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When tackling mathematical problems involving two unknown numbers, a common
challenge is to determine the specific pair that satisfies certain
conditions—such as a fixed difference—and optimizes another parameter—like
the product. In this article, we delve into a classic optimization problem:
finding two numbers whose difference is 144 and whose product is minimized.
This problem not only highlights fundamental algebraic techniques but also
demonstrates how calculus and algebraic reasoning can be combined to find
optimal solutions efficiently. Whether you're a student preparing for exams,
a math enthusiast, or someone interested in problem-solving strategies,
understanding this problem provides valuable insights into the application of
mathematical principles.

---

Understanding the Problem

Before diving into the solution, it’s essential to clearly understand the
problem statement:

- Given: Two numbers, say \( x \) and \( y \).
- Condition: The difference between the numbers is 144, i.e., \( x - y = 144
\).
- Objective: Find the pair \( (x, y) \) that minimizes the product \( P = xy
\).

This problem involves two key steps:

1. Expressing the product in terms of a single variable.
2. Using calculus or algebra to find the minimum value of that product.

---

Setting Up the Mathematical Model

The first step is to express the product \( xy \) in terms of one variable.
Since the problem provides the difference between the two numbers, we can
express one variable in terms of the other.

Step 1: Express \( x \) in terms of \( y \)



Given the difference:

\[
x - y = 144
\]

Rearranged:

\[
x = y + 144
\]

Step 2: Express the product \( P \)

The product \( P \) is:

\[
P = xy
\]

Substitute \( x = y + 144 \):

\[
P(y) = (y + 144) \times y = y^2 + 144y
\]

Now, the problem reduces to finding the value of \( y \) that minimizes \(
P(y) = y^2 + 144y \).

---

Optimizing the Product Using Calculus

To find the minimum of \( P(y) \), calculus provides a systematic approach:

Step 1: Find the critical points

Differentiate \( P(y) \) with respect to \( y \):

\[
P'(y) = 2y + 144
\]

Set the derivative to zero to find critical points:

\[
2y + 144 = 0
\]



\[
2y = -144
\]

\[
y = -72
\]

Step 2: Verify the nature of the critical point

Calculate the second derivative:

\[
P''(y) = 2
\]

Since \( P''(y) = 2 > 0 \), the critical point at \( y = -72 \) corresponds
to a minimum.

Step 3: Find the corresponding \( x \)

Recall:

\[
x = y + 144
\]

\[
x = -72 + 144 = 72
\]

---

Conclusion: The Numbers and Their Minimum
Product

The two numbers are:

\[
x = 72, \quad y = -72
\]

Their difference:

\[
x - y = 72 - (-72) = 144
\]



The product at these values:

\[
P = xy = 72 \times (-72) = -5184
\]

Key Insight:

- The minimum product between two numbers with a fixed difference of 144 is
\(-5184\).
- The pair of numbers is (72, -72).

---

Understanding the Nature of the Minimum Product

Since the product is negative at the minimum point, it indicates that one
number is positive, and the other is negative. This makes sense because:

- The product of two numbers with a fixed difference can be minimized when
one is positive and the other negative.
- The negative product reaches its minimum value when the numbers are as far
apart as possible in magnitude, given the fixed difference.

Geometrical Interpretation

Imagine the numbers as points on a number line:

- The pair \( (72, -72) \) are symmetric about zero.
- The difference is fixed at 144 units.
- The product is minimized (most negative) at this symmetric point.

---

Applications and Real-World Examples

Optimization problems similar to this are prevalent in various fields,
including:

- Economics: Minimizing costs or maximizing profits under certain
constraints.
- Engineering: Designing systems where specific relationships must be
maintained while optimizing performance.
- Physics: Finding minimum potential energy configurations with fixed
positional differences.
- Computer Science: Algorithm optimization where variables are constrained.



Understanding how to formulate and solve such problems is vital in these
applications.

---

Alternative Approaches to the Problem

While calculus provides an elegant solution, other methods can also be
applied:

Algebraic Approach

- Completing the square to analyze the quadratic \( y^2 + 144y \).
- Recognizing the quadratic form and its vertex directly.

Graphical Approach

- Plotting \( P(y) = y^2 + 144y \) and visually identifying the vertex.

Using Symmetry

- Noticing the symmetry about zero and the implications for the minimal
product.

---

Summary of Key Points

- To find two numbers with a fixed difference and minimal product, express
the product as a function of one variable.
- Use differentiation to locate critical points and verify the nature of
these points.
- The minimum product occurs when one number is positive and the other
negative, specifically at \( (72, -72) \).
- The minimum product value is \(-5184\).

---

Final Remarks

This problem exemplifies how algebra and calculus work together to solve
optimization problems with constraints. By translating the problem into
algebraic expressions and applying calculus techniques, we efficiently find
the pair of numbers that satisfy the given conditions while minimizing the



product. Such problems are foundational in mathematics, with broad
implications across science, engineering, and economics. Developing a solid
understanding of these techniques enhances problem-solving skills and
provides a foundation for more complex analytical challenges.

---

FAQs About Finding Two Numbers With Difference
144 and Minimum Product

Can the minimum product be positive? No, in this specific problem, the1.
minimum product is negative because the critical point occurs when one
number is positive and the other negative.

What if the difference was negative? The problem would be similar, but2.
you'd need to consider the absolute value of the difference or adjust
the signs accordingly.

Does the minimum product always involve one positive and one negative3.
number? Not necessarily. It depends on the constraints; in this case,
the minimum occurs with numbers of opposite signs.

How can these techniques be applied to other optimization problems? By4.
formulating the problem in algebraic terms, differentiating to find
critical points, and verifying the nature of these points, similar
approaches can be used in various contexts.

---
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Frequently Asked Questions



What are the two numbers whose difference is 144 and
whose product is minimized?
The two numbers are 72 and -72, and their product is minimized at -5184.

How do you formulate the problem of finding two
numbers with a specific difference and minimal
product mathematically?
Let the two numbers be x and y with x - y = 144. Then, express one variable
in terms of the other and minimize the product xy accordingly, typically
using calculus or algebraic methods.

Why does the minimal product occur when the two
numbers are symmetric around zero?
Because for a fixed difference, the product is minimized when one number is
as large as possible and the other as small as possible, often symmetric
around zero, leading to the most negative product.

Can you use calculus to find the minimum product for
two numbers with a given difference?
Yes, by expressing one number in terms of the other using the difference,
then differentiating the product function with respect to one variable and
finding its critical points to identify the minimum.

What is the significance of the vertex of the
parabola in solving this problem?
The vertex of the parabola representing the product function indicates the
minimum (or maximum) value; in this case, it helps identify the two numbers
that minimize the product given the fixed difference.

Are there real-world applications for finding two
numbers with a fixed difference and minimal product?
Yes, such problems appear in optimization tasks in engineering, economics,
and physics where minimizing or maximizing a certain product or cost under
given constraints is essential.

Additional Resources
Mathematical Optimization: Finding Two Numbers with a Difference of 144 and
Minimum Product



---

Introduction

Mathematics often presents us with intriguing problems that challenge our
understanding and problem-solving skills. One such classic problem asks: Find
two numbers whose difference is 144 and whose product is minimized. While
seemingly straightforward, this problem encapsulates fundamental concepts in
algebra, calculus, and optimization techniques. Its applications extend
beyond pure mathematics, influencing fields like engineering, economics, and
computer science, where minimizing costs or maximizing efficiencies under
specific constraints is essential.

In this comprehensive exploration, we will dissect this problem meticulously,
providing detailed reasoning, step-by-step solution processes, and insights
into the underlying mathematical principles. Whether you're a student seeking
clarity or a curious enthusiast, this article aims to deepen your
understanding of how to approach and solve such optimization problems.

---

Understanding the Problem

Restating the problem:

> Find two numbers, say \( x \) and \( y \), such that:
> - Their difference is 144: \( x - y = 144 \)
> - Their product \( P = xy \) is minimized.

Key points:
- The difference constraint is fixed at 144.
- The goal is to minimize the product \( xy \).

---

Conceptual Framework

To approach this problem effectively, it’s important to understand the
foundational concepts involved:

1. Variables and Constraints

- Variables: \( x, y \)
- Constraint: \( x - y = 144 \)

2. Objective Function

- The function to minimize: \( P = xy \)

3. Methodologies



- Algebraic substitution to reduce the number of variables.
- Calculus-based optimization (finding critical points via derivatives).
- Understanding the nature of the critical points (minimum versus maximum).

---

Step-by-Step Solution

Let's now systematically work through the problem.

---

Step 1: Express One Variable in Terms of the
Other

Given the difference:

\[
x - y = 144
\]

We can express \( x \) in terms of \( y \):

\[
x = y + 144
\]

This substitution simplifies the problem to a single variable.

---

Step 2: Write the Product as a Function of One
Variable

The product:

\[
P = xy
\]

Substitute \( x = y + 144 \):

\[
P(y) = (y + 144) \times y = y^2 + 144y
\]



Now, the problem reduces to finding the value of \( y \) that minimizes:

\[
P(y) = y^2 + 144y
\]

---

Step 3: Find the Critical Points Using Calculus

To find the minimum, differentiate \( P(y) \) with respect to \( y \):

\[
P'(y) = 2y + 144
\]

Set the derivative equal to zero to find critical points:

\[
2y + 144 = 0
\]
\[
2y = -144
\]
\[
y = -72
\]

---

Step 4: Verify the Nature of the Critical Point

Find the second derivative:

\[
P''(y) = 2
\]

Since \( P''(y) = 2 > 0 \), the critical point at \( y = -72 \) corresponds
to a minimum.

---



Step 5: Find Corresponding \( x \) and the
Minimum Product

Recall:

\[
x = y + 144
\]

Plug in \( y = -72 \):

\[
x = -72 + 144 = 72
\]

Calculate the minimal product:

\[
P_{min} = xy = 72 \times (-72) = -5184
\]

---

Key Result:

- Numbers: \( x = 72 \), \( y = -72 \)
- Difference: \( 72 - (-72) = 144 \)
- Minimum product: \( \boxed{-5184} \)

---

Interpreting the Result

The minimal product is negative, which might seem unusual at first glance.
But mathematically, there's no restriction against the numbers being
negative; the problem only states the difference is 144. The solution
indicates that to minimize the product, one number should be positive (72),
and the other negative (-72), with their difference exactly 144.

This outcome makes sense because:

- When the two numbers have opposite signs, their product can be negative.
- To minimize the product, having one number as large positive and the other
as large negative (maintaining the difference of 144) pushes the product to
its most negative value.

---

Alternative Perspectives



1. Geometric Interpretation

In the coordinate plane, the set of points satisfying \( x - y = 144 \) forms
a straight line. The product \( xy \) corresponds to the hyperbolic curves in
the plane. The minimal product occurs at the point where this line intersects
the hyperbola \( xy = \text{constant} \) at its lowest point, which aligns
with our calculus-based solution.

2. Symmetry and Significance

- The critical point at \( y = -72 \) is symmetric in the sense that the two
numbers are negatives of each other offset by 144.
- The absolute value of the product at this point indicates the extremum.

---

Extensions and Variations

This problem can be adapted or extended in multiple ways:

- Different difference constraints: For example, find two numbers whose
difference is \( d \) and whose product is minimized.
- Maximizing the product: Instead of minimizing, find the maximum product
under the same difference constraint.
- Additional conditions: Incorporate constraints like positivity or other
bounds.

---

Practical Applications

While this problem is theoretical, its principles are widely applicable:

- Economics: Minimizing costs or maximizing profits under fixed differences.
- Engineering: Designing systems with constraints on component sizes to
optimize performance.
- Computer Science: Optimization problems in algorithms where differences and
product-like measures are involved.

---

Summary of Key Takeaways

- Express the problem in a single variable to simplify.
- Use calculus to find critical points that might represent minima or maxima.
- Verify the nature of critical points via second derivatives.
- Recognize that negative products are possible and meaningful depending on
the context.
- Understand that the extremum in such problems often involves the variables
taking on symmetric or boundary values.



---

Conclusion

The problem of finding two numbers with a fixed difference that minimize
their product is a beautiful illustration of the power of algebra and
calculus in solving optimization problems. It reveals that the minimal
product occurs when one number is positive and the other negative, balancing
the difference constraint. The elegant result, with the minimal product being
\(-5184\), underscores the importance of considering the entire domain of
possible solutions, including negative values.

By applying these principles, you can confidently approach similar problems
in mathematics and related fields, harnessing the synergy of algebraic
manipulation and calculus for optimal solutions.

---

Happy problem-solving!
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