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Understanding how many integers lie between 500 and 1000 that include both the digits 3 and 4 is a
fascinating problem in combinatorics and number analysis. This type of question not only tests our
logical reasoning but also helps develop skills in enumeration, pattern recognition, and digit-based
constraints. In this article, we will thoroughly explore the problem, define the criteria, and
systematically determine the count of such integers, providing insights into the underlying reasoning
process.

---

Defining the Range and Conditions

Before delving into calculations, it is important to clarify the parameters of the problem.

Range of Numbers Considered
- The integers are from 500 up to 1000, inclusive.
- Since 1000 is a four-digit number, and our focus is on integers between 500 and 1000, the relevant
numbers are from 500 to 999.

Digits Required
- Each number must contain both the digit 3 and the digit 4.
- The order of these digits within the number can vary.
- The numbers can have 3 digits (from 500 to 999); 1000 is outside the range, so it is excluded.

Summary of Conditions
- The number is a three-digit number between 500 and 999.
- It contains at least one '3' and at least one '4' somewhere in its three digits.

---

Breaking Down the Problem

To approach this systematically, we can think of the problem as:



- Counting all three-digit numbers from 500 to 999.
- Among these, identifying those that contain both 3 and 4.
- Ensuring that other digits can be anything from 0-9, except for the constraints on digit inclusion.

Key Observations
- The hundreds digit ranges from 5 to 9, i.e., 5, 6, 7, 8, 9.
- The tens and units digits can be any digits from 0 to 9.
- For each number, we need to verify the presence of both 3 and 4 somewhere in the three digits.

---

Enumerating the Numbers: Approach and Methodology

To systematically find all such numbers, we will utilize combinatorial reasoning based on the
positions of the digits.

Step 1: Identify the possible hundreds digits
- Since the number is between 500 and 999, the hundreds digit (H) can be 5, 6, 7, 8, or 9.

Step 2: Determine the placement of digits 3 and 4
- Both must appear somewhere in the three digits: hundreds (H), tens (T), or units (U).
- The remaining digit (if any) can be any digit from 0-9, with the only restriction being digit
inclusion.

Step 3: Use complementary counting and case analysis
- Count all numbers that contain both 3 and 4, for each hundreds digit.
- Consider different arrangements of digits 3 and 4 in the hundreds, tens, and units positions.
- Ensure that numbers are within the specified range and meet the inclusion criteria.

---

Detailed Case Analysis

To avoid double counting and ensure accuracy, we will categorize the numbers based on the position
of the digits 3 and 4.



Case 1: Both 3 and 4 are in the last two digits (tens and units)
- The hundreds digit is from 5 to 9.
- The tens and units digits form the pair containing 3 and 4 in some order.

Subcase 1a: Hundreds digit is not 3 or 4
- H ≠ 3, 4
- T and U contain 3 and 4 in some order
- The hundreds digit is from {5,6,7,8,9} \ {3,4} = {5,6,7,8,9}
- Number of options for H: 5 (since all are valid, as none is 3 or 4)
- T and U contain 3 and 4 in some order:
- Possible arrangements: (3,4) or (4,3)
- For each arrangement, the digits are fixed.
- Total for this subcase:
- Number of options for H: 5
- Number of arrangements for T and U: 2
- Total count: 5 2 = 10

Subcase 1b: Hundreds digit is 3 or 4
- H = 3 or H = 4
- Since the number must contain both 3 and 4, and H is 3 or 4, the other digit must be the remaining
digit (either 4 if H=3, or 3 if H=4).
- T and U are the remaining digits, which can be any digits from 0-9, with the restriction that they
include the missing digit to ensure both 3 and 4 are present.
- For H=3:
- T and U must include 4
- For H=4:
- T and U must include 3

Counting arrangements where T and U include the missing digit:

- For H=3:
- T and U can be any digits, but must include 4.
- Number of options for T and U:
- T = 4, U can be any digit (0-9): 10 options
- T can be any digit (0-9), U=4: 10 options
- But if both T and U are 4, it is only counted once.
- Total options: 10 + 10 - 1 (double counting when T=4 and U=4)
- So total: 19

- For H=4:
- Similarly, T and U must include 3.
- Total options: 19 (by the same reasoning).

Total for this subcase:
- H=3: 19
- H=4: 19
- Combined total: 38



---

Summary of Counts

Adding all the cases together:

| Case | Description | Count |
|---------|------------------------------|-------|
| 1a | H ≠ 3,4; T and U contain 3 and 4 | 10 |
| 1b | H=3; T and U include 4 | 19 |
| 1b | H=4; T and U include 3 | 19 |

Total count = 10 + 19 + 19 = 48

Note: We need to verify if there are any other arrangements or overlaps that could lead to double
counting or omissions.

---

Checking for Overlaps and Completeness

- The counts for each case are mutually exclusive because:
- Case 1a involves H ≠ 3,4, T and U contain 3 and 4.
- Case 1b involves H=3 or 4, with T and U containing the remaining digit.
- No overlaps exist between these cases.

Thus, the total number of integers between 500 and 999 that contain both the digits 3 and 4 is 48.

---

Final Verification and Additional Considerations

- We should verify if numbers like 534 or 431 are included:
- 534: contains 3 and 4, within range, should be counted.
- 431: contains 4 and 3, within range, should be counted.
- All such combinations are accounted for within the above counts.

---

Conclusion

After a detailed analysis considering all positional arrangements, digit constraints, and the range



limitations, we find that 48 integers between 500 and 1000 contain both the digits 3 and 4.

This problem highlights the importance of systematic enumeration, case analysis, and combinatorial
reasoning in solving digit-inclusion problems. Such techniques are valuable in various applications,
including cryptography, data validation, and combinatorial mathematics.

---

Summary of Key Points

The integers considered are from 500 to 999.

Numbers must include both digits 3 and 4 somewhere in their three digits.

Using case analysis based on the position of 3 and 4, we derived the total count.

The final answer is 48 integers.

Understanding such digit-based problems enhances problem-solving skills and promotes a deeper
appreciation for combinatorial mathematics and logical reasoning.

Frequently Asked Questions

How many integers between 500 and 1000 contain both the
digits 3 and 4?
There are 34 integers between 500 and 1000 that contain both the digits 3 and 4.

What is the method to determine the count of numbers
containing both 3 and 4 between 500 and 1000?
The method involves analyzing three-digit numbers in the range, considering the positions of digits 3
and 4, and counting all valid combinations that include both digits without exceeding 1000.

Are numbers like 534 or 743 included in the count of integers
containing both 3 and 4 between 500 and 1000?
Yes, numbers like 534 and 743 include both digits 3 and 4 and are part of the total count.

Do numbers with repeated digits, such as 433 or 344, count



towards the total of integers containing both 3 and 4?
Yes, any number between 500 and 1000 that contains at least one 3 and one 4, including those with
repeated digits like 433 or 344, are included in the total.

Is the number 500 included in the count of integers
containing both 3 and 4?
No, 500 does not contain either the digit 3 or 4, so it is not included in the count.

Can the number 999 be part of the count of integers between
500 and 1000 containing both 3 and 4?
No, 999 does not contain either the digit 3 or 4, so it is not part of the count.

Additional Resources
How Many Integers Between 500 And 1000 Contain Both The Digits 3 And 4

Understanding the distribution of specific digits within a range of integers is a classic problem in
combinatorics and number theory. Specifically, determining how many integers between 500 and
1000 include both the digits 3 and 4 involves careful analysis of digit positions, constraints, and
possible arrangements. This problem not only sharpens logical reasoning but also provides insight
into combinatorial enumeration techniques.

In this comprehensive review, we will explore the problem in depth, covering definitions, methods,
and detailed solutions. The goal is to equip you with a thorough understanding of how to approach
similar problems and to clarify the reasoning process step-by-step.

---

Understanding the Range and Basic Constraints

Before diving into the solution, it’s essential to clarify the range and the criteria:

- Range of integers: 500 to 1000, inclusive.
- Digits of interest: both 3 and 4 must appear somewhere in the number.
- Number length:
- The numbers from 500 to 999 are three-digit numbers.
- The number 1000 is a four-digit number, which contains '1' and '0's, but since the digits 3 and 4 are
not present, it can be excluded from the count.
- Inclusion criteria:
- The number must contain both digits 3 and 4.
- It may contain other digits as well.

Given these constraints, the problem simplifies to counting three-digit numbers from 500 to 999 that



contain both 3 and 4, with the possibility of other digits.

---

Breaking Down the Problem: Key Observations

To systematically count the numbers, consider the following:

- All numbers are three-digit numbers with hundreds digit from 5 to 9 (since 500–999).
- The digits 3 and 4 must be present somewhere within these three digits.
- The order of digits can vary, so permutations are involved.
- Additional digits (if any) are allowed, provided the presence of both 3 and 4.

---

Step 1: Determine the Possible Positions of Digits 3 and
4

Since the number is three digits long, and both 3 and 4 need to be present, there are several
scenarios:

- Scenario A: One digit is in the hundreds place, and the other in one of the remaining positions.
- Scenario B: Both digits 3 and 4 appear in the hundreds, tens, and units places, with the third digit
being any digit from 0-9 (except that the hundreds digit cannot be zero as it’s a three-digit number).

Because the hundreds digit ranges from 5 to 9, the presence of 3 or 4 in the hundreds place is only
possible if the hundreds digit is 3 or 4. But since the hundreds digit cannot be less than 5 in the
given range (500–999), it follows:

- The hundreds digit cannot be 3 or 4, because numbers 300–499 are outside our range.
- Therefore, the hundreds digit is always in {5,6,7,8,9}.

This insight narrows down the possibilities:

- Digits 3 and 4 must both appear in either the tens and units place (since hundreds digit cannot be 3
or 4).
- The remaining digit (the hundreds digit) can be 5, 6, 7, 8, or 9, and can be any digit (0-9), but in
our range, the hundreds digit is from 5-9, so the only restriction is it must be within that set.

Conclusion:

- The hundreds digit is in {5,6,7,8,9}.
- The digits 3 and 4 are in the tens and units places, in some order.
- The third digit (hundreds digit) can be any digit from 5–9, which does not affect the presence of 3
and 4.



---

Step 2: Enumerate Possible Digit Arrangements

Given the above, the main focus is on the last two digits:

- Must contain both 3 and 4 in the last two digits.
- The hundreds digit is from 5–9 and can be any digit, not necessarily related to 3 or 4.

Possible arrangements:

1. Digits 3 and 4 in the tens and units places, in both orders:
- 3 in tens, 4 in units
- 4 in tens, 3 in units

2. Hundreds digit is any digit from 5–9

Since the hundreds digit doesn't influence whether 3 and 4 are in the number (except that it must be
5–9), our counting reduces to:

- For each hundreds digit (5,6,7,8,9), count the numbers where the last two digits are permutations
of 3 and 4.

---

Step 3: Counting the Numbers

Let's formalize the counting:

- Number of options for the hundreds digit: 5 (digits 5–9)
- Number of options for the last two digits:
- The last two digits must contain both 3 and 4.
- The two positions (tens and units) are occupied by 3 and 4 in some order.

Total permutations of 3 and 4 in two positions:

- 3 in tens, 4 in units
- 4 in tens, 3 in units

Thus, 2 arrangements for the last two digits.

Since the hundreds digit can be any digit from 5 to 9, the total count is:

\[
\text{Total} = \text{Number of choices for hundreds digit} \times \text{Number of arrangements
for last two digits} = 5 \times 2 = 10



\]

---

Step 4: Listing the Valid Numbers

To verify, list all such numbers explicitly:

| Hundreds digit | Tens digit | Units digit | Number | Contains both 3 and 4? |
|------------------|--------------|--------------|---------|-------------------------|
| 5 | 3 | 4 | 534 | Yes |
| 5 | 4 | 3 | 543 | Yes |
| 6 | 3 | 4 | 634 | Yes |
| 6 | 4 | 3 | 643 | Yes |
| 7 | 3 | 4 | 734 | Yes |
| 7 | 4 | 3 | 743 | Yes |
| 8 | 3 | 4 | 834 | Yes |
| 8 | 4 | 3 | 843 | Yes |
| 9 | 3 | 4 | 934 | Yes |
| 9 | 4 | 3 | 943 | Yes |

Total count: 10

---

Additional Considerations and Edge Cases

While the above counting is straightforward, it’s prudent to check for potential edge cases or
assumptions:

- Are there any numbers outside the considered arrangements?
No. Since the hundreds digit is always ≥5 and the last two digits contain both 3 and 4, all valid
numbers are covered.

- Could the number 1000 be included?
No. 1000 contains digits 1 and 0s only, so it does not contain 3 or 4.

- Are there any other permutations or configurations?
Since the digits 3 and 4 must both be present somewhere, and the hundreds digit cannot be 3 or 4,
the only options are the arrangements listed.

- Are there numbers with 3 or 4 in the hundreds place?
No, because hundreds digit is between 5 and 9, which excludes 3 and 4.

- What about numbers with leading zeros?
Not applicable, as all numbers are three digits with hundreds digit ≥5.



---

Final Summary and Conclusion

- Total integers between 500 and 999 that contain both the digits 3 and 4: 10

- Methodology:
- Recognized that hundreds digit cannot be 3 or 4.
- Concluded that both 3 and 4 must appear in the last two digits.
- Enumerated the possible arrangements of 3 and 4 in the last two digits.
- Counted the total possibilities considering the choices for the hundreds digit and the arrangements
of 3 and 4.

This problem illustrates a practical application of combinatorics, particularly permutations with
restrictions, and emphasizes the importance of understanding digit placement constraints.

---

Extensions and Related Problems

The methodology used here can be extended or adapted to other digit-based counting problems:

- How many numbers between 100 and 999 contain both digits 1 and 9?
- Counting numbers with multiple specific digits in certain positions.
- Problems involving digit sums, divisibility, or other digit-based properties within ranges.

Understanding the fundamental approach—breaking down the problem by digit positions,
constraints, and arrangements—serves as a powerful tool for tackling a
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