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Understanding logarithms is essential in mathematics, especially when dealing with exponential and
logarithmic equations. One of the most useful tools in simplifying logarithmic expressions is the
Change of Base Formula. This formula allows us to evaluate logarithms that are not immediately
accessible through basic logarithmic identities or calculator functions. In this article, we will explore
the Change of Base Formula, demonstrate how to apply it to evaluate various logarithmic
expressions, and specifically focus on calculating Logs3, as well as other complex logarithmic
expressions.

What Is The Change Of Base Formula?

The Change of Base Formula is a fundamental property of logarithms that enables you to evaluate
logarithms with any base using logarithms with a different, more convenient base. It is expressed as:

Change of Base Formula

\[
\log_b a = \frac{\log_k a}{\log_k b}
\]

Where:

-\(b\) is the original base of the logarithm.

-\(a\) is the argument of the logarithm.

-\(k\) is the new base, which can be any positive number, commonly 10 (common logarithm) or \(e\)
(natural logarithm).

The formula states that the logarithm of \(a\) with base \(b\) can be expressed as the ratio of two
logarithms with the same new base \(k\). This is particularly useful when your calculator can only
compute logarithms in base 10 or \(e\).

Why Use The Change Of Base Formula?

The primary reasons for applying the Change of Base Formula include:



- Evaluating Logarithms with Uncommon Bases: When the base \(b\) is not 10 or \(e\), the formula
simplifies calculations.

- Using Scientific Calculators: Most calculators have functions for \(\log_{10}\) and \(\In\), but not for
arbitrary bases.

- Simplifying Complex Logarithmic Expressions: It helps to break down complicated logs into
manageable parts.

- Solving Exponential Equations: It’s instrumental in solving equations involving logs with different
bases.

How To Use The Change Of Base Formula To Evaluate
Logs3

Let’s walk through the evaluation of Logs3 using the Change of Base Formula:

Step 1: Recognize the Expression

Logs3 asks, “to what power must 3 be raised to get 3?” Since 3 raised to the power 1 equals 3, the
answer is 1. But to illustrate the process, we will use the Change of Base Formula.

Step 2: Apply the Change of Base Formula

Choose a convenient base for the calculation, such as 10 or \(e\). Here, we'll use common logarithms
(\(\log_{10}\)):

\[
\log_3 3 = \frac{\log_{10} 3}{\log {10} 3}
\]

Since both numerator and denominator are the same, the value simplifies directly to 1:

\[
\frac{\log_{10} 3}{\log_{10} 3} =1
\]

Step 3: Verify the Result

Using calculator:

\[
\log_{10} 3 \approx 0.4771



\]

Thus,

\[
\frac{0.4771}{0.4771} =1

\]

which confirms that \(\log_3 3 = 1\).

Evaluating More Complex Logarithmic Expressions
Using The Change of Base Formula

The power of the Change of Base Formula becomes evident when evaluating more complex or less
straightforward logarithmic expressions. Let’s consider some examples.

Example 1: Evaluate \(\log 5 125\)

Since 125 is a power of 5 (\(125 = 573\)), directly:

\[
\log 5125=3
\]

But to demonstrate the change of base method:

\[
\log 5 125 = \frac{\log_{10} 125}{\log {10} 5}
\]

Using calculator:

\[

\log_{10} 125 \approx 2.0969
\]

\[

\log_{10} 5 \approx 0.69897
\]

Then,

\[
\log 5 125 \approx \frac{2.0969}{0.69897} \approx 3.0

\]



which confirms the exact value.

Example 2: Evaluate \(\log_7 20\)

Since 20 is not a convenient power of 7, the Change of Base Formula is essential:

\[
\log_7 20 = \frac{\log_{10} 20}{\log_{10} 7}
\]

Calculations:

\[

\log_{10} 20 \approx 1.3010
\]

\[

\log_{10} 7 \approx 0.8451
\]

Result:

\[
\log_7 20 \approx \frac{1.3010}{0.8451} \approx 1.538

\]

This is the approximate value of \(\log_7 20\).

Practical Applications of The Change of Base Formula

Understanding how to evaluate logarithms via the Change of Base Formula is critical across various

fields:

- Mathematics: Simplifying and solving exponential and logarithmic equations.
- Computer Science: Calculating logarithms with bases like 2 in algorithms.

- Engineering: Signal processing and other analyses involving logs.

- Finance: Logarithmic scales in modeling growth and decay.



Tips for Using The Change of Base Formula Effectively

- Choose a convenient base: Most calculators support base 10 or \(e)).

- Be precise with calculations: Use sufficient decimal places to maintain accuracy.

- Remember properties of logarithms: Such as \(\log_b (a \times c) = \log_b a + \log_b c\), to simplify
expressions before applying the change of base.

- Check your work: For simple cases like \(\log_b b = 1\) and \(\log_b 1=0\), verify your results.

Summary

The Change of Base Formula is an invaluable tool for evaluating any logarithm when the base is not
readily accessible or when working with calculator limitations. Whether you are calculating \(\log_3 3\)
or more complex expressions like \(\log_7 20\), this formula simplifies the process by converting to
familiar bases like 10 or \(e\). Mastering its application improves your ability to solve a wide range of
mathematical problems involving logarithms and exponentials.

Remember that the key steps involve selecting a suitable new base, applying the formula, and
performing accurate calculations. Practice with various examples to gain confidence and efficiency in
using the Change of Base Formula.

Conclusion

Using the Change of Base Formula to evaluate logarithmic expressions is a fundamental skill that
enhances your problem-solving toolkit in mathematics. It allows you to work around calculator
limitations, simplify complex expressions, and deepen your understanding of the properties of
logarithms. From evaluating \(\log_3 3\) to tackling more challenging logarithmic calculations, this
method is an essential component of algebra and higher mathematics. Keep practicing different
examples to become proficient in applying this powerful technique.

Frequently Asked Questions

What is the change of base formula used to evaluate
logarithms?

The change of base formula states that for any positive numbers a, b, and base ¢ (wherea # 1 and ¢
# 1), log base c of a can be written as log a divided by log c, typically using common or natural logs:
log ca=loga/logc.



How can | evaluate log base 3 of 3 using the change of base
formula?

Since log base 3 of 3 equals 1 (because 3 raised to the power 1 is 3), you can confirm this using the
change of base formula as log 3 /log 3 = 1.

How do | apply the change of base formula to evaluate log
base 3 of 9?

Using the change of base formula, log_3 9 = log 9 / log 3. Since 9 is 3 squared, log 9 = 2 log 3, so
log 39=(21log3)/log3=2.

What is the value of log base 3 of 27 using the change of base
formula?

Since 27 is 3 cubed, log_3 27 = log 27 / log 3. Because log 27 = 3 log 3, the expression simplifies to 3
log 3/log 3 = 3.

Can | use natural logs to evaluate log base 3 of 3? How?

Yes, you can use natural logs. Apply the change of base formula: log 33 =1In3/In3 =1, sinceln 3/
In 3 equals 1.

How do | evaluate log base 3 of 1 using the change of base
formula?

Since any log of 1 is 0 (because any positive base raised to 0 is 1), log_3 1 = 0. Using the formula: In
1/In3=0/In3=0.

What is the importance of the change of base formula in
evaluating logarithms?

The change of base formula allows you to evaluate logarithms with any base by converting them to
logarithms with a base you can compute easily, such as natural logs or common logs, facilitating
calculations with calculators or tables.

Evaluate log base 3 of 3 using the change of base formula
with common logs (log base 10).

Using common logs, log_3 3 =1log 3/log 3 =1, since log 3/ log 3 equals 1.

Additional Resources
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Understanding how to evaluate logarithms, especially when they involve bases other than 10 or e, is a
fundamental skill in mathematics. The change of base formula provides a powerful tool to simplify
and evaluate logarithmic expressions like \(\log_3 3\). By converting a logarithm with an arbitrary
base to a ratio of logarithms with a more familiar base, such as 10 or e, we can easily compute or
approximate the value. This article explores the concept thoroughly, demonstrating how to apply the
change of base formula to evaluate \(\log_3 3\), along with a detailed discussion of the method's
features, benefits, and potential limitations.

Understanding Logarithms and the Change of Base
Formula

Before diving into specific calculations, it's essential to grasp the fundamentals of logarithms and why
the change of base formula is necessary.

What Is a Logarithm?

A logarithm answers the question: To what power must a specific base be raised to get a certain
number?

Mathematically, for a positive number \(a\) (the base) and a positive number \(b\), the logarithm is
written as:

\[

\log_a b = x\quad \text{if and only if} \quad a”~x =D

\]

For example:

\[

\log_3 3 = x\quad \text{since} \quad 3°x = 3

\]

which clearly gives \(x=1\).

The Need for Changing Bases

In many cases, calculators are designed to compute logarithms in base 10 or base \(e\) (natural
logarithm). When dealing with other bases, manually computing \(\log_a b\) can be cumbersome or
impossible without a calculator. This is where the change of base formula becomes invaluable,
allowing us to convert any logarithm to a ratio involving logs with a familiar base.

The Change of Base Formula: Definition and Derivation

The change of base formula states:
\[



\log_a b = \frac{\log_c b}{\log c a}
\]
where \(c\) is any positive number different from 1, commonly chosen as 10 or \(e\).

Derivation of the Formula

Suppose:

\[

\log_a b = x \Rightarrow a”~x = b
\]

Taking the logarithm base \(c\) of both sides:
\[

\log ca”x =\log cb

\]

Using the power rule:

\[

x \cdot \log ca =\log cb

\]

Solving for \(x\):

\[

x = \frac{\log_c b}{\log c a}

\]

Since \(x = \log_a b\), we arrive at the change of base formula.

Applying the Change of Base Formula to \(\log_3 3\)

Let’s now focus on evaluating \(\log_3 3\) using the change of base formula.

Step 1: Choose a Convenient Base

Typically, we use base 10 or the natural logarithm (base \(e\)) because most calculators have these
functions.

Suppose we choose base 10:

\[

\log_3 3 = \frac{\log_{10} 3}{\log_{10} 3}

\]

Since numerator and denominator are identical, the value simplifies directly to 1, because:

\[
\log_{10} 3/\log_ {10} 3 =1
\]

Alternatively, using natural logs:
\[



\log 3 3 =\frac{\In3}{\In3} =1
\]

Step 2: Calculation Using a Calculator

Using a calculator, compute:
-\(\log_{10} 3 \approx 0.4771\)
-\(\In 3 \approx 1.0986\)

Thus:

\[
\log_3 3 =\frac{0.4771}{0.4771} =1

\]
or

\[
\frac{1.0986}{1.0986} =1

\]
Result: \(\log 33 =1)\)

This confirms the fundamental logarithmic property that the logarithm of a number to its own base is
always 1.

Exploring Other Examples Using the Change of Base
Formula

While \(\log_3 3\) is straightforward, the change of base formula becomes especially useful for more
complex expressions.

Example 1: Evaluate \(\log_3 9\)
Since \(9 = 372)\), we expect \(\log_3 9 = 2\). Let’s verify using the change of base:

\[

\log 3 9 = \frac{\log_{10} 9}{\log {10} 3}
\]

Calculate:

-\(\log_{10} 9 \approx 0.9542\)
-\(\log_{10} 3 \approx 0.4771\)

Thus:

\[

\log_3 9 \approx \frac{0.9542}{0.4771} \approx 2.0
\]



Conclusion: The change of base formula confirms \(\log_3 9 = 2\).

Example 2: Evaluate \(\log 3 27\)
Since \(27 = 373\), we expect \(\log_3 27 = 3\).

Using the change of base:

\[

\log_3 27 = \frac{\log_{10} 27}{\log_{10} 3}
\]

Calculate:

-\(\log_{10} 27 \approx 1.4314\)
-\(\log_{10} 3 \approx 0.4771\)

Thus:

\[

\log_3 27 \approx \frac{1.4314}{0.4771} \approx 3.0
\]

Again, the result matches our expectations, demonstrating the accuracy and utility of the change of
base formula.

Features, Pros, and Cons of Using the Change of Base
Formula

Features:

- Versatility: Allows computation of any logarithm using calculator functions for logs with base 10 or
\(e\).

- Simplifies complex problems: Converts difficult logarithms into manageable ratios.

- Supports analytical understanding: Reinforces the relationship among logarithms with different
bases.

Pros:

- Widely applicable: Useful in algebra, calculus, and real-world data analysis.

- Reduces dependency on specialized functions: No need for a custom log base function; standard
calculator functions suffice.

- Enhances problem-solving skills: Encourages understanding of the properties and relationships of
logarithms.

Cons:

- Requires accurate calculator logs: Slight errors in log calculations can propagate, affecting the final
answer.

- Less straightforward for mental math: The formula involves division of logs, which may not be



convenient without calculator assistance.
- Limited to positive numbers and bases: Logarithms are only defined for positive real numbers, and
bases must be positive and not equal to 1.

Practical Tips for Using the Change of Base Formula

- Always verify the calculator mode (logarithm base 10 or natural log) before performing calculations.
- When evaluating \(\log_a b\), select the base that provides the most accurate and convenient
calculations.

- Confirm that the numbers involved are positive, as logarithms are undefined for zero or negative
numbers.

- Use approximation carefully, especially when dealing with irrational numbers or non-terminating
logs.

Conclusion

The change of base formula is an invaluable tool for evaluating logarithms with arbitrary bases, such
as \(\log_3 3\). It simplifies complex logarithmic expressions into ratios of logs with known bases,
making calculations straightforward and accessible with standard calculators. Whether confirming
fundamental properties like \(\log_3 3 = 1\) or tackling more complicated expressions like \(\log_3 27\)
or \(\log_3 9\), this method enhances both understanding and computational efficiency. While it
requires careful attention to calculator precision and the properties of logarithms, its versatility and
power make it an essential technique for students and professionals alike in mathematics and related
fields. Mastery of the change of base formula not only streamlines calculations but also deepens
insight into the interconnected nature of logarithmic functions.
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