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Understanding vector operations and their properties is fundamental in linear
algebra and vector calculus. When dealing with vectors such as J, K, and I,
often represented as standard basis vectors in three-dimensional space, a
common problem involves finding vectors that are orthogonal to given vectors.
Specifically, this problem asks us to find two unit vectors that are
orthogonal to both J K and I J, with the additional condition that these
vectors have a smaller component along the I (or x-axis) direction.

This task involves several core concepts: vector cross products, dot
products, orthogonality, and normalization. By exploring these concepts step-
by-step, we can determine the required vectors explicitly. The process
includes understanding the vector representations, calculating the necessary
cross products, verifying orthogonality, and finally normalizing the vectors
to ensure they are unit vectors.

In this article, we will delve into the problem in detail, starting with a
review of the relevant vectors, then moving through the mathematical
procedures necessary to find the solutions. We will also discuss the
significance of the "smaller I-component" condition and how it influences the
choice of vectors.

Understanding the Vectors Involved

The Standard Basis Vectors in 3D Space

In three-dimensional Cartesian coordinates, the standard basis vectors are:

I (or i): (1, 0, 0)
-J (or j): (0, 1, 0)
K (or k): (0, 0, 1)

These vectors are mutually orthogonal and of unit length. They form the basis
for any vector in 3D space.



Interpreting the Given Vectors: J K and I J

The notation J K and I J suggests vector products involving the basis
vectors. Typically:

- J K implies the cross product J x K.
I J implies the cross product I x J.

Thus, the problem reduces to finding vectors orthogonal to J x K and I x J.

Calculating the Key Cross Products

Cross Product of J and K

Recall the standard cross product relations among basis vectors:

- ) xK=1
- KxI=1]
- I xJ=K

Applying these, we find:

-JxK=1= (1, 0, 0)
-IxJ=K= (0, 0, 1)
Therefore:

- J K corresponds to J x K =1
- I J corresponds to I x J =K

Finding Vectors Orthogonal To Both J K and I J

Restating the Problem

Given:

0)
1

=1i=(1, O,
= K= (0, 0, 1)



Find vectors V such that:

- V is orthogonal to i (i.e., V - 1 = 0)
- V is orthogonal to K (i.e., V - K = 0)

Additionally, we need two such unit vectors with the smallest possible I

component, meaning their x-component should be as small as possible, ideally
minimized or approaching zero.

Mathematical Conditions for Orthogonality

Let V = (x, y, z). The orthogonality conditions are:

=0-x=0
1=0-2z2=0

C i o=

1.V 0-x1+y0+ 2z
2.V - K=0-x0+y 0+ z
From these, the vector V must satisfy:

-x=0
-2=0

Therefore, V simplifies to:
V=(0,vy, 0)

This indicates that V lies along the y-axis.

Constructing the Unit Vectors

General Form of the Vectors

With the constraints, the vectors orthogonal to both i and K are of the form:
V=1(0,y, 0)

To make V a unit vector, V must satisfy:

[V| = V(02 + y2 + 02) =1

Thus,

ly| =1



which gives two possible vectors:

- V.= (0, 1, 0)
- V2 (0, -1, 0)

These are the two unit vectors orthogonal to both J K and I J.

Considering the Smaller I-Component Condition

Implication for the Vectors

Since the vectors are constrained to have x = 0 (no component along I), their
I-component is already minimized at zero. This aligns with the condition
“smaller I-component."

The vectors Vi and Vz:

- Vi = (0, 1, 0)
- V2 (6, -1, 0)

both have zero I-component, satisfying the requirement for minimality.

Summary of the Solution

- The vectors J K and I J are, respectively, i and K.

- Vectors orthogonal to both are confined to the y-axis (since x and z must
be zero).

- The two unit vectors satisfying the orthogonality are (0, 1, 0) and (0, -1,
0).

- Both vectors have an I-component of zero, fulfilling the "smaller I-
component" condition.

Conclusion

The problem of finding two unit vectors orthogonal to J K and I J with
minimal I-component simplifies to a straightforward process once the vector



cross products are identified. Given the basis vectors:

= J K = i = (1p 0' 0)

-IJ=K=(0, 0, 1)

the vectors orthogonal to both are confined to the y-axis, with explicit
solutions:

Vi (0, 1, 0)

V2 (0, -1, 0)

These vectors are both unit vectors with zero I-component, satisfying the
problem's conditions. This example illustrates how understanding basic vector
operations and basis vectors can lead to elegant solutions for orthogonality
problems in three-dimensional space.

Frequently Asked Questions

What does it mean for two vectors to be orthogonal
to both J K and I J?

It means that the two vectors are perpendicular to each of the vectors J K
and I J, satisfying the dot product condition with both, i.e., their dot
products with these vectors are zero.

How can I find vectors orthogonal to both J K and I
J in three-dimensional space?

You can find such vectors by computing the cross product of J Kand I J,
which yields a vector orthogonal to both. Then, normalize it to obtain unit
vectors.

What is the significance of the 'smaller I-
component' in finding these vectors?

The 'smaller I-component' indicates that among the possible orthogonal
vectors, we are seeking those with the least magnitude in the I (x)
component, potentially to satisfy specific constraints or optimization
criteria.

Are there two unique unit vectors orthogonal to both
J Kand I J with smaller I-components?

Typically, there are two such vectors (opposite directions), but when
considering the smaller I-component, only one of these vectors will have the



minimal I-component value.

How do I verify that a vector is orthogonal to both
J Kand I J7

You verify orthogonality by calculating the dot products: if both are zero,
the vector is orthogonal to both J K and I J.

Can I use the cross product to find these vectors in
vector algebra?

Yes, the cross product of J K and I J gives a vector orthogonal to both,
which can then be scaled or adjusted to find unit vectors with the desired I-
component characteristics.

What steps should I follow to find the unit vectors
with smaller I-components orthogonal to J K and I J7?

First, find the cross product of J Kand I J to get a vector orthogonal to
both. Then, normalize it to a unit vector. Finally, compare the I-components
of the resulting vectors to select the one with the smaller I-component.

Is it necessary to consider the sign of the vectors
when finding the smaller I-component?

Yes, since vectors in opposite directions have I-components of opposite
signs, choosing the vector with the smaller (more negative) I-component
depends on the specific criteria for 'smaller'.

What role does the coordinate system play in finding
these orthogonal vectors?

The coordinate system provides the basis vectors (I, J, K), and understanding
their directions helps in computing cross products and interpreting the
components of the orthogonal vectors.

Can these methods be generalized for finding vectors
orthogonal to other sets of vectors?

Yes, the approach of using cross products and normalization is generalizable
for finding vectors orthogonal to any two vectors in three-dimensional space.

Additional Resources
Find Two Unit Vectors Orthogonal To Both J K And I J: A Detailed



Investigation

In the realm of vector calculus and linear algebra, understanding the
relationships between vectors, especially those involving unit vectors and
their orthogonality properties, is paramount. One intriguing problem involves
finding vectors that are orthogonal to multiple given vectors, specifically
when those vectors are products or combinations of fundamental unit vectors
such as I, J, and K. This investigation focuses on finding two unit vectors
orthogonal to both J K and I J, with an additional constraint of having a
smaller I-component. This problem not only underscores core principles of
vector products and orthogonality but also has implications in physics,
computer graphics, and engineering.

Introduction

The problem at hand requires identifying vectors that satisfy several
conditions simultaneously:

- Orthogonality to J Kand I J
- Unit length (i.e., are unit vectors)
- Have a smaller I-component compared to other possible solutions

These constraints lead us into a detailed exploration of vector algebra,
cross products, and the geometry of three-dimensional space, with particular
attention to the properties of the standard basis vectors I, J, and K.

Fundamental Concepts and Notation

The Standard Basis Vectors
In Cartesian coordinates, the standard basis vectors are:

I: (1, 0, ©O
-J: (0, 1, 0)
K: (6, 0, 1)

These vectors are mutually orthogonal and of unit length, forming the
foundation for vector operations in three-dimensional space.

Cross Product and Orthogonality
The cross product of two vectors produces a vector orthogonal to both:

I

- J K: The cross product of J and K is J x K
I3J: K

The cross product of I and J is I x J

The notation J K and I J is often shorthand for these cross products,
assuming that context.



Clarifying the Problem: Interpreting J K and I J
Before proceeding, it is essential to clarify what J K and I J represent:

- J K: Likely denotes J x K, which equals I
I J: Likely denotes I x J, which equals K

Therefore, the problem simplifies to:

> Find two unit vectors orthogonal to I and K, with a smaller I-component.

Given this interpretation, the problem reduces to identifying vectors
orthogonal to I and K simultaneously.

Mathematical Derivation
Step 1: Identify the orthogonality conditions
The vectors should satisfy:

- Orthogonal to I: Dot product with I equals zero
- Orthogonal to K: Dot product with K equals zero

Let V = (x, y, z) be a generic vector.
The conditions are:

. I1=0 -

v X1 +y0+2z2-0=0-x=20
V:-K=0-x0+y:0+2z1-= =

1.
2.
Thus, the vectors orthogonal to both I and K are of the form:
V=1(0,y, 0)

Step 2: Enforce the unit vector condition

Since V 1is a unit vector:

VI = (82 +y? +02) =1~ |y| =1

Therefore, the two unit vectors orthogonal to both I and K are:

- V.= (0, 1, 0)
- V2 (0, -1, 0)



The I-Component Constraint

The problem specifies smaller I-component, but in the context of the derived
vectors, the I-component is zero. Given that, these vectors already satisfy
the condition of having the minimal possible I-component (which is zero).

Implication: The solutions are the vectors lying along the J direction, with
the I-component being zero, which is the smallest possible magnitude for the
I-component in this scenario.

Extending the Analysis: Alternative Interpretations

The initial interpretation assumes that J K and I J are simply cross
products, leading to a straightforward solution. However, the problem could
be interpreted differently, especially in more complex contexts where J K and
I J are composite vectors or operators. Here, we explore a more general
approach.

Scenario 1: Vectors as products of basis vectors but not cross products
Suppose J K and I J are vectors formed by some other means (e.g.,

multiplication in a different algebraic system). For simplicity, however, the
most consistent interpretation remains the cross product representation.

Geometric Interpretation
The solutions are vectors aligned along the J axis, specifically pointing in
the positive or negative J direction. These vectors are orthogonal to the

plane spanned by I and K, which are the coordinate axes in the x-z plane.

Given the problem's constraint to find vectors with smaller I-components, the
solutions are naturally minimized at zero.

Additional Solutions and Their Significance
While the immediate solutions are:

- Vi = (0, 1, 0)
- V2 (6, -1, 0)

it is worth noting that any scalar multiple of these vectors that maintains
the unit length are also solutions. Since the vectors are already unit
vectors, they represent the extremal points along the J direction.

Other potential solutions:



- Vectors with small I-components but not zero, such as V = (g, 1, 0), where
€ is a small real number, but these are not unit vectors unless € = 0.

Practical Applications and Implications

In Physics

Understanding vectors orthogonal to multiple directions is essential in
mechanics, where forces and velocities often need to be decomposed into
orthogonal components.

In Computer Graphics
Determining orthogonal directions allows for the creation of coordinate
systems, shading calculations, and object orientations.

In Robotics
Joint movements and sensor data often require vectors perpendicular to
certain axes, especially when avoiding obstacles or aligning parts.

Summary of Key Findings

- The vectors orthogonal to both J K and I J are those orthogonal to I and K.
- The solutions are straightforward: (0, x1, 0), lying along the J-axis.

- These solutions inherently have zero I-component, satisfying the "smaller
I-component" criterion.

- The problem illustrates fundamental properties of cross products and
orthogonality in three-dimensional space.

Closing Remarks

The exploration into finding vectors orthogonal to both J K and I J
underscores the elegance of vector algebra. The straightforward nature of the
solutions, grounded in the orthogonality of basis vectors, demonstrates how
fundamental principles can lead to clear, precise answers. This problem
emphasizes the importance of accurately interpreting notation and
constraints, especially in multidimensional vector spaces.

Understanding such relationships forms the backbone of advanced studies in
physics, engineering, and computer science, where the manipulation of vectors
is routine yet profound. The solutions presented here serve as a reminder of
the power of basic vector operations in solving complex problems with clarity
and rigor.
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