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Understanding recursive sequences is fundamental in mathematics, especially
in the study of sequences and series. The sequence defined by \(a_1 = 5\) and
the recurrence relation \(a_{n+1} = 5a_n\) presents an interesting case to
analyze, as it exemplifies a simple yet powerful linear recurrence. This
article delves into the properties, explicit formulas, and applications of
this sequence, providing a comprehensive exploration suitable for students,
educators, and enthusiasts alike.

Defining the Sequence and Initial Observations

Sequence Definition
The sequence \(\{a_n\}\) is given by:
- Initial term: \(a_1 = 5\)
- Recurrence relation: \(a_{n+1} = 5a_n\)

This recurrence indicates that each term is obtained by multiplying the
previous term by 5. Such sequences are known as geometric sequences because
of their multiplicative pattern.

First Few Terms
Let's compute the first few terms to observe the pattern:
- \(a_1 = 5\)
- \(a_2 = 5a_1 = 5 \times 5 = 25\)
- \(a_3 = 5a_2 = 5 \times 25 = 125\)
- \(a_4 = 5a_3 = 5 \times 125 = 625\)
- \(a_5 = 5a_4 = 5 \times 625 = 3125\)

These initial terms clearly show rapid growth, characteristic of exponential
sequences.

Understanding Geometric Sequences



What Is a Geometric Sequence?
A geometric sequence is a sequence of numbers where each term after the first
is found by multiplying the previous term by a fixed, non-zero constant
called the common ratio \(r\).

In our case:
- First term \(a_1 = 5\)
- Common ratio \(r = 5\)

Thus, the sequence follows the pattern:
\[
a_n = a_1 \times r^{n-1}
\]

Explicit Formula for the Sequence
Given the recursive nature and the common ratio, the explicit formula for the
sequence is:
\[
a_n = 5 \times 5^{n-1} = 5^n
\]

This formula allows us to compute any term directly without recursion, which
is valuable in analysis and calculation.

Deriving the Explicit Formula

Mathematical Derivation
Starting from the recursive relation:
\[
a_{n+1} = 5 a_n
\]
and knowing that \(a_1 = 5\), we can observe that:
\[
a_2 = 5a_1 = 5 \times 5 = 5^2
\]
\[
a_3 = 5a_2 = 5 \times 5^2 = 5^{3}
\]
Continuing this pattern:
\[
a_4 = 5a_3 = 5 \times 5^3 = 5^{4}
\]
By induction, it follows that:
\[



a_n = 5^{n}
\]

Implications of the Explicit Formula
The formula \(a_n = 5^{n}\) simplifies sequence analysis. It enables easy
computation, limit analysis, and understanding of growth behavior.

Analyzing the Sequence’s Behavior

Growth Rate
Since \(a_n = 5^{n}\), the sequence exhibits exponential growth. As \(n\)
increases:
- \(a_n\) increases rapidly
- The sequence diverges to infinity

Limit of the Sequence
The limit as \(n \to \infty\):
\[
\lim_{n \to \infty} a_n = \lim_{n \to \infty} 5^n = \infty
\]
The sequence diverges, indicating unbounded growth.

Graphical Representation
Plotting the sequence:
- The graph shows exponential growth
- The points \((n, a_n)\) rise steeply as \(n\) increases

This visualization aids in understanding the rapid escalation of the
sequence.

Applications and Extensions

Applications of Geometric Sequences
Geometric sequences like \(\{a_n\}\) appear in various fields:
- Population modeling: populations growing exponentially
- Finance: compound interest calculations
- Physics: radioactive decay or growth processes



- Computer science: algorithm analysis, recurrence relations

Extensions and Variations
While this sequence has a constant ratio, variations include:
- Changing the initial term \(a_1\)
- Using different ratios \(r\)
- Introducing non-constant ratios for more complex models

These variations enable modeling a broader range of phenomena.

Summary and Key Takeaways
- The sequence \(\{a_n\}\) defined by \(a_1 = 5\) and \(a_{n+1} = 5a_n\) is a
geometric sequence with ratio 5.
- Its explicit form is \(a_n = 5^n\), providing a straightforward method for
calculation.
- The sequence exhibits exponential growth, diverging to infinity as \(n\)
increases.
- Understanding such sequences is essential in various scientific and
mathematical contexts, demonstrating the importance of recursive and explicit
formulas.

Conclusion
Investigating the sequence \(\{a_n\}\) reveals fundamental properties of
geometric sequences. Starting from a simple recursive relation, we derived an
explicit formula that simplifies analysis and highlights the exponential
nature of growth. Recognizing and understanding such sequences allow
mathematicians and scientists to model real-world phenomena, analyze
algorithms, and explore the properties of exponential functions.

Whether in theoretical mathematics or practical applications, the sequence
exemplifies the power of recursive relations and their explicit solutions,
enriching our comprehension of exponential processes across disciplines.

Frequently Asked Questions

What is the explicit formula for the sequence {a_n}
defined by a_1 = 5 and a_{n+1} = 5a_n?
The explicit formula is a_n = 5^n.



How do we derive the explicit formula from the
recursive definition a_{n+1} = 5a_n?
Since each term is multiplied by 5, the sequence is geometric with ratio 5.
Starting from a_1 = 5, the nth term is a_n = 5 5^{n-1} = 5^n.

What is the value of the 4th term in the sequence
{a_n}?
Using the explicit formula, a_4 = 5^4 = 625.

Is the sequence {a_n} increasing or decreasing?
The sequence is increasing because each term is multiplied by 5, leading to
exponential growth.

What is the limit of the sequence {a_n} as n
approaches infinity?
Since the terms grow exponentially, the sequence diverges to infinity.

Can the sequence {a_n} be considered a geometric
sequence?
Yes, because each term is obtained by multiplying the previous term by a
constant ratio of 5.

How does the recursive formula relate to the
explicit formula in this sequence?
The recursive formula a_{n+1} = 5a_n leads to the explicit formula a_n = 5^n
by repeatedly applying the ratio starting from a_1 = 5.

What real-world phenomena can be modeled by a
sequence like {a_n}?
Sequences like {a_n} can model exponential growth processes such as
population growth, compound interest, or radioactive decay (when considering
decay, the ratio would be less than 1).

Additional Resources
Investigation of the Sequence {aₙ} Defined by a₁ = 5, aₙ₊₁ = 5aₙ

The sequence defined by the initial term a₁ = 5 and the recurrence relation



aₙ₊₁ = 5aₙ presents an intriguing case study in geometric progressions. Its
simplicity allows for straightforward analysis, yet it also opens the door to
exploring broader concepts in sequences, series, and mathematical growth
patterns. This article aims to thoroughly investigate this sequence,
exploring its properties, closed-form expression, convergence, divergence,
and potential applications.

---

Understanding the Sequence {aₙ}

Definition and Initial Terms
The sequence is specified as follows:
- Starting point: a₁ = 5
- Recurrence relation: aₙ₊₁ = 5aₙ

Calculating the first few terms:
- a₁ = 5
- a₂ = 5 5 = 25
- a₃ = 5 25 = 125
- a₄ = 5 125 = 625
- a₅ = 5 625 = 3125

From these calculations, it’s evident that the sequence exhibits exponential
growth, with each term being five times the previous term.

General Term and Closed-Form Expression
To understand the sequence more comprehensively, deriving a general formula
for the nth term is essential.

Given the recurrence:
aₙ₊₁ = 5aₙ

and initial condition:
a₁ = 5

We can observe:
a₂ = 5a₁ = 5 5 = 5²
a₃ = 5a₂ = 5 5² = 5³
a₄ = 5a₃ = 5 5³ = 5⁴

By induction, the pattern continues, leading to the closed-form:
aₙ = 5ⁿ

This expression simplifies the analysis, allowing us to examine the



sequence's behavior directly.

---

Analysis of the Sequence Properties

Growth Pattern and Behavior
The sequence aₙ = 5ⁿ demonstrates exponential growth:
- As n increases, aₙ grows rapidly.
- For large n, the terms become enormous, reflecting the exponential nature.

This rapid increase highlights the explosive growth characteristic of
geometric sequences with ratio r > 1.

Convergence and Divergence
- Since aₙ = 5ⁿ and 5 > 1, the sequence diverges as n approaches infinity.
- The terms tend toward infinity, indicating that the sequence does not
converge to a finite limit.

Mathematically:
\[
\lim_{n \to \infty} a_n = \lim_{n \to \infty} 5^n = \infty
\]

Implication: The sequence diverges exponentially.

Sum of the Sequence and Series
While the sequence itself diverges, the sum of the first n terms forms a
geometric series:

\[
S_n = a_1 + a_2 + ... + a_n = 5 + 25 + 125 + ... + 5^n
\]

The sum of a geometric series is:
\[
S_n = a_1 \frac{r^n - 1}{r - 1} \quad \text{where} \quad r = 5
\]

Plugging in the numbers:
\[
S_n = 5 \frac{5^n - 1}{5 - 1} = 5 \frac{5^n - 1}{4}
\]



As n approaches infinity:
\[
\lim_{n \to \infty} S_n = \infty
\]

indicating that the series also diverges.

---

Applications and Implications of the Sequence

Mathematical and Educational Significance
- The sequence exemplifies basic geometric progression principles.
- Useful as an introductory example in learning about exponential growth.
- Demonstrates the importance of ratio in determining convergence/divergence.

Real-World Applications
Sequences of this form model various phenomena, including:
- Population growth under ideal conditions.
- Compound interest calculations in finance.
- Radioactive decay or growth (with modifications).
- Computer science algorithms involving exponential time complexity.

Note: While the sequence here grows exponentially, many real-world systems
involve decay or bounded growth, which require different models.

Limitations and Considerations
- The sequence's rapid divergence limits its direct application in modeling
systems with stable or bounded behavior.
- Practical applications often involve modifications to the recurrence
relation to incorporate constraints or damping factors.

---

Pros and Cons of the Sequence {aₙ}

Pros:
- Simplicity: The sequence is straightforward to analyze.
- Clear pattern: The closed-form expression makes predictions trivial.
- Illustrative: Excellent for teaching exponential growth concepts.
- Foundation for more complex sequences: Serves as a baseline for



understanding geometric progressions.

Cons:
- Rapid divergence: Not suitable for modeling systems requiring bounded
behavior.
- Lack of complexity: The sequence's simplicity limits its applicability
beyond fundamental demonstrations.
- Limited real-world direct application: Without modifications, its
exponential growth is often unrealistic.

---

Extensions and Variations

While the sequence as defined is quite simple, exploring variations can yield
more nuanced insights:
- Changing the initial term: For example, starting with a different number.
- Adjusting the ratio: Using a different multiplier than 5, such as r ≠ 5.
- Incorporating damping factors: Adding terms or coefficients to simulate
decay.
- Adding randomness: Introducing stochastic elements for probabilistic
modeling.

These variations help in understanding a broader class of sequences and their
behaviors.

---

Conclusion

The sequence aₙ = 5ⁿ, initiated with a₁ = 5 and defined by the recurrence
relation aₙ₊₁ = 5aₙ, exemplifies a classic geometric progression. Its
exponential growth underscores fundamental concepts in sequence analysis,
including divergence, closed-form solutions, and series summation. While its
simplicity limits some practical applications, it remains a powerful
pedagogical tool for illustrating the principles of geometric sequences and
exponential functions. Understanding this sequence provides a foundation for
exploring more complex mathematical models and their behaviors, highlighting
the importance of ratios and initial conditions in determining a sequence's
long-term behavior. Future investigations can involve variations or
extensions to adapt the sequence for specific real-world phenomena or higher-
level mathematical studies.
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