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Understanding eigenvalues and eigenvectors is fundamental in linear algebra, with applications spanning
engineering, physics, computer science, and more. One interesting problem in this area involves matrices that
satisfy certain algebraic properties, such as the condition where the square of a matrix equals the zero matrix.
Specifically, the statement "If \( A^2 \) is the zero matrix, then the only eigenvalue of \( A \) is 0" presents a
compelling exploration into the nature of matrices and their spectral properties. This article aims to present a
detailed proof of this statement, elucidate its implications, and provide a comprehensive understanding suitable
for students, educators, and enthusiasts of linear algebra.

Understanding the Basic Concepts

Before delving into the proof, it is essential to revisit some foundational concepts:

Eigenvalues and Eigenvectors

- Eigenvector: A non-zero vector \( \mathbf{v} \) such that \( A\mathbf{v} = \lambda \mathbf{v} \), where \(
A \) is a square matrix and \( \lambda \) is a scalar.
- Eigenvalue: The scalar \( \lambda \) associated with an eigenvector \( \mathbf{v} \).

The set of all eigenvalues of a matrix \( A \) is called the spectrum of \( A \).

Zero Matrix and Nilpotent Matrices

- Zero matrix: A matrix in which all entries are zero.
- Nilpotent matrix: A matrix \( A \) such that \( A^k = 0 \) for some positive integer \( k \). The matrix in
question is nilpotent with \( k=2 \), since \( A^2=0 \).

Statement of the Problem

Given a square matrix \( A \) over a field (commonly the real or complex numbers), suppose that:

\[ A^2 = 0 \]

The goal is to prove that:

> The only eigenvalue of \( A \) is 0.

This statement suggests that if a matrix squares to the zero matrix, then it cannot have any non-zero
eigenvalues.



Outline of the Proof

The proof hinges on the relationship between eigenvalues and the powers of matrices, particularly how
eigenvalues behave under matrix powers.

The main steps include:

1. Assuming the existence of an eigenvalue \( \lambda \neq 0 \) and deriving a contradiction.
2. Using the properties of eigenvalues and eigenvectors to relate the eigenvalues of \( A \) to those of \( A^2
\).
3. Concluding that the eigenvalue must be zero, given the condition \( A^2=0 \).

Detailed Proof

Step 1: Assume \( A \) has an eigenvalue \( \lambda \neq 0 \)

Suppose \( \lambda \) is an eigenvalue of \( A \), with corresponding eigenvector \( \mathbf{v} \neq \mathbf{0}
\). By definition:

\[ A \mathbf{v} = \lambda \mathbf{v} \]

Since \( \mathbf{v} \neq 0 \), and \( \lambda \neq 0 \), \( \mathbf{v} \) is a non-zero eigenvector associated
with \( \lambda \).

Step 2: Derive the eigenvalue of \( A^2 \)

Applying \( A \) again:

\[ A^2 \mathbf{v} = A (A \mathbf{v}) = A (\lambda \mathbf{v}) = \lambda A \mathbf{v} = \lambda (\lambda
\mathbf{v}) = \lambda^2 \mathbf{v} \]

This shows that:

\[ A^2 \mathbf{v} = \lambda^2 \mathbf{v} \]

Step 3: Use the given condition \( A^2 = 0 \)

Since \( A^2 = 0 \), it follows that:

\[ A^2 \mathbf{v} = 0 \]

but from above:

\[ A^2 \mathbf{v} = \lambda^2 \mathbf{v} \]

Therefore:

\[ \lambda^2 \mathbf{v} = 0 \]



Given that \( \mathbf{v} \neq 0 \), this implies:

\[ \lambda^2 = 0 \Rightarrow \lambda = 0 \]

Conclusion from the contradiction

Our initial assumption was that \( \lambda \neq 0 \). The derivation leads to the conclusion that \( \lambda
\) must be zero. Therefore, any eigenvalue \( \lambda \) of \( A \) must satisfy:

\[ \lambda = 0 \]

This completes the proof that:

> If \( A^2 = 0 \), then the only eigenvalue of \( A \) is 0.

Implications of the Result

This proof demonstrates a significant property of nilpotent matrices:

- Nilpotent matrices are characterized by having zero as their only eigenvalue.
- Conversely, matrices with only zero eigenvalues are not necessarily nilpotent unless they satisfy additional
conditions, but for matrices satisfying \( A^k=0 \) for some \( k \), they are nilpotent by definition.

Additional insights include:

- Jordan Normal Form: Over an algebraically closed field such as \( \mathbb{C} \), a nilpotent matrix has a
Jordan normal form consisting solely of Jordan blocks associated with the eigenvalue 0.
- Trace and Determinant: For such matrices, the trace (sum of eigenvalues) and determinant (product of
eigenvalues) are both zero, consistent with the eigenvalues being zero.

Examples and Applications

Example 1:
Consider the matrix:

\[
A = \begin{bmatrix}
0 & 1 \\
0 & 0 \\
\end{bmatrix}
\]

Calculate \( A^2 \):

\[
A^2 = \begin{bmatrix}
0 & 1 \\
0 & 0 \\
\end{bmatrix}
\begin{bmatrix}
0 & 1 \\
0 & 0 \\



\end{bmatrix}
= \begin{bmatrix}
0 \cdot 0 + 1 \cdot 0 & 0 \cdot 1 + 1 \cdot 0 \\
0 \cdot 0 + 0 \cdot 0 & 0 \cdot 1 + 0 \cdot 0 \\
\end{bmatrix}
= \begin{bmatrix}
0 & 0 \\
0 & 0 \\
\end{bmatrix}
\]

Thus, \( A^2 = 0 \). The eigenvalues of \( A \) are calculated as solutions to:

\[
\det(A - \lambda I) = 0
\]

\[
\det \begin{bmatrix}
-\lambda & 1 \\
0 & -\lambda \\
\end{bmatrix} = \lambda^2 = 0
\]

which yields \( \lambda = 0 \). This aligns with our theoretical proof.

Application in Differential Equations and Control Theory:
Matrices satisfying \( A^2=0 \) often appear in nilpotent transformations, which are used in simplifying
complex systems and analyzing stability. Recognizing that their eigenvalues are zero helps in classifying system
behaviors, especially in stability analysis.

Summary and Final Remarks

To summarize:

- The key property utilized is that eigenvalues of \( A \) relate directly to those of \( A^2 \).
- Assuming an eigenvalue \( \lambda \neq 0 \), leads to a contradiction with the condition \( A^2=0 \).
- Therefore, the only eigenvalue of \( A \) can be zero if \( A^2 = 0 \).

This result underscores the importance of eigenvalues in understanding matrix properties and highlights the
special nature of nilpotent matrices within linear algebra.

In conclusion:

> If \( A^2 \) is the zero matrix, then the only eigenvalue of \( A \) must be 0. This fundamental property
provides insight into the structure of nilpotent matrices and aids in their classification and application across
various fields.

---
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Frequently Asked Questions

What does it mean for a matrix A to have A^2 as the zero matrix?

It means that when the matrix A is multiplied by itself, the result is the zero matrix, indicating that A is
nilpotent of index at most 2.

Why does A^2 = 0 imply that 0 is an eigenvalue of A?

Because if A has an eigenvector v with eigenvalue λ, then A^2 v = λ^2 v. If A^2 = 0, then A^2 v = 0, so λ^2 v
= 0. Since v ≠ 0, it follows that λ^2 = 0, hence λ = 0.

Can A have any eigenvalues other than 0 if A^2 = 0?

No, the only eigenvalue possible is 0 because any non-zero eigenvalue would lead to a contradiction with A^2
= 0.

Is the matrix A necessarily the zero matrix if A^2 = 0?

No, A does not have to be the zero matrix; it can be a nilpotent matrix of order 2, which is not the zero matrix
itself.

What is a nilpotent matrix, and how does it relate to this problem?

A nilpotent matrix is one that becomes the zero matrix when raised to some positive power. In this case, A^2 =
0 indicates that A is nilpotent of index at most 2.

How does the minimal polynomial of A relate to the eigenvalues when A^2 =
0?

The minimal polynomial divides x^2, which implies that the only eigenvalue of A is 0.

Can the matrix A be non-diagonalizable if A^2 = 0?

Yes, A can be non-diagonalizable; for example, a nilpotent Jordan block with eigenvalue 0 has A^2 = 0 but is
not diagonal.

What is the significance of the eigenvalue 0 in matrices satisfying A^2 = 0?

It indicates that the matrix is singular and has no non-zero eigenvalues, reflecting its nilpotent nature.

How does the spectral theorem apply to matrices with A^2 = 0?

Since A is nilpotent, the spectral theorem for normal matrices implies that A must be the zero matrix; however,
in general, nilpotent matrices need not be normal.

Can you give an example of a matrix A where A^2 = 0 and the only
eigenvalue is 0?

Yes, for example, the matrix [[0, 1], [0, 0]] satisfies A^2 = 0 and has eigenvalues both equal to 0.



Additional Resources
Show That If A² Is The Zero Matrix, Then The Only Eigenvalue Of A Is 0

Understanding the relationship between a matrix and its eigenvalues is a fundamental part of linear algebra.
One intriguing statement is: if A² is the zero matrix, then the only eigenvalue of A must be 0. This result
highlights the connection between nilpotent matrices and their eigenvalues, providing insights into the structure
and behavior of linear transformations.

In this guide, we will thoroughly explore this statement, breaking it down into digestible parts. We'll analyze
what it means for a matrix to satisfy A² = 0, examine eigenvalues and eigenvectors, and provide a detailed
proof of why the only eigenvalue in such cases is zero. Along the way, we’ll clarify key concepts and discuss
implications, ensuring a comprehensive understanding of this important linear algebra result.

---

Understanding the Statement: The Context and Significance

Before diving into the proof, it's essential to understand the key concepts involved:

- Matrix A: An n×n square matrix over a field (commonly � or �).
- Zero Matrix (0): A matrix where all entries are zero.
- A²: The matrix product of A with itself.
- Eigenvalues & Eigenvectors: For a matrix A, a scalar λ is an eigenvalue if there exists a non-zero vector v
(the eigenvector) such that A v = λ v.

The statement "If A² is the zero matrix, then the only eigenvalue of A is 0" connects the algebraic property of
A being nilpotent of index 2 (since A² = 0) to the spectral property of eigenvalues.

---

What Does It Mean for A² to Be the Zero Matrix?

A matrix A satisfying A² = 0 is called nilpotent with an index of at most 2. Nilpotent matrices are special
because their powers eventually become zero matrices. In this case, applying A twice yields zero, but A itself
may or may not be the zero matrix.

Implications:
- Such matrices are highly non-invertible; they have no inverse because their determinant is zero.
- They are strictly singular.
- Their minimal polynomial divides x², which informs us about their eigenvalues.

---

Eigenvalues and Nilpotency: The Core Intuition

The key question: Why does the condition A² = 0 imply that the only eigenvalue of A is 0?

Intuitively:

- If λ is an eigenvalue of A with eigenvector v ≠ 0, then A v = λ v.
- Applying A again: A² v = A (A v) = A (λ v) = λ A v = λ (λ v) = λ² v.
- But since A² = 0, then A² v = 0 for all v, including eigenvectors. So:

λ² v = 0.

- Because v ≠ 0, this forces λ² = 0, which implies λ = 0.

This straightforward reasoning suggests that any eigenvalue λ must satisfy λ = 0, thus the only eigenvalue is



zero.

---

Formal Proof: Showing That The Only Eigenvalue Is 0

Let's present a detailed, step-by-step proof of this statement.

Step 1: Assume A is a matrix such that A² = 0.

Step 2: Consider an eigenvalue λ of A, and let v ≠ 0 be its associated eigenvector.

- By definition:
A v = λ v, for some v ≠ 0.

Step 3: Apply A again to v:

- A² v = A (A v) = A (λ v) = λ A v = λ (λ v) = λ² v.

Step 4: Use the fact that A² = 0:

- A² v = 0, for all v, including the eigenvector.

- Therefore, λ² v = 0.

Step 5: Since v ≠ 0, λ² v = 0 implies:

- λ² = 0.

- Therefore, λ = 0.

Step 6: Conclude that the only eigenvalue of A is 0.

---

Additional Insights and Remarks

1. The Eigenvalue Zero is the Only Possibility

The above reasoning applies to any eigenvalue of A, making it clear that if A² = 0, then all eigenvalues are zero.
This aligns with the concept of nilpotent matrices, which always have zero as their only eigenvalue.

2. Does A Have to Be the Zero Matrix?

No. A matrix satisfying A² = 0 need not be the zero matrix itself. For example, consider the 2×2 matrix:

\[
A = \begin{bmatrix}
0 & 1 \\
0 & 0
\end{bmatrix}
\]

- Compute \(A^2\):

\[
A^2 = \begin{bmatrix}
0 & 1 \\
0 & 0



\end{bmatrix}
\begin{bmatrix}
0 & 1 \\
0 & 0
\end{bmatrix} =
\begin{bmatrix}
0 \times 0 + 1 \times 0 & 0 \times 1 + 1 \times 0 \\
0 \times 0 + 0 \times 0 & 0 \times 1 + 0 \times 0
\end{bmatrix} =
\begin{bmatrix}
0 & 0 \\
0 & 0
\end{bmatrix}
\]

- So, \(A^2 = 0\), but \(A \neq 0\).

- The eigenvalues of this matrix are both zero.

3. The Minimal Polynomial and Nilpotency Index

- Since \(A^2 = 0\), the minimal polynomial divides \(x^2\).

- The nilpotency index (the smallest power \(k\) such that \(A^k = 0\)) is at most 2.

- For the example above, the nilpotency index is exactly 2.

---

Broader Implications and Related Concepts

Nilpotent Matrices

- All eigenvalues are zero.
- The matrix cannot be invertible.
- They have a Jordan normal form consisting solely of Jordan blocks with zero eigenvalues.

Jordan Normal Form

- For a nilpotent matrix A, the Jordan form consists of blocks with eigenvalue zero.
- The size of the largest Jordan block corresponds to the nilpotency index.

Spectral Theorem and Nilpotent Matrices

- Over �, the spectral theorem states that normal matrices can be diagonalized.
- Nilpotent matrices are not necessarily normal, but their spectral properties are trivial since the only
eigenvalue is zero.

---

Summary: Key Takeaways

- The condition A² = 0 implies that A is nilpotent of index 2.
- For any eigenvector v associated with eigenvalue λ:

\[
A v = λ v \implies A^2 v = λ^2 v = 0.
\]



- Since v ≠ 0, this forces λ² = 0, which leads to λ = 0.

- Conclusion: The only eigenvalue of A satisfying \(A^2=0\) is 0.

This result emphasizes the intrinsic link between the algebraic property \(A^2=0\) and the spectral
characteristic of having a single eigenvalue, zero. It also illustrates how nilpotent matrices, despite possibly
being non-zero, have a very restrictive eigenstructure.

---

Final Thoughts

Understanding why the only eigenvalue of a matrix A with \(A^2=0\) is zero is fundamental in linear algebra,
especially in the study of nilpotent matrices and their applications. Whether in theoretical contexts or
practical computations, recognizing the spectral limitations imposed by nilpotency helps in analyzing matrix
behavior, stability, and transformations.

This exploration showcases the elegance of linear algebra: how a simple algebraic condition on a matrix
translates into powerful spectral constraints, revealing the deep interconnectedness of the matrix's
structure and its eigenvalues.
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