Is IT TRUE THAT IF A AND B ARE MN, THEN BoTH ABT AND
ATB ARE DEFINED.

Is IT TRUE THAT IF A AnD B ARe MN, THEN BoTH ABT Anp ATB AREe DEFINED.

THIS QUESTION TOUCHES UPON FUNDAMENTAL CONCEPTS IN AUTOMATA THEORY AND FORMAL LANGUAGE THEORY, AREAS
WITHIN THEORETICAL COMPUTER SCIENCE THAT ANALYZE COMPUTATIONAL MODELS AND THEIR CAPABILITIES. UNDERSTANDING
WHETHER THE CONCATENATIONS AB*T AND A™T B ARE WELL-DEFINED WHEN A AND B ARE ELEMENTS OF M_ N—PRESUMABLY
THE SET OF NXN MATRICES—REQUIRES A DEEP DIVE INTO THE NATURE OF MATRICES, THEIR OPERATIONS, AND HOW THESE RELATE
TO AUTOMATA AND FORMAL LANGUAGES. IN THIS ARTICLE, WE WILL EXPLORE THE UNDERLYING PRINCIPLES, CLARIFY WHAT IS
MEANT BY A AND B BEING INM_N, AND ANALYZE THE CONDITIONS UNDER WHICH THE CONCATENATIONS AB”T AnD A™T B ARE
DEFINED, CONNECTING THESE IDEAS TO BROADER COMPUTATIONAL THEORY.

UNDERSTANDING THE NOTATION AND CONTEXT

\WHAT DOES M_N REPRESENT?

M_N GENERALLY DENOTES THE SET OF ALL NXN MATRICES OVER A PARTICULAR FIELD, SUCH AS THE REAL NUMBERS ( ),
COMPLEX NUMBERS ( ), OR FINITE FIELDS. THESE MATRICES FORM AN ALGEBRA UNDER MATRIX ADDITION AND MULTIPLICATION,
AND THESE OPERATIONS ARE WELL-DEFINED FOR ANY PAIR OF MATRICES IN M_N.

INTERPRETING A AND B AS ELEMENTS OF M_N

IF A AND B ARE ELEMENTS OF M_N, THEY ARE NXN MATRICES. THE OPERATIONS INVOLVING A AND B—SUCH AS
MULTIPLICATION, TRANSPOSE, AND ADDITION——ARE STANDARD AND ALWAYS DEFINED WITHIN M_N. FOR EXAMPLE:
- THE PRODUCT AB IS AN NXN MATRIX OBTAINED VIA STANDARD MATRIX MULTIPLICATION.

- THE TRANSPOSE A" T IS ALSO AN NXN MATRIX, OBTAINED BY FLIPPING A OVER ITS DIAGONAL.

THEREFORE, WITHIN THE CONTEXT OF MATRICES, THE OPERATIONS AB”T AND A™T B ARE WELL-DEFINED, BECAUSE:
- B™T IS WELL-DEFINED AS THE TRANSPOSE OF B.

- THe PRODUCT AB” T, BEING THE PRODUCT OF TWO NXN MATRICES, IS DEFINED.

- SIMILARLY, A™T B IS DEFINED AS WELL.

MATRIX OPERATIONS AND THEIR DOMAINS

MATRIX MULTIPLICATION

MATRIX MULTIPLICATION IS ONLY DEFINED WHEN THE MATRICES INVOLVED ARE CONFORMABLE—MEANING THE NUMBER OF
COLUMNS IN THE FIRST MATRIX EQUALS THE NUMBER OF ROWS IN THE SECOND MATRIX. SINCE A AND B ARE BOTH NXN MATRICES,
THEIR PRODUCTS AB AND AT B ARE WELL-DEFINED:

- AB: MULTIPLY AN NXN MATRIX A BY ANOTHER NXN MATRIX B.

- AT B: MULTIPLY THE TRANSPOSE OF A (STILL NXN) BY B (NXN).

THIS CONFORMABILITY GUARANTEES THAT BOTH AB™T AND A™T B ARE VALID OPERATIONS IN M_N.



TrRANSPOSE OPERATION

THE TRANSPOSE OF A MATRIX, DENOTED AS A" T, SWAPS ROWS WITH COLUMNS. THE TRANSPOSE OPERATION IS ALWAYS
DEFINED FOR ANY MATRIX IN M_N, PRODUCING ANOTHER NXN MATRIX. THEREFORE, AT AND BT EXIST FOR ANY MATRICES A
AND B INM_N.

ARe BoTH AB*T anp A”T B ALWAYS DeriNeD WHEN A, BF] M_N?

BASED ON THE PROPERTIES OF MATRICES, THE ANSWER IS YES. W/HEN A AND B ARE NXN MATRICES OVER ANY FIELD, THEN:
- THE TRANSPOSE OF B, B"T, IS ALWAYS DEFINED.

- THE MATRIX PRODUCT AB”T IS ALWAYS DEFINED SINCE BOTH ARE NXN MATRICES.

- SIMILARLY, THE PRODUCT AT B IS ALWAYS DEFINED.

Hence, BoTH AB™T AND A™T B ARE WELL-DEFINED MATHEMATICAL OBJECTS WITHIN M_N.

IMPLICATIONS IN AUTOMATA THEORY AND FORMAL LANGUAGES

ALTHOUGH THE ABOVE DISCUSSION CENTERS ON MATRICES, THE ORIGINAL QUESTION HINTS AT AUTOMATA THEORY,
CONSIDERING THE NOTATION INVOLVING MN (OFTEN USED TO DENOTE MONOIDS OR AUTOMATA). THIS OPENS A BROADER
PERSPECTIVE!:

AUTOMATA AND MONOIDS

IN AUTOMATA THEORY, A AND B COULD REPRESENT ELEMENTS OF MONOIDS OR SEMIGROUPS——ALGEBRAIC STRUCTURES WITH AN
ASSOCIATIVE BINARY OPERATION AND AN IDENTITY ELEMENT. W/HEN CONSIDERING SUCH STRUCTURES, THE QUESTION OF
WHETHER CONCATENATIONS LIKE AB™T AND AT B ARE DEFINED DEPENDS ON THE OPERATION AND THE ELEMENTS’ PROPERTIES.

CONCATENATION AND TRANSPOSITION IN FORMAL LANGUAGES

IF A AND B ARE STRINGS OR WORDS OVER AN ALPHABET, THEN THEIR CONCATENATIONS AB AND AT B (wHere AT couLd
REPRESENT SOME FORM OF REVERSAL OR TRANSPOSE OF A) ARE CONSIDERED. WHETHER THESE CONCATENATIONS ARE DEFINED
DEPENDS ON THE CONTEXT:

- IN STRING CONCATENATION, BOTH AB AND A™T B ARE ALWAYS DEFINED, PROVIDED A AND B ARE STRINGS.

- THE “"TRANSPOSE” OPERATION IS NOT STANDARD IN STRING LANGUAGES BUT CAN BE INTERPRETED AS REVERSAL OR SOME
TRANSFORMATION.

THEREFORE, THE QUESTION,S INTERPRETATION HEAVILY DEPENDS ON THE CONTEXT:. WHETHER THE ELEMENTS ARE MATRICES,
STRINGS, OR ALGEBRAIC ELEMENTS.

SUMMARY AND FINAL CONSIDERATIONS

To SUMMARIZE:
- IF A AND B ARE ELEMENTS OF M_N, THE SET OF NXN MATRICES OVER A FIELD, THEN BOTH AB”T AND AT B ARE ALWAYS
DEFINED. THIS IS BECAUSE MATRIX MULTIPLICATION AND TRANSPOSITION ARE ALWAYS WELL-DEFINED FOR MATRICES OF THE



SAME SIZE.

- THE KEY FACTORS ARE CONFORMABILITY AND THE DOMAIN OF THE ELEMENTS INVOLVED. FOR MATRICES, THESE OPERATIONS
ARE STRAIGHTFORW ARD.

- |F THE QUESTION PERTAINS TO AUTOMATA, STRINGS, OR ALGEBRAIC STRUCTURES, THE ANSWER DEPENDS ON THE SPECIFIC
DEFINITIONS AND OPERATIONS IN THOSE CONTEXTS.

IN CONCLUSION, GIVEN THAT A AND B ARE ELEMENTS OF M_N—MEANING MATRICES OF THE SAME SIZE—BOTH AB”T anD A™T
B ARE INDEED ALWAYS DEFINED. THE OPERATIONS ARE VALID WITHIN THE ALGEBRA OF MATRICES, AND THERE ARE NO
RESTRICTIONS THAT PREVENT THEIR COMPUTATION. THIS UNDERSTANDING UNDERSCORES THE IMPORTANCE OF CLEAR DEFINITIONS
AND CONTEXT WHEN INTERPRETING SUCH QUESTIONS IN MATHEMATICAL AND COMPUTATIONAL FRAMEW ORKS.

ADDITIONAL RESOURCES FOR FURTHER STUDY

- LINEAR ALGEBRA TEXTBOOKS: FOR DETAILED EXPLANATIONS OF MATRIX OPERATIONS, TRANSPOSE, AND PROPERTIES OF M_N.
- AUTOMATA AND FORMAL LANGUAGE THEORY: TO EXPLORE HOW ALGEBRAIC STRUCTURES RELATE TO AUTOMATA BEHAVIOR
AND LANGUAGE RECOGNITION.

- MATHEMATICAL LOGIC AND ALGEBRA: FOR UNDERSTANDING MONOIDS, SEMIGROUPS, AND THEIR APPLICATIONS IN THEORETICAL
COMPUTER SCIENCE.

IF YOU HAVE FURTHER QUESTIONS ABOUT MATRICES, AUTOMATA, OR ALGEBRAIC STRUCTURES, EXPLORING THESE TOPICS CAN
DEEPEN YOUR UNDERSTANDING OF THE FOUNDATIONAL PRINCIPLES INVOLVED.

FREQUENTLY AskeD QUESTIONS

IN THE CONTEXT OF MATRICES, IF A AND B ARE BOTH M BY N, ARE AB*T anD A*T B
ALWAYS DEFINED?

YES, IF A AND B ARE BOTH M BY N MATRICES, THEN AB”T (WHICH IS M 8Y M) AND A™T B (WHICH IS N BY N) ARE BOTH
DEFINED, AS THEIR DIMENSIONS ALIGN FOR MATRIX MULTIPLICATION.

DOES THE STATEMENT HOLD TRUE ONLY WHEN A AND B ARE SQUARE MATRICES OF THE
SAME SIZE?

NO, THE STATEMENT IS TRUE WHEN A AND B ARE BOTH M BY N MATRICES; THEY DO NOT NEED TO BE SQUARE. T HE KEY IS THAT
THE DIMENSIONS PERMIT THE MULTIPLICATIONS FOR AB*T anp AT B.

ARe AB*T AnD AT B ALWAYS DEFINED IF A AND B ARE MATRICES WITH THE SAME
NUMBER OF COLUMNS?

YES, IF BOTH A AND B ARE M BY N MATRICES (1.E., SAME NUMBER OF COLUMNS), THEN AB”T AND A™T B ARE BOTH DEFINED,
WITH RESPECTIVE SIZES M BY M AND N BY N.

\WHAT ARE THE DIMENSIONS OF AB*T AND A*T B IF A AND B ARE BOTHM BY N
MATRICES?

IF A AND B ARE M BY N MATRICES, THEN AB"T IsMmBY M, AND A”T B IS NBY N.



Is THE DEFINITION OF AB*T AND AT B DEPENDENT ON A AND B BEING MATRICES OF
SPECIFIC TYPES?

NO, AS LONG AS A AND B ARE MATRICES WITH COMPATIBLE DIMENSIONS (BOTH M BY N), THEN AB"T AND AT B ARE WELL-
DEFINED, REGARDLESS OF OTHER PROPERTIES.

CAN AB™T AnD AT B BE UNDEFINED IF A AND B ARE NOT OF COMPATIBLE
DIMENSIONS?

YES, IF THE DIMENSIONS OF A AND B DO NOT PERMIT THE MULTIPLICATIONS (FOR EXAMPLE, IF THEIR INNER DIMENSIONS DON'T
MATCH), THEN AB”T AND A"T B MAY BE UNDEFINED.

IS IT ALWAYS TRUE THAT IF A AND B ARE MN, THEN BOTH AB"T AND AT B ARE
WELL-DEFINED?

YES, IF A AND B ARE BOTH M BY N MATRICES (ELEMENTS OF M_{MXN}), THEN BOTH AB*T AND AT B ARE PROPERLY DEFINED
AND THEIR DIMENSIONS ARE COMPATIBLE.

DOES THE PROPERTY OF A AND B BEING IN MN IMPLY ANY SPECIFIC PROPERTIES OF
AB*T ano AT B?

NoT NECESSARILY, BEING IN MN (M BY N MATRICES) ENSURES THE OPERATIONS ARE DEFINED, BUT IT DOES NOT IMPLY PROPERTIES
LIKE SYMMETRY OR INVERTIBILITY FOR THE PRODUCTS.

ARE THERE SPECIAL CONDITIONS UNDER WHICH AB*T AND AT B ARE NOT ONLY
DEFINED BUT ALSO HAVE PARTICULAR PROPERTIES LIKE SYMMETRY?

YES, FOR EXAMPLE, IF A = B, THEN AB”T AND A"T B MAY HAVE SYMMETRY PROPERTIES; HOWEVER, IN GENERAL, THEIR
PROPERTIES DEPEND ON THE SPECIFIC MATRICES INVOLVED.

ADDITIONAL RESOURCES
Is IT TrRUE THAT IF A AND B ARe MN, THEN BoTH ABT Anp ATB ARE DEFINED?

(UNDERSTANDING THE INTRICACIES OF MATRIX MULTIPLICATION AND THE CONDITIONS UNDER WHICH THESE OPERATIONS ARE
DEFINED IS FUNDAMENTAL IN ADVANCED LINEAR ALGEBRA. THIS QUESTION HINGES ON THE PROPERTIES OF MATRICES, SPECIFICALLY
WHEN MATRICES ARE CLASSIFIED AS MN—A NOTATION OFTEN USED TO DENOTE MATRICES OF A PARTICULAR SIZE OR
TYPE—AND HOW THIS CLASSIFICATION INFLUENCES THE WELL-DEFINEDNESS OF PRODUCTS SUCH AS ABT AnD ATB. IN THIS
COMPREHENSIVE REVIEW, WE WILL EXPLORE THE CORE CONCEPTS, CLARIFY TERMINOLOGIES, ANALYZE THE CONDITIONS FOR
MATRIX PRODUCTS TO BE DEFINED, AND PROVIDE CONCRETE EXAMPLES TO SOLIDIFY UNDERSTANDING.

DEeCIPHERING THE NOTATION AND TERMINOLOGY

BEFORE DIVING INTO THE MAIN QUESTION, IT’S ESSENTIAL TO CLARIFY WHAT THE NOTATION MN, ABT, AND ATB SIGNIFIES.



WHAT Does MN REPRESENT?

- MN TYPICALLY DENOTES THE SPACE OF ALL N X N MATRICES OVER A FIELD (OFTEN THE REAL NUMBERS OR COMPLEX NUMBERS
).

- \WHEN THE NOTATION IS USED, IT USUALLY IMPLIES MATRICES OF SIZE N X N WITH ENTRIES IN A SPECIFIED FIELD.

- ALTERNATIVELY, MN COULD REPRESENT MATRICES OF SIZE M X N IF EXPLICITLY SPECIFIED, BUT THE MOST COMMON USAGE IS

THE SQUARE MATRIX SET.

UNDERSTANDING THE PRODUCTS ABT AnD ATB

- ABT REFERS TO THE MATRIX PRODUCT INVOLVING MATRICES A, B, AND T.
- ATB SIMILARLY INVOLVES MATRICES A, T, AND B.

FOR THESE PRODUCTS TO BE WELL-DEFINED, CERTAIN SIZE COMPATIBILITY CONDITIONS MUST BE SATISFIED, AS MATRIX
MULTIPLICATION IS ONLY DEFINED WHEN THE INNER DIMENSIONS ALIGN PROPERLY.

MATRIX DIMENSIONS AND THE CONDITIONS FOR WELL-DEFINED PRODUCTS

MATRIX MULTIPLICATION RULES ARE CRUCIAL. THE KEY IDEA IS:
> GIVEN MATRICES X OF SIZE P X Q AND Y OF SIZE Q X R, THE PRODUCT XY IS DEFINED AND RESULTS IN A P X R MATRIX.

IMPLICATION:
THE NUMBER OF COLUMNS IN THE FIRST MATRIX MUST MATCH THE NUMBER OF ROWS IN THE SECOND MATRIX.

APPLYING THE RULES TO ABT AnD ATB

SUPPOSE:

- A IS OF SIZEM X N.

-BisoFsizErP X Q.

-TISOFSIZER X S.

FOR THE PRODUCTS:

- ABT TO BE DEFINED, THE FOLLOWING MUST HOLD:

1. A B IS DEFINED, WHICH REQUIRES N = P (COLUMNS OF A MATCH ROWS OF B).
2. THeE PRODUCT AB RESULTS IN AN M X Q MATRIX.

3. TomuLTipLy (AB) BY T, THE NUMBER OF COLUMNS IN AB (Q) MUST EQUAL THE NUMBER OF ROWS IN T (R). THUS, Q = R.
- ATB TO BE DEFINED:

1. A T MUST BE DEFINED, REQUIRING N = R.

2. THE PRODUCT AT RESULTS IN AN M X S MATRIX.
3. TomuLTipLY (AT) BY B, THE NUMBER OF COLUMNS IN AT (S) MUST EQUAL THE NUMBER OF ROWS IN B (P). So, s = P.



SpeciFic ConDITIONS WHEN A AND B AR IN MN

GIVEN THE QUESTION, WE ARE TOLD:
> “lF A AND B ARE IN MN"—PRESUMABLY MEANING A, B[] MN, LE., BOTH ARE N X N MATRICES.
KEY IMPLICATIONS:

- BoTH A AND B ARE SQUARE MATRICES OF SIZE N X N.
- THE ENTRIES ARE OVER SOME FIELD, BUT THE SIZE CONSISTENCY IS MORE CRITICAL HERE.

Now, CONSIDERING A, B ARE N X N MATRICES, WHAT ABOUT MATRICES T?

- To ANALYZE ABT AND ATB, WE NEED TO SPECIFY THE SIZE OF T.

ARe ABT AND ATB DerINeD WHEN A AND B ARE IN MNP

ASSUMPTION:
LET’S ASSUME THAT A AND B ARE N X N MATRICES, AS IS TYPICAL WITH MN.

QUESTION RESTATED:

IF A AND B ARE BOTH IN MN (I.E., N X N MATRICES), DOES THAT GUARANTEE THAT BOTH PRODUCTS ABT AND ATB ARE
DEFINED?

ANALYSIS:

- For ABT:

1. FirsT, AB:

- AISNXN.

-BisNxnN.

- THe PRODUCT AB IS DEFINED, RESULTING IN AN N X N MATRIX.

2. NexT, (AB) T:

- ToMuLTIPLY AB (WHICH IS N X N) BY T, T MUST HAVE N ROWS.
- THEREFORE, T MUST BE AN N X S MATRIX FOR SOME S.

-For ATB:

1.FirsT, A T:

- AISNXN.
-For A T To BE DEFINED, T MUST HAVE NROWS, LE., T ISN X S.

2. NexT, (A T) B:
-ATISNXS.
-BiIsNXN.

- TomuLTiPLY (A T) BY B, THE INNER DIMENSIONS MUST MATCH:

- THE NUMBER OF COLUMNS IN A T (S) MUST EQUAL THE NUMBER OF ROWS IN B (N).



-So,s=N.

- THe probucT (A T) B RESULTS IN AN N X N MATRIX.

CONCLUSION:

- WHEN A AND B ARE IN MN (1E., N X N MATRICES), THE PRODUCTS ABT AND ATB ARE NOT AUTOMATICALLY DEFINED FOR
ARBITRARY T.

- THEY ARE DEFINED IF AND ONLY IF T IS AN N X N MATRIX (OR AN N X S MATRIX WITH THE APPROPRIATE DIMENSIONS ).
SUMMARY:

| ProbucT | ConpiTions oN T | RESULTING DIMENSION |

| ABT | TmMusTBENXS|ABT IsNX S|

| ATB| T MusTBENXN| ATB IS N X N|

THUSI BOTH PRODUCTS ARE DEFINED WHEN T IS AN N X N MATRIX.

IMPLICATIONS OF THE QUESTION AND CLARIFICATION

Is IT TrUE THAT IF A AnD B ARe MN, THEN BoTH ABT Anp ATB ArEe DEFINED?

- THE STATEMENT “IF A AND B ARE IN MN” (LE., BOTH ARE N X N MATRICES) DOES NOT AUTOMATICALLY GUARANTEE THAT
ABT AND ATB ARE DEFINED WITHOUT ADDITIONAL ASSUMPTIONS ABOUT T.

- ADDITIONAL REQUIREMENT: T MUST ALSO BE OF SIZE N X N (OR COMPATIBLE DIMENSIONS) FOR THESE PRODUCTS TO BE WELL-
DEFINED.

IN OTHER WORDS:

- THE STATEMENT IS PARTIALLY TRUE BUT NOT ENTIRELY COMPLETE.
- THE SIze oF T IS CRITICAL TO DETERMINE WHETHER ABT AND ATB ARE DEFINED.

DeePer INSIGHTS AND BROADER CONTEXT

W/HY DOES THE SIZE MATTER?

- MATRIX MULTIPLICATION IS NOT COMMUTATIVE, THE ORDER AND DIMENSIONS ARE CRUCIAL.
- EVveEN IF A AND B ARE SQUARE, THE MATRICES T INVOLVED IN THE PRODUCTS NEED TO BE OF COMPATIBLE SIZE.

IN PRACTICE:

- W/HEN WORKING WITH MATRICES IN MN, THE FOCUS IS OFTEN ON THE ALGEBRAIC PROPERTIES OF SQUARE MATRICES.

- THE PRODUCTS ABT AND ATB ARE COMMON IN CONTEXTS SUCH AS SIMILARITY TRANSFORMATIONS, CONJUGATIONS, AND
CHANGE OF BASIS.

EXAMPLES TO ILLUSTRATE:

1. EXAMPLE WHERE T IS N X N:



- LET A AND B BE N X N MATRICES.

-LET TBENXN.

- BoTH ABT AND ATB ARE WELL-DEFINED:
- ABT:

- AB:N XN

- MuLTIPLY BY T (N X N): RESULT IS N X N.
- ATB:

-ATINXN.

- MULTIPLY BY B (N X N): RESULT IS N X N.
2. EXAMPLE WHERE T DIMENSIONS PREVENT PRODUCTS:
- SUPPOSE T ISNX M WITHM £ N,

- ABT:

- AB:N XN

~ABT:NXMONLY IFTISNXM.

- SINCE AB IS

Is It True That If A And B Are Mn Then Both Abt And Atb Are

Defined

Is It True That If A And B Are Mn Then Both Abt And Atb Are Defined
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