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Introduction to Graphing Multivariable Functions

Graphing functions of two variables, such as F(x, y), provides valuable insights into their behavior, shape,
and properties. Unlike single-variable functions, which are represented by a curve on a 2D plane, functions
of two variables are visualized as surfaces in three-dimensional space. This article explores the detailed
process of sketching the graphs of two specific functions:

- (a) F(x, y) = 104x^5 y
- (b) F(x, y) = cos y

Through systematic analysis, including understanding their mathematical properties, domain and range,
and key features, we aim to provide a comprehensive guide to sketching these surfaces effectively.

---

Understanding the Function F(x, y) = 104x^5 y

Mathematical Properties and Behavior

The function F(x, y) = 104x^5 y is a polynomial function involving both x and y. It combines a fifth power
of x with a linear y component, scaled by a constant factor of 104.

Key features:

- Degree and Type: It is a third-degree polynomial in two variables, with the highest degree term being
x^5 y.
- Symmetry: Since the function involves x^5 and y linearly, it exhibits specific symmetry properties.



- For y fixed, the function behaves as a polynomial in x: F(x, y) = 104 y x^5, which is an odd function in x.
- For x fixed, it is linear in y, scaled by 104 x^5.

- Continuity and Differentiability: As a polynomial, it is continuous and smooth everywhere.

Domain and Range

- Domain: Since it's a polynomial function, the domain is all real numbers for both x and y:
\[
\text{Domain} = \mathbb{R}^2
\]

- Range: Because x^5 spans all real numbers for x in ℝ, and y does as well, the function's output can be any
real number depending on the input. Specifically:

\[
\text{Range} = \mathbb{R}
\]

Key Features and Critical Points

- The function's value depends heavily on the signs and magnitudes of x and y:

- When y > 0 and x > 0, F(x, y) > 0.
- When y < 0 and x > 0, F(x, y) < 0.
- When x < 0, the sign of F depends on y:
- If y > 0, F < 0.
- If y < 0, F > 0.

- Symmetry:

- The function is odd in x:
\[
F(-x, y) = -F(x, y)
\]
- It is linear in y, so for fixed x, the graph is a straight line in y scaled by 104 x^5.



Sketching Approach for F(x, y) = 104x^5 y

1. Plotting Cross-Sections:

- Fix y: The function reduces to a polynomial in x: F(x, y) = 104 y x^5. For a fixed y, this is a fifth-degree
polynomial in x, skewed based on y.

- Fix x: The function becomes a linear function in y: F(x, y) = 104 x^5 y, a straight line passing through the
origin with slope 104 x^5.

2. Analyzing Zeroes:

- F(x, y) = 0 when either x=0 or y=0.

- The plane x=0 and y=0 are important features, acting as axes where the function value is zero.

3. Behavior at Extremes:

- For large |x| and y, the function's magnitude grows rapidly due to the x^5 term.

4. Sign Patterns:

- The sign of F depends on the signs of x^5 and y:
- When x>0, sign of F depends on y.
- When x<0, sign of F depends on y as well but inverted accordingly.

3D Visualization and Surface Features

- The surface resembles a saddle with ridges and valleys extending along the axes.
- The surface crosses zero along the lines x=0 and y=0.
- For positive y and positive x, the surface rises sharply.
- For negative y and positive x, the surface dips below the xy-plane.
- The surface is unbounded in all directions, with steep slopes for large magnitudes.

---

Understanding the Function F(x, y) = cos y



Mathematical Properties and Behavior

The function F(x, y) = cos y is a classic trigonometric function with well-understood properties.

Key features:

- Dependence: The function depends only on y; x does not influence the value.
- Periodicity: Cos y is periodic with a fundamental period of 2π.
- Range: Values oscillate between -1 and 1.
- Continuity and Differentiability: Cos y is smooth everywhere.

Domain and Range

- Domain: All real numbers for x and y, since the function depends only on y:

\[
\text{Domain} = \mathbb{R}^2
\]

- Range:

\[
\text{Range} = [-1, 1]
\]

Key Features and Critical Points

- Zeroes: Occur at y = (π/2) + nπ, where n is any integer.
- Maximums: At y = 2nπ, where cos y = 1.
- Minimums: At y = (2n + 1)π, where cos y = -1.
- Symmetry: Cos y is an even function:

\[
\cos(-y) = \cos y
\]



Sketching Approach for F(x, y) = cos y

1. Cross-Sections:

- Fix y: For fixed y, the surface is a horizontal plane at height cos y.
- Fix x: The function is constant in x, so along any fixed x, the surface is a horizontal plane with height cos
y.

2. Surface Shape:

- The surface forms an infinite series of "waves" in the y-direction, with peaks at y = 2nπ and troughs at y
= (2n+1)π.
- For each fixed x, the height varies periodically with y.

3. Zeroes and Extremes:

- The surface intersects the xy-plane where cos y = 0, i.e., at y = (π/2) + nπ.
- The highest points are at y = 2nπ with height 1.
- The lowest points are at y = (2n+1)π with height -1.

4. Graphical Representation:

- Since the function does not depend on x, the surface is a "wave" pattern extending infinitely in the x-
direction.
- The surface looks like a series of horizontal ridges and valleys stacked along the y-axis.

3D Visualization and Surface Features

- The surface resembles a series of ridges aligned parallel to the x-axis.
- The oscillations are uniform along x, creating a repetitive wave pattern.
- The surface is bounded vertically between -1 and 1.
- The wave pattern repeats every 2π units in y.

---

Comparison and Contrasts Between the Two Graphs



Structural Differences

- Dependence on Variables:
- F(x, y) = 104x^5 y depends on both x and y, creating a complex surface with polynomial growth.
- F(x, y) = cos y depends solely on y, resulting in a repetitive wave pattern independent of x.

- Surface Shape:
- The polynomial surface exhibits steep slopes and unbounded behavior, with saddle-like features.
- The cosine surface exhibits bounded, periodic oscillations forming wave-like ridges.

Visual Features and Key Points

| Feature | F(x, y) = 104x^5 y | F(x, y) = cos y |
|---------|---------------------|----------------|
| Dependence | Both variables | y only |
| Range | All real numbers | [-1, 1] |
| Symmetry | Odd in x | Even in y |
| Zeroes | Along x=0 or y=0 | y = (π/2) + nπ |
| Behavior at infinity | Unbounded | Bounded |

Implications for Sketching

- For F(x, y) = 104x^5

Frequently Asked Questions

What does the graph of the function F(x,y) = 104x^5 y look like in three
dimensions?
The graph of F(x,y) = 104x^5 y is a surface that varies rapidly with x due to the fifth power and linearly
with y, resulting in a surface that extends sharply along the x-axis and varies smoothly along the y-axis,
exhibiting symmetry about the y-axis and steep slopes for large |x| values.

How does the graph of F(x,y) = cos y differ from typical surfaces in 3D?
F(x,y) = cos y produces a wave-like surface that oscillates periodically along the y-axis while remaining
constant along the x-axis, creating a series of ridges and valleys that repeat every 2π units in y, resulting in



a sinusoidal pattern in the y-direction.

What are the key features to identify when sketching the graph of
F(x,y) = 104x^5 y?
Key features include the rapid change in the surface's height as x varies due to the fifth power, the linear
dependence on y, symmetry about the y-axis (since x^5 is odd), and the presence of steep slopes for large |x|
values, especially when y is non-zero.

Can the graph of F(x,y) = cos y be visualized as a wave pattern in 3D, and
how?
Yes, the graph forms a sinusoidal wave pattern along the y-axis, with the amplitude constant across x,
creating a series of parallel ridges and troughs that extend infinitely in the x-direction, resembling a ripple
or wave surface.

In what applications might understanding the graphs of these functions
be useful?
Understanding these graphs can be useful in fields like physics (wave phenomena for cos y), engineering
(stress analysis with polynomial functions), and computer graphics (surface modeling), as they help
visualize complex surfaces and their behaviors under different variables.

Additional Resources
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Understanding the behavior and visualization of mathematical functions is fundamental to numerous
scientific and engineering disciplines. Among the array of functions studied, multivariable functions—those
involving two or more variables—hold particular significance because they model real-world phenomena
more accurately. Today, we delve into the graphical representations of two such functions: \(F(x, y) =
104x^5 y\) and \(F(x, y) = \cos y\). These functions, while seemingly simple, exhibit fascinating
characteristics that reveal the rich tapestry of multivariable calculus and the importance of effective
visualization.

In this article, we will explore the properties, behaviors, and graphical representations of these functions,
highlighting how their shapes help us interpret their mathematical nature and potential applications.
Whether you're a student, educator, or an enthusiast of mathematical visualization, understanding these
functions offers invaluable insights into the intricate world of multivariable functions.

---



Introduction to Multivariable Functions and Graphing

Before diving into the specifics of the functions at hand, it’s essential to understand what multivariable
functions are and why their graphs matter.

What Are Multivariable Functions?
A multivariable function is a mathematical relationship involving two or more independent variables. For
instance, in the case of \(F(x, y)\), both \(x\) and \(y\) are independent variables, and the function assigns a
value (often called the "output") based on their combination.

Such functions are prevalent in modeling real-world scenarios:
- Temperature variation over a geographical area (latitude and longitude)
- Elevation maps, where height depends on position
- Economic models with multiple influencing factors

The Importance of Graphing These Functions
Graphing multivariable functions provides visual intuition, helping us:
- Identify regions of maxima, minima, and saddle points
- Visualize how the function behaves in different areas
- Recognize symmetries and periodicities
- Better understand complex phenomena through visual patterns

Graphing is typically achieved using 3D surface plots or contour maps, which translate numerical data into
vivid, interpretable images.

---

Exploring the Function \(F(x, y) = 104x^5 y\)

This function combines polynomial and linear elements, resulting in a rich, complex surface that
exemplifies the interplay between growth and decay across the domain.

Mathematical Structure and Behavior
The function:



\[
F(x, y) = 104x^5 y
\]

can be viewed as a product of three components:
- A constant coefficient 104
- A fifth-degree polynomial in \(x\) (\(x^5\))
- A linear term in \(y\)

Key characteristics:
- Degree and growth: The fifth power in \(x\) suggests rapid growth or decay as \(x\) moves away from
zero.
- Sign behavior: Since \(x^5\) maintains the sign of \(x\), and \(y\) can be positive or negative, the overall
function can be positive or negative depending on the signs of \(x\) and \(y\).
- Symmetry: The function exhibits odd symmetry with respect to \(x\) because \(x^5\) is an odd function;
flipping the sign of \(x\) flips the sign of \(F\).

Behavioral insights:
- When \(x\) is near zero, the function approaches zero regardless of \(y\).
- For large positive \(x\), \(F\) becomes large if \(y\) is positive, and large negative if \(y\) is negative.
- Conversely, for large negative \(x\), the signs invert, creating a mirror image across the \(x=0\) plane.

Graphical Representation
Visualizing \(F(x, y) = 104x^5 y\) results in a surface characterized by:
- A saddle-like shape: The surface slopes upward in some directions and downward in others.
- Planes of symmetry: The surface is symmetric with respect to the origin, reflecting the odd nature of
\(x^5\).
- Linear variation along the \(y\)-axis: For a fixed \(x\), the surface varies linearly in \(y\), stretching the
surface along the \(y\)-direction.

Practical considerations for graphing:
- Use a domain that captures the increase of \(x^5\) for large \(|x|\).
- Focus on regions around \(x = 0\) for detailed analysis, since the surface flattens there.
- Highlight regions where the function transitions from positive to negative.

---

Examining the Function \(F(x, y) = \cos y\)

Unlike the previous polynomial-based function, this function is purely trigonometric, offering periodic



behavior in the \(y\)-direction.

Mathematical Properties
The function:

\[
F(x, y) = \cos y
\]

has some distinct features:
- Independence of \(x\): The function does not depend on \(x\), meaning it is constant along any line
parallel to the \(x\)-axis.
- Periodicity: The cosine function repeats every \(2\pi\), so the surface exhibits wave-like patterns along
the \(y\)-axis.
- Range: The function oscillates between -1 and 1, regardless of \(x\).

Implications:
- The surface is invariant in the \(x\)-direction, forming "waves" or ridges extending infinitely along the
\(x\)-axis.
- The peaks and troughs correspond to points where \(\cos y = 1\) and \(\cos y = -1\), respectively.

Graphical Representation
Plotting \(F(x, y) = \cos y\) results in:
- A series of parallel ridges and valleys: Since the function is independent of \(x\), the surface looks like
infinitely extended waves along the \(x\)-direction.
- Wave amplitude: The maximum height of 1 and minimum of -1 creates a repeating pattern.
- No variation in \(x\): The surface remains constant along the \(x\)-axis, resulting in a "striped" pattern
when viewed from above.

Visualization tips:
- Emphasize the periodicity along the \(y\)-direction.
- Use a domain spanning multiple periods (\(0\) to \(4\pi\), for example) to observe the wave pattern
clearly.
- Consider contour plots to illustrate the constant values along \(x\).

---



Comparative Analysis and Practical Applications

Understanding these two functions together reveals interesting contrasts and similarities.

Differences in Behavior
| Feature | \(F(x, y) = 104x^5 y\) | \(F(x, y) = \cos y\) |
|---------|--------------------------|---------------------|
| Dependence on variables | Both \(x\) and \(y\) | Only \(y\) |
| Symmetry | Odd in \(x\) | Even in \(y\), periodic |
| Range | Unbounded | Bounded between -1 and 1 |
| Surface shape | Saddle, steep variations | Repeating waves |
| Application contexts | Physics, engineering (e.g., potential fields) | Signal processing, wave analysis |

Potential Applications
- Modeling physical phenomena: \(104x^5 y\) can model phenomena with polynomial growth or decay,
such as stress distribution in materials or fluid flow in certain conditions.
- Periodic signals: \(\cos y\) captures wave-like behaviors, making it suitable for oscillations,
electromagnetic waves, or sound waves.
- Combined analysis: Understanding how polynomial and trigonometric functions interact helps in fields
like Fourier analysis or wave modulation.

---

Tools and Techniques for Graphing Multivariable Functions

Visualizing these functions requires computational tools capable of rendering 3D surfaces and contour maps.

Popular tools include:
- Mathematica: Offers advanced plotting functions for multivariable functions.
- MATLAB: Provides 'surf' and 'mesh' functions for detailed surface plots.
- Python (Matplotlib & Plotly): Open-source libraries capable of creating interactive 3D plots.
- GeoGebra and Desmos: User-friendly platforms suitable for educational purposes.

Steps for effective graphing:
1. Select suitable domains for \(x\) and \(y\) based on the function's behavior.
2. Use mesh grids to evaluate the function at numerous points.
3. Generate surface or contour plots to visualize the structure.



4. Analyze the features—peaks, valleys, symmetry, periodicity.

---

Conclusion: The Significance of Visualizing Multivariable
Functions

Graphing functions like \(F(x, y) = 104x^5 y\) and \(F(x, y) = \cos y\) illuminates the intricate behaviors
hidden within mathematical relationships. The polynomial function showcases how growth rates and
symmetry influence the surface's shape, while the trigonometric function exemplifies periodicity and
invariance in one dimension.

These visualizations are more than mere illustrations—they are vital analytical tools that enable scientists,
engineers, and students to interpret complex phenomena intuitively
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