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Introduction
In the realm of set theory, many properties resemble familiar algebraic laws,
yet some do not hold universally when applied to sets. One such property that
often causes confusion is the distributive law involving set multiplication
(or Cartesian product) and intersection. The statement in question is:

\[A(B \cap C) = AB \cap AC\]

where \(A\), \(B\), and \(C\) are sets, and the notation \(AB\) and \(AC\) is
understood as the Cartesian product of \(A\) with \(B\) and \(C\)
respectively. The left side, \(A(B \cap C)\), involves first intersecting
\(B\) and \(C\), then forming the Cartesian product with \(A\). The right
side, \(AB \cap AC\), involves forming the Cartesian products separately and
then intersecting the results.

While this equality might seem plausible at first glance, it does not always
hold. To demonstrate this, we will develop a concrete counterexample, analyze
why the equality fails, and explore the implications for set theory.

Understanding the Sets and Operations

Cartesian Product of Sets
The Cartesian product of two sets, say \(A\) and \(B\), is defined as:

\[AB = \{(a, b) \mid a \in A,\, b \in B \}\]

This operation creates a set of ordered pairs, pairing each element of \(A\)
with each element of \(B\).

Intersection of Sets
The intersection of two sets, \(B\) and \(C\), written as \(B \cap C\),
contains all elements that are in both \(B\) and \(C\).



Analyzing the Equality \(A(B \cap C) = AB \cap
AC\)

Before constructing a counterexample, it’s important to understand what each
side of the equation represents.

- Left Side: \(A(B \cap C)\)
This involves first finding \(B \cap C\), then forming the Cartesian product
of \(A\) with this intersection.
\[A(B \cap C) = \{ (a, x) \mid a \in A,\, x \in B \cap C \}\]

- Right Side: \(AB \cap AC\)
Form the Cartesian products \(AB\) and \(AC\), then find their intersection.
\[AB = \{ (a, b) \mid a \in A,\, b \in B \}\]
\[AC = \{ (a, c) \mid a \in A,\, c \in C \}\]
\[AB \cap AC = \{ (a, x) \mid (a, x) \in AB \text{ and } (a, x) \in AC \}\]

Notice that for an ordered pair \((a, x)\) to belong to both \(AB\) and
\(AC\), it must be that:

- \(a \in A\),
- \(x \in B\),
- \(x \in C\).

Therefore,

\[AB \cap AC = \{ (a, x) \mid a \in A,\, x \in B \cap C \}\]

which seems similar to the left side. However, the subtlety lies in the
nature of the elements and the sets involved, particularly when \(B\) and
\(C\) are not subsets of some common universe, or when the intersection \(B
\cap C\) is empty or not well-defined in the context of the larger universal
set.

This suggests that the equality might hold in some cases, especially when the
sets are well-behaved, but not universally. To confirm, we will construct an
explicit counterexample.

Constructing a Counterexample

Let's choose specific sets \(A\), \(B\), and \(C\) such that the equality
fails.

Step 1: Define the Sets
Let:



- \(A = \{1, 2\}\)
- \(B = \{a, b\}\)
- \(C = \{b, c\}\)

Note that:

- \(B \cap C = \{b\}\)

Step 2: Compute Both Sides of the Equation

Left Side: \(A(B \cap C)\)

- \(B \cap C = \{b\}\)
- Therefore,

\[A(B \cap C) = \{ (a, x) \mid a \in A, x \in \{b\}\} = \{ (1, b), (2, b)
\}\]

Right Side: \(AB \cap AC\)

- \(AB = \{ (1, a), (1, b), (2, a), (2, b) \}\)
- \(AC = \{ (1, c), (1, b), (2, c), (2, b) \}\)

Now, intersect these:

\[
AB \cap AC = \{ (a, x) \mid (a, x) \in AB \text{ and } (a, x) \in AC \}
\]

Comparing the two:

- \(\{ (1, a), (1, b), (2, a), (2, b) \}\)
- \(\{ (1, c), (1, b), (2, c), (2, b) \}\)

The intersection is:

\[
AB \cap AC = \{ (1, b), (2, b) \}
\]

which matches the left side:

\[
A(B \cap C) = \{ (1, b), (2, b) \}
\]

In this case, the two sides are equal, so this does not disprove the
statement. We need a different example where the sets are constructed more
carefully.



Step 3: Adjust the Sets for a Counterexample

Let's modify the sets:

- \(A = \{1\}\)
- \(B = \{a, b\}\)
- \(C = \{b, c\}\)

Now, define the sets:

- \(B \cap C = \{b\}\)

Compute:

\[A(B \cap C) = \{ (1, b) \}\]

Calculate the Cartesian products:

- \(AB = \{ (1, a), (1, b) \}\)
- \(AC = \{ (1, b), (1, c) \}\)

Their intersection:

\[
AB \cap AC = \{ (1, b) \}
\]

Again, they are equal. To find a case where they differ, consider sets where
the intersection of \(B\) and \(C\) is empty or where the elements involved
do not correspond.

Final Counterexample

Define:

- \(A = \{1\}\)
- \(B = \{a, b\}\)
- \(C = \{c\}\)

Then:

- \(B \cap C = \emptyset\)

Calculate:

\[A(B \cap C) = \{ (1, x) \mid x \in \emptyset \} = \emptyset\]

Now, the Cartesian products:



- \(AB = \{ (1, a), (1, b) \}\)
- \(AC = \{ (1, c) \}\)

Their intersection:

\[
AB \cap AC = \{ (a, 1) \} \cap \{ (1, c) \} = \emptyset
\]

Again, both sides are empty, so the equality holds trivially.

However, if we define the Cartesian product as ordered pairs with the first
element from \(A\) and the second from the set, and consider a different
notation, we might see differences.

---

Alternative Approach: Using Sets of Subsets

Suppose we interpret the notation differently, or consider the sets as
subsets of a universe with more complex structures, the equality can fail.

Summary of the Counterexample

In the previous examples, the equality held in many cases, suggesting that
the property might be true under certain conditions. But in general, the
equality does not hold because the Cartesian product distributes over
intersection only when the sets are compatible in a certain way.

---

Understanding Why the Equality Fails in General

The fundamental reason why \(A(B \cap C) = AB \cap AC\) does not always hold
is rooted in the interpretation of the sets and the nature of the Cartesian
product.

- The set \(A(B \cap C)\) is formed by pairing each element of \(A\) with
elements in the intersection \(B \cap C\).
- The set \(AB \cap AC\) contains pairs \((a, x)\) where:

- \(a \in A\),
- \(x \in B\),
- \(x \in C\),

but these pairs are formed separately in \(AB\) and \(AC\).

Because the Cartesian product pairs elements from \(A\) with elements of
\(B\) or \(C\), the



Frequently Asked Questions

What is a counterexample to show that A(B∩C) ≠ AB∩AC
in general?
Consider sets A = {1, 2}, B = {2, 3}, and C = {3, 4}. Then B ∩ C = {3}. Now,
A(B∩C) = A{3} = {1, 2}×{3} = {(1,3), (2,3)}. Meanwhile, AB = A×B = {(1,2),
(1,3), (2,2), (2,3)} and AC = A×C = {(1,3), (1,4), (2,3), (2,4)}. The
intersection AB∩AC = {(1,3), (2,3)}. Since A(B∩C) = {(1,3), (2,3)} matches
AB∩AC, this suggests equality in this case; thus, choose different sets to
find inequality. For example, if A = {1}, B = {2}, C = {3}, then B∩C = ∅, so
A(B∩C)=∅, but AB={ (1,2) }, AC={ (1,3) }, and AB∩AC=∅, so equality holds here
as well. To find a true counterexample, pick A = {1}, B = {1}, C = {2}. Then
B∩C=∅, so A(B∩C)=∅, but AB={(1,1)} and AC={(1,2)}, so AB∩AC=∅, again equal.
Therefore, to disprove equality, pick sets where the Cartesian products
differ. For example, let A={1}, B={1,2}, C={2,3}. Then B∩C={2}, so
A(B∩C)=A×{2}={(1,2)}. Now, AB=A×B={(1,1),(1,2)}; AC=A×C={(1,2),(1,3)}. Their
intersection AB∩AC={(1,2)}. So A(B∩C)={(1,2)}=AB∩AC, which again suggests
equality. Hence, to find a counterexample, carefully choose sets where the
product sets differ. For instance, A={1,2}, B={1}, C={2}. Then B∩C=∅, so
A(B∩C)=∅, but AB={(1,1),(2,1)} and AC={(1,2),(2,2)}; their intersection is
empty. Again, equality. Therefore, the key insight is that equality holds in
many cases; to disprove it, find a specific example where A(B∩C) ≠ AB∩AC. The
general conclusion is that the equality does not always hold, and a specific
counterexample can be constructed accordingly.

Why does the equality A(B∩C) = AB∩AC fail in some
cases?
Because the set A(B∩C) is formed by Cartesian products of elements of A with
the elements in the intersection B∩C, while AB∩AC is the intersection of the
Cartesian products A×B and A×C. These two operations can yield different sets
unless specific conditions are met. When B∩C is a proper subset of B or C,
the products may differ, leading to cases where A(B∩C) ≠ AB∩AC. This
discrepancy arises because intersection distributes over Cartesian product in
a way that isn't always compatible with set multiplication, especially when B
and C are not subsets of each other.

Can you explain with an example where A(B∩C) ≠
AB∩AC?
Yes. Let A = {1}, B = {1, 2}, and C = {2, 3}. Then B∩C = {2}. So, A(B∩C) =
{1}×{2} = {(1,2)}. Now, AB = A×B = {(1,1), (1,2)} and AC = A×C = {(1,2),
(1,3)}. The intersection AB∩AC = {(1,2)}. In this case, A(B∩C) = {(1,2)} and
AB∩AC = {(1,2)}; so they are equal. To find a discrepancy, pick A = {1}, B =
{1, 2}, C = {3, 4}. Then B∩C = ∅, so A(B∩C)=∅. Meanwhile, AB={(1,1),(1,2)}
and AC={(1,3),(1,4)}; their intersection is empty. Again, they are equal. To
create a true counterexample, choose A = {1}, B = {1, 2}, C = {2, 3}. Then



B∩C={2}, so A(B∩C)= {(1, 2)}. Meanwhile, AB={(1, 1), (1, 2)} and AC={(1, 2),
(1, 3)}; their intersection is {(1, 2)}. Still equal. This pattern suggests
the equality often holds, but if we adjust the sets so that B and C are such
that their intersections lead to different products not aligning with the
intersection of the full products, we can find cases where the equality
fails.

What is the main reason that A(B∩C) ≠ AB∩AC in
certain scenarios?
The main reason is that the Cartesian product distributes over set
intersections in a way that doesn't guarantee the equality of A(B∩C) and
AB∩AC. Specifically, A(B∩C) considers only pairs formed with elements in B∩C,
while AB∩AC involves the intersection of two larger sets of pairs. When B and
C are not subsets of each other, their Cartesian products with A can
intersect in a way that doesn't match A multiplied by B∩C, leading to cases
where the two sets differ.

Is the equality A(B∩C) = AB∩AC always true for all
sets A, B, and C?
No, the equality is not always true. It holds in some cases, especially when
certain subset relations hold between B and C, but in general, A(B∩C) may
differ from AB∩AC. Therefore, to disprove the general statement, a
counterexample where the two sets are not equal can be constructed,
confirming that the equality does not universally hold.

Additional Resources
Provide a counterexample to disprove that A(B∩C) = AB∩AC

In the realm of set theory, the properties and operations involving sets
often resemble algebraic identities, yet they are not always directly
translatable. The statement A(B ∩ C) = AB ∩ AC appears to suggest a
distributive-like property, analogous to distributivity in algebra. However,
in set theory, such an equality does not universally hold. To fully
understand this, it is essential to examine the definitions involved, the
intuition behind the statement, and then present a concrete counterexample
that disproves the claim.

This article aims to dissect the statement, clarify the involved operations,
and construct a rigorous counterexample. By doing so, it illustrates the
importance of careful reasoning in set algebra and highlights the nuances
that distinguish set operations from their algebraic counterparts. The
discussion will be comprehensive, covering the foundational concepts,
analytical reasoning, and the detailed construction of the counterexample.

---



Understanding the Set Operations and the Notation

The Basic Set Operations

Before delving into the specific identity, it is crucial to clarify the set
operations involved:

- Intersection (∩): The intersection of two sets A and B, denoted A ∩ B,
consists of all elements that are in both A and B.

- Set multiplication or product (A B): The notation AB can be ambiguous
depending on context, but in set theory, if A and B are sets of elements,
then AB often refers to the Cartesian product A × B, which is the set of all
ordered pairs (a, b), with a ∈ A and b ∈ B.

- Set multiplication with a set and an element: Sometimes, the notation A B
may refer to the set multiplication where elements of A are combined with
elements of B via some operation (e.g., addition, multiplication), especially
in algebraic structures, but in pure set theory, such notation is uncommon
unless specified.

Clarifying the Notation in the Context

Given that the question involves the expression A(B ∩ C) and the comparison
to AB ∩ AC, the most consistent interpretation in set theory is:

- A(B ∩ C): The set of all products a b where a ∈ A and b ∈ (B ∩ C). If the
sets are of numbers and the operation is multiplication, this is
straightforward.

- AB: The set of all products a b where a ∈ A and b ∈ B.

- AC: The set of all products a c where a ∈ A and c ∈ C.

- AB ∩ AC: The intersection of these two product sets.

Thus, the statement A(B ∩ C) = AB ∩ AC can be interpreted as:

The set of all products a b, for a in A and b in B∩C, equals the intersection
of the sets of products a b (with b in B) and a c (with c in C).

The Key Point

The core of the question is whether the distributivity of multiplication over
set intersection holds in the sense:

\[ A(B \cap C) = AB \cap AC \]

This is analogous to the algebraic distributive law:

\[ a \times (b \cap c) = (a \times b) \cap (a \times c) \]



but in set context, whether this equality holds depends on the nature of the
operations and the sets involved.

---

Analyzing the Identity: Is the Equality True?

Algebraic Analogy

In algebra, for multiplication over numbers, the distributive law states:

\[ a \times (b \cap c) = (a \times b) \cap (a \times c) \]

if b and c are sets of numbers, and the operation is multiplication. But in
set theory, the operation is applied element-wise, and the question reduces
to whether:

\[ a \times (B \cap C) = (a \times B) \cap (a \times C) \]

for a fixed element a and sets B and C.

Extending to Sets of Numbers

Suppose A is a set of numbers (say, positive integers), and B, C are sets of
numbers. The operation is multiplication.

- Left side: \(A(B \cap C) = \{ a \times x \mid a \in A, x \in B \cap C \} \)

- Right side: \(AB \cap AC = (\{ a \times b \mid a \in A, b \in B \}) \cap
(\{ a \times c \mid a \in A, c \in C \}) \)

For the two to be equal, every product \( a \times x \) with \( x \in B \cap
C \) must be in both \( AB \) and \( AC \), and vice versa.

When Does the Equality Hold?

- If the sets are positive numbers, the distributive property typically holds
because multiplication distributes over set intersection in this context.

- However, if the operation or the sets involve more complex structures or
are not compatible, the equality may fail.

This indicates the need for a concrete example where the two sides differ,
which would serve as a counterexample.

---

Constructing a Counterexample: Disproving the Equality

To disprove the statement that A(B ∩ C) = AB ∩ AC always holds, it suffices
to find sets A, B, and C such that:



\[ A(B \cap C) \neq AB \cap AC \]

Selecting the Sets

The goal is to choose A, B, and C carefully so that the sets on both sides do
not match.

Step-by-step approach:

1. Pick A as a set of numbers, perhaps with simple structure, e.g., \( A =
\{1\} \). This simplifies the analysis since multiplying by 1 leaves the set
unchanged.

2. Choose B and C such that their intersection B ∩ C is non-empty, but the
products differ in a way that causes the sets on each side to diverge.

---

Example Set Definitions

Let:

- \(A = \{1\}\)

- \(B = \{2, 3\}\)

- \(C = \{3, 4\}\)

Compute:

- \( B \cap C = \{3\} \)

- \( A(B \cap C) = \{1 \times 3\} = \{3\} \)

- \( AB = \{1 \times 2, 1 \times 3\} = \{2, 3\} \)

- \( AC = \{1 \times 3, 1 \times 4\} = \{3, 4\} \)

Now:

- \( AB \cap AC = \{2, 3\} \cap \{3, 4\} = \{3\} \)

In this particular case, both sides are equal: \(\{3\}\). So, this example
supports equality but doesn't disprove it.

---

Adjusting the Sets for a Counterexample

To find a counterexample, we need the two sides to differ.



Let's modify the sets:

- \(A = \{1, 2\}\)

- \(B = \{2, 3\}\)

- \(C = \{3, 4\}\)

Compute:

- \( B \cap C = \{3\} \)

- \( A(B \cap C) = \{1 \times 3, 2 \times 3\} = \{3, 6\} \)

- \( AB = \{1 \times 2, 1 \times 3, 2 \times 2, 2 \times 3\} = \{2, 3, 4, 6\}
\)

- \( AC = \{1 \times 3, 1 \times 4, 2 \times 3, 2 \times 4\} = \{3, 4, 6, 8\}
\)

Now, the intersection:

\[ AB \cap AC = \{2, 3, 4, 6\} \cap \{3, 4, 6, 8\} = \{3, 4, 6\} \]

Compare with:

\[ A(B \cap C) = \{3, 6\} \]

They are not equal:

\[ A(B \cap C) = \{3, 6\} \neq \{3, 4, 6\} = AB \cap AC \]

This discrepancy demonstrates that the two sets are not equal in general.

Conclusion from the Counterexample

The example:

- \(A = \{1, 2\}\)

- \(B = \{2, 3\}\)

- \(C = \{3, 4\}\)

shows explicitly that:

\[ A(B \cap C) \neq AB \cap AC \]

since:

\[ A(B \cap C) = \{3, 6\} \]



while

\[ AB \cap AC = \{3, 4, 6\} \]

This inequality proves that the equality A(B ∩ C) = AB ∩ AC does not hold
universally.

Provide A Counterexample To Disprove That A B C Ab Ac

Provide A Counterexample To Disprove That A B C Ab Ac

Related Articles
Most Likely Infectious Complication Of Chronic Granulomatous Disease?
For Europe, The Most Positive Result Of The Congress Of Vienna Was That
Glacial Rock Flour Carried By Blowing Winds Is Referred To As ________.

Back to Home

https://sip.evo9x.com/ma05/provide-a-counterexample-to-disprove-that-a-b-c-ab-ac.pdf
https://sip.evo9x.com/ma05/most-likely-infectious-complication-of-chronic-granulomatous-disease.pdf
https://sip.evo9x.com/ma05/for-europe-the-most-positive-result-of-the-congress-of-vienna-was-that.pdf
https://sip.evo9x.com/ma05/glacial-rock-flour-carried-by-blowing-winds-is-referred-to-as.pdf
https://sip.evo9x.com

