greater than or equal to each of the numbers.
- The LCM can be calculated using prime factorization:

\[
\text{LCM}(A, B) = \prod_{p} p~{\max(e_A, e B)}



\]

where \( p \) runs over all prime factors involved, and \( e_A, e B ) are the exponents of \( p\) in the
prime factorizations of A and B respectively.

Relationship Between GCD and LCM

The GCD (Greatest Common Divisor) and LCM are related by the fundamental formula:
\[

A\times B = \text{GCD}(A, B) \times \text{LCM}(A, B)

\]

This relationship is crucial because it allows us to connect the factors of numbers and infer properties
about their divisibility.

Deciphering the Problem Statement
Given:
- \(\text{LCM}(X, 168) = 504\)

- Find the smallest possible value of \(X\).

The problem hinges on understanding what values of \(X\) satisfy the LCM condition with 168, and
among all such values, which is the smallest positive integer.

Step-by-Step Analytical Approach

Step 1: Prime Factorization of Known Numbers

To analyze the problem, start with prime factorizations:
- 168:

\[

168 = 273 \times 371 \times 71

\]

- 504:

\[

504 = 273 \times 372 \times 7°1
\]

Understanding these factorizations is key because the LCM's prime exponents are derived from the
maximum exponents of the numbers involved.

Step 2: Expressing the LCM in terms of X



- The LCM of \(X\) and 168 is 504.
- The prime factorization of \(X\) can be expressed as:

\[
X =2"{a} \times 3~ {b} \times 7" {c} \times \text{(possibly other primes)}

\]

- The LCM is determined by taking the maximum exponents of the prime factors:

\[

\text{LCM}(X, 168) = 2~ {\max(a, 3)} \times 37~ {\max(b, 1)} \times 7" {\max(c, 1)} \times
\text{(other primes with their maxima)}

\]

Given the known prime exponents for 168 and 504, the LCM's prime factors are:

- For 2: exponent is 3
- For 3: exponent is 2
- For 7: exponentis 1

Thus, the prime exponent conditions for \(X\) are:

\[

\begin{cases}

\max(a, 3) = 3 \Rightarrow a \leq 3 \\

\max(b, 1) = 2 \Rightarrow b \leq 2 \text{ (but must be at least 2 to reach 3°2)} \\
\max(c, 1) = 1 \Rightarrow c \leq 1

\end{cases}

\]

Critical Insight:
Since the LCM involves the maximum exponents, to get an LCM of 504, \(X\) must have exponents for

each prime factor less than or equal to those of 504, and at least those necessary to produce the
maximum in the LCM.

Deriving Constraints on X

Based on the prime factorization conditions:

- For prime 2:

\[

al\leq 3

\]

To include \(273\) in the LCM, \(a\) can be any integer from 0 up to 3.

- For prime 3:



\[
b\leg 2
\]

To reach \(372\) in the LCM, \(b\) must be at least 2.
So,

\[

b\geq 2

\]

- For prime 7:
\[

c\legq 1

\]

To have \(771\) in the LCM, \(c\) can be 0 or 1.
To minimize \(X\), choose the smallest \(c\), which is 0.

- For other primes:
Since they are not part of 168 or 504, their exponents in \(X\) do not affect the LCM unless they

introduce new prime factors. To minimize \(X\), avoid introducing additional prime factors unless
necessary.

Finding the Smallest Possible X

Given the constraints:

-\(a \leq 3\), minimal \(a\) will be 0 (to minimize \(X\))
-\(b \geq 2\), minimal \(b\) is 2

-\(c = 0\) (to keep \(X\) as small as possible)

- No other primes are introduced

Therefore, the smallest \(X\) satisfying the conditions is:
\[

X=27{0} \times 3~ {2} \times 7~ {0} = 1 \times 9 \times 1 =9
\]

Verification of the Solution
To confirm, compute the LCM of 9 and 168:

- Prime factorization:



\[

9=3"2

\]

\[

168 = 273 \times 371 \times 71
\]

- The LCM takes the highest exponents:

\[
\text{LCM} = 27 {3} \times 37~ {2} \times 7"~ {1} = 8 \times 9 \times 7 = 504
\]

which matches the given condition.

Final Conclusion

The smallest possible value of \(X\) such that \(\text{LCM}(X, 168) = 504\) is 9.

Broader Implications and Additional Insights
Why Is This Important?

Understanding this problem deepens comprehension of the interplay between prime factorizations,
divisibility, and number theory fundamentals. It demonstrates how constraints on exponents directly
influence the minimal and maximal values of related integers.

Application in Real-World Contexts
Problems like this are not just academic exercises. They find applications in:

- Scheduling: Determining the earliest time when multiple periodic events align.
- Cryptography: Analyzing factors related to keys and encryption algorithms.
- Computer Science: Optimizing algorithms that rely on divisibility and periodicity.

Summary and Key Takeaways

- The problem revolves around understanding the relationship between the prime factorizations of
numbers and their LCM.

- To find the smallest \(X\), analyze the prime exponents necessary to produce the given LCM.

- The minimal \(X\) consistent with the problem is derived by choosing the minimal exponents for
primes where possible, respecting the maximum constraints imposed by the LCM.

- The solution, \(X = 9\), satisfies the original condition and is verified through direct calculation.



Closing Remarks

Mathematical problems involving LCM and GCD serve as excellent gateways into the rich, structured
world of number theory. They challenge us to think about numbers not just as abstract entities but as
combinations of prime building blocks, each contributing to the overall structure. Through careful
analysis, as demonstrated in this problem, we gain a deeper appreciation of the elegant patterns
governing integers and their relationships.

In conclusion, the smallest possible value of \(X\) for which the LCM with 168 is 504 is 9. This solution
exemplifies the power of prime factorization in problem-solving and underscores the importance of
methodical
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