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Understanding the properties of numbers and their factors is a fundamental
aspect of number theory, which often leads to fascinating insights and
patterns. In this article, we focus on a specific problem: finding the sum of
all two-digit numbers that have exactly three factors. This problem combines
concepts of divisibility, prime factorization, and number properties, making
it an engaging challenge for students and enthusiasts alike. We will explore
what it means for a number to have exactly three factors, identify which two-
digit numbers satisfy this condition, and then compute their sum
systematically.

Understanding Factors and Their Significance

What Are Factors?

Factors of a number are integers that divide the number evenly, leaving no
remainder. For example:

- Factors of 12: 1, 2, 3, 4, 6, 12

- Factors of 15: 1, 3, 5, 15

The number of factors a number has is an important characteristic that
reveals its structure and divisibility properties.

Number of Factors and Prime Factorization

Prime factorization expresses a number as a product of its prime factors. For

example:
- 18 = 2 x 32
- 20 =22 x5

The total number of factors for a number can be derived from its prime
factorization. If:

- N=pi17a1 x p2"az x ... x p k®a k
then, the total number of factors of N is:
- (a1 +1) x (a2 +1) x ... x (a k+ 1)

This formula is crucial for identifying numbers with a specific number of
factors.



Numbers with Exactly Three Factors

Key Insight: Perfect Squares of Primes

A well-known property in number theory states:
- Numbers that have exactly three factors are perfect squares of prime
numbers.

Why is this true?

Suppose N has exactly three factors: 1, N, and some other factor. If N is not
a perfect square, it tends to have an even number of factors because factors
come in pairs. But if N is a perfect square, then one factor is repeated—the
square root of N-leading to an odd number of factors.

In particular:
- For N to have exactly three factors, N must be of the form p?, where p is
prime.

Example:
- 9 =32, factors: 1, 3, 9 - exactly three factors
- 25 = 52, factors: 1, 5, 25 - exactly three factors

Implications for Two-Digit Numbers

Since we are interested in two-digit numbers with exactly three factors, our
task simplifies to:

- Finding all prime numbers p such that p? is a two-digit number (from 10 to
99).

Steps:
1. List all prime numbers p where p? is between 10 and 99.
2. Sum all such p? values.

Identifying Two-Digit Numbers with Exactly
Three Factors

Step 1: Find all primes p where p2 is two digits

Let's find all prime numbers p satisfying:
- 10 = p%2 = 99

Calculate p? for small primes:
- 22 = 4 (Not two-digit)
- 32 = 9 (Not two-digit)



- 52 25 (Yes)
- 72 49 (Yes)
- 112 = 121 (Too large)

Since p? exceeds two digits starting from p=11, the only primes p with p?
between 10 and 99 are 5 and 7.

Step 2: List the corresponding numbers

- For p=5: 52
- For p=7: 7?2

These are the only two-digit numbers with exactly three factors.

Summary of numbers with exactly three factors in the
two-digit range:

- 25
- 49

Calculating the Sum

Having identified the numbers, we now compute their sum.

* 25

. 49

Sum:
25 + 49 = 74

Final Answer

The sum of all two-digit numbers that have exactly three factors is 74.

Additional Insights and Related Concepts



Why Only Prime Squares?

The property that numbers with exactly three factors are perfect squares of
primes is a fundamental concept in number theory. It stems from the nature of
divisors:

- Non-prime perfect squares have more than three factors.

- Prime squares have exactly three factors because:

- 1 (divisor)

- p (prime itself)

- p? (the number itself)

Extending the Concept to Other Ranges

This approach can be extended to find numbers with exactly three factors in
different ranges:

- For three-digit numbers, identify primes p where p2? is between 100 and 999.
- For larger ranges, the same logic applies.

Practical Applications

Understanding factors and perfect squares has applications in:
- Cryptography

- Error detection algorithms

- Mathematical problem-solving competitions

Conclusion

In this exploration, we've learned that the problem of finding two-digit
numbers with exactly three factors reduces to identifying prime numbers whose
squares fall within the two-digit range. The only such numbers are 25 (from
p=5) and 49 (from p=7). Summing these gives us a total of 74. This exercise
not only reinforces the relationship between prime numbers, perfect squares,
and factors but also showcases how fundamental properties of numbers can
simplify complex-looking problems.

Final answer: The sum of all two-digit numbers that have exactly three
factors is 74.

Frequently Asked Questions

What is the main goal when finding the sum of all
two-digit numbers with exactly three factors?

The main goal is to identify all two-digit numbers that have exactly three



factors and then calculate their total sum.

Which types of numbers have exactly three factors?

Numbers that are perfect squares of prime numbers have exactly three factors.

How do you determine if a two-digit number has
exactly three factors?

Check if the number is a perfect square of a prime number and falls between
10 and 99.

What are the two-digit prime squares that have
exactly three factors?

The two-digit prime squares are 16 (472), 25 (572), 49 (772), and 81 (972).

Are all two-digit perfect squares with prime roots
considered in the sum?

Yes, only those perfect squares of prime numbers between 4 and 9 (since their
squares are two-digit) are considered.

What is the sum of all two-digit numbers with
exactly three factors?

Sum of the identified numbers: 16 + 25 + 49 + 81 = 171.

Why do perfect squares of prime numbers have exactly
three factors?

Because their factors are 1, the prime itself, and the square of the prime,
totaling three factors.

Can you explain the step-by-step process to find
these numbers and their sum?

First, identify prime numbers whose squares are two-digit numbers (2, 3, 5,
7). Then, calculate their squares: 472=16, 572=25, 772=49, 972=81. Finally,
sum these numbers to get 171.

Additional Resources

Find The Sum Of All Two Digit Numbers That Have Exactly Three Factors is a
fascinating mathematical challenge that combines concepts of number theory,



factorization, and logical deduction. This problem invites us to explore the
intrinsic properties of numbers, especially those with a specific number of
divisors, and ultimately compute a sum based on these characteristics.
Whether you're a student brushing up on number theory or a math enthusiast
seeking a stimulating puzzle, understanding how to identify such numbers and
perform the summation is a rewarding exercise.

Understanding the Problem

Before diving into the solution, let’s clearly define what the problem is
asking:

- Find the sum of all two-digit numbers (from 10 to 99) that have exactly
three factors.

This involves two main tasks:
1. Identify which two-digit numbers have exactly three factors.
2. Sum these numbers together.

Key Concepts in Number Theory

To proceed effectively, it’s essential to understand some foundational
concepts:

Divisors and Factors

- A divisor (or factor) of a number is an integer that divides the number
without leaving a remainder.

- The number of factors of a number is the total count of all its divisors,
including 1 and itself.

Numbers with Exactly Three Factors

Numbers with exactly three factors have a special property: they are perfect
squares of prime numbers.

Why?

- For a number \( n \), the total number of factors depends on its prime
factorization.

- If \( n=p*k\), where \( p \) is prime, then the total number of factors
is \( k + 1\).

Key insight:
- For a number to have exactly three factors, it must be of the form \( p~2

\), where \( p \) is prime.

Explanation:



- The factors of \( p~2 \) are 1, \( p \), and \( p™2 \).
- These are exactly three factors.

Conclusion:
Numbers with exactly three factors are perfect squares of prime numbers.

Step 1: Identifying Two-Digit Numbers with Exactly Three Factors

Given the above, our task reduces to:

- Find all two-digit numbers that are perfect squares of prime numbers.
Prime Numbers to Consider

- The prime numbers whose squares are two-digit numbers are those for which:
\ [

p~2 \geq 10 \quad \text{and} \quad p”~2 \leq 99

\1]

- Find all primes \( p \) satisfying:

\ [

\sqrt{10} \leq p \leqg \sqrt{99}

\1]

- Approximations:

- \( \sqrt{10} \approx 3.16 \)

- \( \sqrt{99} \approx 9.95 \)

- Therefore, the primes \( p \) in this range are:

Calculating the Squares

Now, compute the squares of these primes:

- \( 2?2 = 4 \) (Not two-digit, discard)
- \( 32 =9 \) (Not two-digit, discard)
- \( 572 = 25 \) (Two-digit, include)
- \( 772 = 49 \) (Two-digit, include)

Next primes:

- \( 1172 = 121 \) (Three-digit, discard)



Final List of Numbers
The two-digit numbers with exactly three factors are:

- 25 (since \( 572 \))
- 49 (since \( 772 \))

Step 2: Summing the Identified Numbers
Now, sum the identified numbers:

\ [

25 + 49 = 74

\1]

Therefore, the sum of all two-digit numbers that have exactly three factors
is 74.

Additional Insights and Verification

While the calculation seems straightforward, let's verify and explore some
related aspects to deepen our understanding.

Why No Other Two-Digit Numbers?

- Consider squares of larger primes:

- \( 1172 = 121 \), which exceeds two digits.

- Smaller primes like 2 and 3 produce squares less than 10, thus not two-
digit.

- For primes larger than 7, their squares will be three-digit numbers, so
they do not qualify.

Confirming the Criterion

- Both 25 and 49 are perfect squares of primes (5 and 7, respectively).
- Their divisors:

- 25: divisors are 1, 5, 25 -» 3 factors.
- 49: divisors are 1, 7, 49 - 3 factors.

- No other two-digit numbers meet this criterion, confirming our list.

Broader Context: Numbers with Exactly Three Factors



Understanding this specific problem opens doors to broader mathematical
explorations:

- Numbers with a specific number of divisors:
For example, numbers with exactly four factors, six factors, etc.

- Prime squares and their properties:
They are central to many areas in number theory, including factorization and
prime distributions.

- Applications:
Recognizing perfect squares of primes can be useful in cryptography,
factorization algorithms, and understanding the structure of integers.

Summary and Final Answer

- The key to solving the problem was recognizing that numbers with exactly
three factors are perfect squares of prime numbers.

- The only two-digit such numbers are 25 (since \( 572 \)) and 49 (since \(
772 \)).

- Their sum is:

\ [
\boxed{74}

\1]

Hence, the sum of all two-digit numbers that have exactly three factors is
74.

Closing Thoughts

This problem beautifully illustrates how a seemingly straightforward question
about sums leads us into fundamental properties of numbers. Recognizing the
relationship between the number of factors and prime squares simplifies the
task remarkably. It also emphasizes the importance of understanding prime
numbers and their squares within the broader landscape of number theory.

Whether you’re preparing for exams, solving puzzles, or just exploring
mathematics, this approach offers a systematic way to analyze similar
problems—by identifying key properties, narrowing down the possibilities, and
verifying your findings with logical reasoning.
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