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(UNDERSTANDING COMPLEX MAPPINGS AND THEIR TRANSFORMATIONS IS A FUNDAMENTAL ASPECT OF COMPLEX ANALYSIS, WITH
APPLICATIONS SPANNING ENGINEERING, PHYSICS, AND MATHEMATICS. IN THIS ARTICLE, WE EXPLORE THE PROBLEM OF FINDING THE
IMAGE OF THE CIRCLE DEFINED BY |Z + 21+ 4| = 4 UNDER A SPECIFIC COMPLEX MAPPING W/ = F(Z). WE WILL DELVE INTO THE
PROPERTIES OF COMPLEX TRANSFORMATIONS, ANALYZE THE GIVEN GEOMETRIC FIGURE, AND DETERMINE ITS IMAGE UNDER THE
SPECIFIED MAPPING. THIS COMPREHENSIVE EXPLORATION AIMS TO CLARIFY THE STEPS INVOLVED, PROVIDING INSIGHTS INTO THE
GEOMETRIC BEHAVIOR OF COMPLEX FUNCTIONS AND THEIR IMPACT ON SHAPES IN THE COMPLEX PLANE.

INTRODUCTION TO CoOMPLEX MAPPINGS AND GEOMETRIC TRANSFORMATIONS

COMPLEX ANALYSIS OFTEN INVOLVES STUDYING FUNCTIONS THAT MAP REGIONS OF THE COMPLEX PLANE ONTO OTHER REGIONS,
TRANSFORMING GEOMETRIC SHAPES SUCH AS LINES, CIRCLES, AND MORE COMPLEX FIGURES. THESE TRANSFORMATIONS ARE
ESSENTIAL TOOLS FOR SOLVING PROBLEMS IN PHYSICS, ENGINEERING, AND MATHEMATICS.

Basic ConceprTs oF CoMPLEX MAPPINGS

- CoMPLEX PLANE: THE SET OF ALL COMPLEX NUMBERS Z = X + IY, WHERE X AND Y ARE REAL NUMBERS, REPRESENTED
GEOMETRICALLY AS POINTS IN A PLANE.

- MAPPINGS (FUNCTIONS): FUNCTIONS THAT TAKE COMPLEX NUMBERS AS INPUT AND PRODUCE COMPLEX NUMBERS AS OUTPUT,
DENOTED As W = F(2).

- TYPES OF TRANSFORMATIONS: INCLUDE TRANSLATIONS, ROTATIONS, DILATIONS, INVERSIONS, AND M| BIUS
TRANSFORMATIONS, EACH AFFECTING THE GEOMETRY OF FIGURES IN SPECIFIC WAYS.

MP] BIUS TRANSFORMATIONS

A COMMON CLASS OF COMPLEX FUNCTIONS USED FOR GEOMETRIC TRANSFORMATIONS ARE M BIUS TRANSFORMATIONS, DEFINED
AS:

\[ W = \rrac{az + 8}{cz + D} \]

WHERE A, B, C, AND D ARE COMPLEX CONSTANTS, AND AD - BC # 0. THESE TRANSFORMATIONS ARE CONFORMAL (ANGLE-
PRESERVING) AND MAP CIRCLES AND LINES IN THE COMPLEX PLANE ONTO OTHER CIRCLES OR LINES.

UNDERSTANDING THE GIVEN EQUATION AND ITS GEOMETRIC SIGNIFICANCE

THE EQUATION:
\[lz+21+4]|=41\]

DESCRIBES A CIRCLE IN THE COMPLEX PLANE. T O ANALYZE THIS, WE NEED TO INTERPRET IT IN STANDARD GEOMETRIC FORM.



REWRITING THE EQUATION

LeT’s DENOTE \( Z = X + 1Y \), WHERE X AND Y ARE REAL VARIABLES. THEN:

\[|z+21+4]=41\]

\[(x+1v) + 4+ 21| =41\]

\[I(x +4) +1(y + 2)| = 4\]

THE MAGNITUDE OF A CoMPLEX NUMBER \( A + 18 \) 15 \( \s@rT{A"2 + 8”2} \). SO, THE EQUATION BECOMES:

\[\s@rT{(x + 4)"2 + (v + 2)"2} = 4 \]

THIS IS THE STANDARD FORM OF A CIRCLE WITH CENTER AT \( (-4, -2) \) AND rADIUS 4.

Key CHARACTERISTICS OF THE CIRCLE

-Center: \(C=(-4,-2)\)
-Rabus: \(r=41\)
- GEOMETRIC SIGNIFICANCE: ALL POINTS \( Z \) IN THE COMPLEX PLANE SATISFYING THE EQUATION LIE ON THIS CIRCLE.

DerINING THE MAPPING W = F(2)

THE PROBLEM STATEMENT INDICATES A MAPPING \( W/ = \) (THE FUNCTION TO BE DETERMINED). THE SPECIFIC FORM OF THE
MAPPING IS CRUCIAL FOR ANALYZING THE IMAGE OF THE GIVEN CIRCLE. SINCE THE INITIAL PROMPT IS PARTIAL, WE WILL CONSIDER
COMMON AND SIGNIFICANT TRANSFORMATIONS, SUCH AS MP] BIUS TRANSFORMATIONS OR LINEAR MAPS, OFTEN USED IN SUCH
PROBLEMS.

FOR THE PURPOSE OF THIS ANALYSIS, ASSUME THE MAPPING IS:

\[ W = \rrac{az + 8} cz + D} \]

\WHERE \( A,B,C,D \) ARE COMPLEX CONSTANTS. A TYPICAL EXAMPLE IS THE TRANSLATION COMBINED WITH INVERSION OR
ROTATION, WHICH SIGNIFICANTLY AFFECTS THE SHAPE AND POSITION OF THE CIRCLE.

NOTE: IF MORE DETAILS ABOUT THE SPECIFIC MAPPING ARE PROVIDED, THE ANALYSIS CAN BE REFINED ACCORDINGLY.

CoMMoN TyPes ofF MAPPINGS IN COMPLEX ANALYSIS

- TransLATIONS: \( W =z + ¢ \), SHIFTS THE FIGURE IN THE PLANE.

- RoTaTIoNs AND DiLATIONS: \( W =z \), SCALES AND ROTATES THE FIGURE.

- INversions: \( W = 1/z\), MAPS CIRCLES TO CIRCLES OR LINES.

- GENERAL M[F] BIUS TRANSFORMATIONS: COMBINE THESE EFFECTS, MAPPING CIRCLES TO CIRCLES.

ANALYZING THE IMAGE OF THE CIRCLE UNDER THE MAPPING

To FIND THE IMAGE OF THE CIRCLE \( |z + 21+ 4] = 4 \) unper \( W =F(2) \), FOLLOW THESE STEPS:



STeP 1: EXPRESS THE TRANSFORMATION EXPLICITLY

ASSUMING A SPECIFIC FORM, FOR EXAMPLE:
\[ W = \rrac{az + 8}{cz + D} \]
OR A SIMPLER CASE LIKE A LINEAR TRANSFORMATION \( W/ =Mz + n \).

IF THE PROBLEM INVOLVES A M BIUS TRANSFORMATION, KNOWING THE PARAMETERS \( A,B,C,D \) IS ESSENTIAL. OTHER\X/ISE,
WE ANALYZE THE GENERAL BEHAVIOR.

STEP 2: MAP THE CENTER OF THE CIRCLE

CaLcULATE \( W \) AT THE CIRCLE'S CENTER:
\[z0=-4-21\]
\[W_0=rz_0)\]

THIS GIVES THE IMAGE OF THE CENTER, WHICH HELPS LOCATE THE TRANSFORMED FIGURE.

STep 3: MAP A POINT ON THE CIRCLE

CHoosk A POINT \(z_1\) oN THE cIrcLE, FOrR EXAMPLE, \(z_1=12_0 +r\), AND coMPUTE \( W_1=F(z_1) \). THis
HELPS IN UNDERSTANDING THE SIZE AND SHAPE OF THE IMAGE.

STEP 4: DETERMINE THE IMAGE SHAPE

SINCE M BIUS TRANSFORMATIONS MAP CIRCLES AND LINES TO CIRCLES OR LINES, THE IMAGE OF THE CIRCLE WILL BE ANOTHER
CIRCLE OR A LINE, DEPENDING ON THE TRANSFORMATION.

- |F THE TRANSFORMATION IS A M BIUS TRANSFORMATION WITH \( C \NEQ 0 \), THE CIRCLE GENERALLY MAPS TO ANOTHER

CIRCLE.
- IF \( c=0 \>/ THE TRANSFORMATION REDUCES TO AN AFFINE MAP, AND THE CIRCLE MAPS TO A CIRCLE OR A LINE.

Case StupY: IMAGE oF THE CIRCLE UNDER A SPECIFIC TRANSFORMATION

LET’S ANALYZE A COMMON EXAMPLE:

\[ W =\rrac{z - z_03}{1 - \overLine{z_03z} \]

WHICH 1S A MP] BIUS TRANSFORMATION USED IN CONFORMAL MAPPINGS, WITH \( Z_0 \) AS A POINT IN THE COMPLEX PLANE.
SUPPOSE THE TRANSFORMATION IS:

\[ W = \rrac{z + 213{1 + \overLine{z_03z} \]

DEPENDING ON THE PARAMETERS, THE IMAGE CAN BE A CIRCLE, A LINE, OR A MORE COMPLEX SHAPE.

NoTE: WITHOUT EXPLICIT PARAMETERS, THE MOST GENERAL APPROACH IS TO RECOGNIZE THE PROPERTIES OF THE



TRANSFORMATION AND THE GEOMETRIC BEHAVIOR IT INDUCES.

Key PoINTS To CoNnsIDER IN COMPLEX MAPPING ANALYSIS

- CONFORMALITY: M| BIUS TRANSFORMATIONS PRESERVE ANGLES.

- CIRCLE-LINE PRESERVATION: CIRCLES AND LINES MAP ONTO CIRCLES OR LINES.

- CENTER AND RADIUS TRANSFORMATION: THE IMAGE'S CENTER AND RADIUS CAN BE FOUND VIA SUBSTITUTION AND ALGEBRAIC
MANIPULATION.

- SpeciAL CASES: FOR CERTAIN TRANSFORMATIONS, LIKE TRANSLATION \( W =z + ¢ \), THE CIRCLE SIMPLY SHIFTS POSITION;
FOR INVERSION \( W/ = 1/z \), THE CIRCLE MAY MAP TO ANOTHER CIRCLE OR LINE.

CONCLUSION: SUMMARY OF THE TRANSFORMATION AND |TS EFFECT

THe PRECISE IMAGE OF THE CIRCLE \( |z + 21 + 4| = 4 \) unper THE MaPPING \( W = F(2) \) DEPENDS ON THE EXPLICIT FORM
oF \(F(z) \). TYpPICALLY, FOR M| BIUS TRANSFORMATIONS:

- THE CIRCLE MAPS TO ANOTHER CIRCLE OR A LINE.

- THE IMAGE'S CENTER AND RADIUS CAN BE COMPUTED BY SUBSTITUTING THE CIRCLE'S POINTS INTO \( F(2) \).

- THE OVERALL BEHAVIOR CAN BE VISUALIZED BY APPLYING THE TRANSFORMATION TO KEY POINTS (CENTER AND POINTS ON THE
CIRCLE).

IN COMPLEX ANALYSIS, UNDERSTANDING THESE MAPPINGS PROVIDES POWERFUL TOOLS FOR CONFORMAL MAPPING, SOLVING
BOUNDARY VALUE PROBLEMS, AND VISUALIZING COMPLEX FUNCTIONS' BEHAVIOR.

FURTHER READING AND RESOURCES

- “CoMPLEX ANALYSIS” BY ELIAS M. STEIN AND RAMI SHAKARCHI
" "
- "VisuaL CoMPLEX ANALYSIS” BY TRISTAN NEEDHAM
- ONLINE TOOLS FOR VISUALIZING COMPLEX TRANSFORMATIONS
- SOFTWARE SUCH AS GEOGEBRA AND W OLFRAMALPHA FOR PLOTTING COMPLEX MAPPINGS

FINAL REMARKS

MASTERING THE IMAGE OF GEOMETRIC FIGURES UNDER COMPLEX MAPPINGS IS AN ESSENTIAL SKILL IN ADVANCED MATHEMATICS.
RECOGNIZING THE TYPES OF TRANSFORMATIONS, THEIR PROPERTIES, AND THEIR EFFECTS ON SHAPES ENABLES MATHEMATICIANS
AND ENGINEERS TO SOLVE COMPLEX PROBLEMS INVOLVING CONFORMAL MAPPINGS AND GEOMETRIC FUNCTION THEORY. W/HETHER
DEALING WITH SIMPLE TRANSLATIONS OR INTRICATE M BIUS TRANSFORMATIONS, THE PRINCIPLES OUTLINED IN THIS ARTICLE
SERVE AS A FOUNDATION FOR FURTHER EXPLORATION OF COMPLEX ANALYSIS AND GEOMETRIC FUNCTION THEORY.

FREQUENTLY ASkeD QUESTIONS

\W/HAT IS THE GIVEN MAPPING Y/ IN THE PROBLEM?

THe MAPPING W 1S DEFINED AS W = 2(e"2).



\WHAT IS THE ORIGINAL LOCUS DESCRIBED BY |z + 21 + 4| = 4?

IT IS A CIRCLE IN THE COMPLEX PLANE CENTERED AT -21 - 4 WITH RADIUS 4.

How DO YOU FIND THE IMAGE OF A CIRCLE UNDER THE TRANSFORMATION W/ = 2(EAZ)?

YOU ANALYZE THE TRANSFORMATION BY SUBSTITUTING Z INTO W/ AND EXAMINE HOW THE CIRCLE MAPS THROUGH THE
EXPONENTIAL FUNCTION AND SCALING.

\WHAT IS THE EFFECT OF THE EXPONENTIAL FUNCTION ON THE CIRCLE |z + 21 + 4| = 4?

THE EXPONENTIAL MAPS CIRCLES IN THE Z-PLANE TO ANNULI OR RAYS IN THE \X/‘PLANE, DEPENDING ON THEIR POSITION AND SIZE.

How CAN WE EXPRESS Z IN TERMS OF ITS CENTER AND RADIUS FOR THE GIVEN CIRCLE?

Z CANBE WRITTENAS Z=-21-4 + REA{I@}, WHERE R = 4 AND © VARIES FROM O TO 2.

WHAT IS THE IMAGE OF THE CIRCLE UNDER THE EXPONENTIAL FUNCTION E"z?

THE EXPONENTIAL OF A CIRCLE BECOMES A MULTIPLY-CONNECTED DOMAIN, GENERALLY MAPPED TO AN ANNULUS OR A SPIRAL
DEPENDING ON THE CIRCLE'S POSITION.

How DOES SCALING BY 2 AFFECT THE IMAGE OF THE EXPONENTIAL MAP?

MULTIPLYING BY 2 SCALES THE ENTIRE IMAGE BY A FACTOR OF 2, STRETCHING OR SHRINKING THE MAPPED REGION ACCORDINGLY.

\W/HAT IS THE GENERAL FORM OF THE IMAGE W/ WHEN Z TRACES THE GIVEN CIRCLE?
W=2eNz2}=2eM-21-4 +re™i0} } =2 -21- 4 } e reMi0} }.

How CAN WE INTERPRET THE FINAL IMAGE OF THE CIRCLE IN THE \X/-PLANE?

THE IMAGE IS A SET OF POINTS FORMING A REGION THAT CAN BE DESCRIBED AS A SCALED EXPONENTIAL OF A CIRCLE, OFTEN
RESULTING IN A SPIRAL OR ANNULAR SHAPE DEPENDING ON THE PARAMETERS.

W/HAT ARE THE KEY STEPS TO FIND THE IMAGE OF |z + 21 + 4] = 4 unper W = 2(e"2)?

FIRST, EXPRESS Z IN TERMS OF ITS CENTER AND RADIUS; THEN SUBSTITUTE INTO W =2 EAZ; ANALYZE THE RESULTING
EXPRESSION TO DETERMINE THE SHAPE AND REGION IN THE W/ -PLANE.

ADDITIONAL RESOURCES

UNDERSTANDING THE TRANSFORMATION OF THE CIRcLE \( |z + 21 + 4| = 4 \) Unper THE MaprpinG \( W = \LboTs \)

IN COMPLEX ANALYSIS, THE STUDY OF HOW GEOMETRIC FIGURES IN THE COMPLEX PLANE TRANSFORM UNDER VARIOUS MAPPINGS
IS BOTH FASCINATING AND FUNDAMENTAL. ONE PARTICULARLY INTERESTING PROBLEM INVOLVES FINDING THE IMAGE OF A GIVEN

CIRCLE UNDER A SPECIFIED COMPLEX TRANSFORMATION. HERE, WE FOCUS ON THE TRANSFORMATION OF THE CIRCLE \( |z + 21 +
4] = 4 \) unper THE MAPPING \( W = \LDOTS \). THIS TYPE OF PROBLEM NOT ONLY ENHANCES UNDERSTANDING OF COMPLEX

FUNCTIONS BUT ALSO PROVIDES INSIGHT INTO THE GEOMETRIC NATURE OF SUCH MAPPINGS.

IN THIS ARTICLE, WE'LL CONDUCT A COMPREHENSIVE, STEP-BY-STEP ANALYSIS TO DETERMINE THE IMAGE OF THE GIVEN CIRCLE
UNDER THE SPECIFIED TRANSFORMATION. WE WILL EXPLORE THE CONCEPTS INVOLVED, CLARIFY THE STEPS WITH DETAILED
EXPLANATIONS, AND DISCUSS THE GEOMETRIC IMPLICATIONS. \WHETHER YOU'RE A STUDENT LEARNING COMPLEX ANALYSIS OR A



PROFESSIONAL SEEKING A CLEAR WALKTHROUGH, THIS GUIDE AIMS TO PROVIDE CLARITY AND DEPTH.

1. CLARIFYING THE PROBLEM
BEFORE DIVING INTO CALCULATIONS, IT'S ESSENTIAL TO UNDERSTAND THE PROBLEM STATEMENT THOROUGHLY.
THe GiveN CIRCLE

THE CIRCLE IS GIVEN BY:

\[
lz+21+4]=4

THIS IS A STANDARD FORM FOR A CIRCLE IN THE COMPLEX PLANE, WITH CENTER AND RADIUS EXPLICITLY IDENTIFIABLE.
THE TRANSFORMATION

THE TRANSFORMATION IS INDICATED AS:

\[

W = \LboTs

\]

(NOTEZ SINCE THE ORIGINAL PROMPT APPEARS INCOMPLETE, WE WILL ASSUME A TYPICAL TRANSFORMATION OFTEN STUDIED IN
COMPLEX ANALYSIS, SUCH AS A M BIUS (BILINEAR) TRANSFORMATION, FOR EXAMPLE!:

\[
W = \rrac{az + 8}{cz + D}

\]
OR PERHAPS A SIMPLER AFFINE TRANSFORMATION LIKE \( W = \ALPHA z + \BETA \).

FOR THE PURPOSES OF THIS GUIDE, LET'S ASSUME THE TRANSFORMATION IS:

\[
W = \rrac{z - 1Xz + 1}
\]

WHICH IS A COMMON M BIUS TRANSFORMATION USED IN SUCH ANALYSES.

(|F YOUR SPECIFIC TRANSFORMATION DIFFERS, SUBSTITUTE ACCORDINGLY;, THE METHODOLOGY REMAINS SIMILAR.)

2. UNPACKING THE GEOMETRY OF THE GIVEN CIRCLE
CENTER AND RADIUS

THE EQUATION:

\[
lz+21+4]=4

\]

CAN BE REWRITTEN AS:

\[
lz-(-4-2)|=4
\]

THIS TELLS US:



-Center: \(z2. 0=-4-21))
-Rabus: \(r=41\)

GEOMETRIC INTERPRETATION: IN THE COMPLEX PLANE, THIS IS A CIRCLE CENTERED AT \((-4, -2)\) WITH RADIUS 4.

3. ANALYZING THE TrRANSFORMATION \( W = \rrac{z - 3{z+ 1} \)

LET'S NOW EXPLORE HOW THIS TRANSFORMATION ACTS ON THE COMPLEX PLANE.

TyPE OF TRANSFORMATION

THE FUNCTION:

\[

W(z) = \rrac{z - }{z + 13

\]

Is AMBE] BIUS (BILINEAR) TRANSFORMATION.

KEY PROPERTIES:

- MP] BIUS TRANSFORMATIONS MAP CIRCLES AND LINES IN THE COMPLEX PLANE TO CIRCLES AND LINES.
- THEY ARE CONFORMAL (ANGLE-PRESERVING) EXCEPT AT POINTS WHERE THE DENOMINATOR IS ZERO.
- THEY CAN BE USED TO MAP SPECIFIC POINTS TO DESIRED LOCATIONS, SIMPLIFYING THE ANALYSIS.

MAPPING PROPERTIES

- THE TRANSFORMATION MAPS THE EXTENDED COMPLEX PLANE (INCLUDING THE POINT AT INFINITY) TO ITSELF.
- |T CAN BE VIEWED AS A COMPOSITION OF SIMPLER TRANSFORMATIONS: TRANSLATIONS, ROTATIONS, INVERSIONS, ETC.

4. STRATEGY TO FIND THE IMAGE OF THE CIRCLE

SINCE M[F] BIUS TRANSFORMATIONS MAP CIRCLES AND LINES TO CIRCLES AND LINES, WE CAN:
1. IoenTiFy THE SET \( 2 \) saTisrying \( [z + 4 + 21| = 4 \).

2. AppLY THE TRANSFORMATION \( W = \rrRAc{z - 1}{z + 1} \) To THIS SET.

3. DETERMINE THE GEOMETRIC NATURE OF THE IMAGE: WHETHER IT'S A CIRCLE OR A LINE, AND FIND ITS EXPLICIT EQUATION OR
CENTER AND RADIUS.

APPROACH
- EXPRESS THE CIRCLE IN A FORM SUITABLE FOR SUBSTITUTION.

- USE ALGEBRAIC MANIPULATIONS TO FIND THE SET oF \( W \) corresPonDING To THE Given \( z \).
- SIMPLIFY TO IDENTIFY THE IMAGE AS A CIRCLE IN THE \( W \)-PLANE.

5. STeP-BY-STEP DERIVATION
STeP 1: REWRITE THE CIRCLE

RECALL:

\l
Z=Xt1IY

\]



AND THE CIRCLE'S CENTER IS AT:

\[
z 0=-4-2
\]

THE CIRCLE EQUATION:
\[

lz-z2 0l=4

\]

BECOMES:

\[
lz+4+2|=4

\]
Step 2: Express \(z \) N TerMs oF \( W \)

FROM THE TRANSFORMATION:
\[

W = \rrac{z - }{z + 1}

\]

WE CAN soLVE For \(z \):
\[

WEz+)=z-1

\]

\[

Wz+Wi=z-1

\]

BrinG ALL \( z \) TERMS TO ONE SIDE:
\[

Wz-z2=-1-Wi

\]

\[

(W - 1) =-1(1+W)

\]

\[

z = \rrac{-1I(1 + WIW - 1}

\]

This expresses \(z \) IN Terms oF \( W/ ).

Step 3: SuesTITUTE \( Z \) INTO THE CIRCLE EQUATION

THE CIRCLE IS DEFINED BY:

\[
lz+4+2|=4
\]

PLUGGING IN THE ExPRESSION FOr \( z \):

\[
\LErTI\FRAC{-ICT + WOHW - 13+ 4 + 2)\riGHT| = 4
\]

SIMPLIFY NUMERATOR:

\[
\rRAC{-ICT + WKW - 13+ 4 + 21
\]



EXPRESS AS A SINGLE FRACTION:

\[
\LerTI\FRAC{-1CT + W) + (4 + 2D)CW - W - 1}\riGHT| = 4
\]

STEP 4: SIMPLIFY NUMERATOR

CALCULATE NUMERATOR:

\[

N=-1(1+W)+ @ +2)0(W-1)

\]

FIRST, EXPAND:

\[

ST+ W) =-1- W

\]

AND

\[
A+200W-1)=4W -4+ 21V - 2
\]

Now, suM:

\[
N=C1-1W)+ AW -4+ 21I\W - 21)
\]

COMBINE LIKE TERMS:

- For \C W \):

\[

AW A AN+ 20 = (AW) + (AW + 21W) = AW+ 1W
\]

- CONSTANTS:

\[
-1-4-21=(1-20)-4=-31-4
\]

So,

\[
N=UW+ W)+ (-31-4)=W(4+1)-31-4
\]

THEREFORE:

\[
2+ 4+ 21 =\rrac{W(4 +1) - 31 - 4H{W - 13
\]



STeP 5: WRITE THE MAGNITUDE CONDITION

THE MAGNITUDE CONDITION BECOMES:

\[
\LerT\FRAC{W/ (4 + 1) - 31 - 4}{W - 1}\riGHT| = 4
\]

\WHICH IMPLIES:

\[
(4 +1)-31-4l=4\w-1]
\]

STeP 6: FINAL FORM OF THE Locus IN \( W \)-PLANE

SET:

\[
W4 +1)-(31+4)=4|\W-1]
\]

THIS IS THE KEY RELATION DESCRIBING THE IMAGE OF THE CIRCLE UNDER THE TRANSFORMATION.

6. GEOMETRIC INTERPRETATION OF THE IMAGE

THE ABOVE RELATION INDICATES THAT THE IMAGE OF THE ORIGINAL CIRCLE IS A LOCUS OF POINTS \( W \) SATISFYING A
SPECIFIC MODULUS RELATION. T O RECOGNIZE THE GEOMETRIC SHAPE, IT'S OFTEN EASIEST TO:

- SQUARE BOTH SIDES TO ELIMINATE SQUARE ROOTS.
- ExPAND AND SIMPLIFY To AN EQUATION IN \( W \) ano \( \ear{W3} \).

7. ExpLicIT DErIVATION OF THE IMAGE (OPTIONAL)
\WHILE THE ALGEBRA CAN BE INTENSIVE, THE KEY IDEA IS:

- Express \( W \) as \(u+1v \).

- WRITE THE EQUATION IN TERMS oF \( U \) anp \( v \).

- SIMPLIFY TO STANDARD CIRCLE FOrRM: \((U-u_0)"*2 + (v -v_0)"2=R"2 \).

THIS PROCESS REVEALS THE IMAGE'S CENTER AND RADIUS EXPLICITLY.

8. SUMMARY OF RESULTS

- THe orIGINAL CIRCLE \( |z + 21 + 4] = 4 \) maPS UNDER THE TRANSFORMATION \( W = \Frac{z - 1}{z + 1} \) To A cIrcLE
IN THE \( W/ \)-PLANE.
- THE EXPLICIT EQUATION OF THE IMAGE CAN BE DERIVED THROUGH
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