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Test For Consistencyx - 4y + 7z = 143x + 8y - 2z = 137x - 8y + 26z = 5 is a fundamental
concept in linear algebra, particularly when analyzing systems of equations. Determining whether a
system of equations is consistent or inconsistent helps mathematicians and students understand if
solutions exist, whether they are unique, or if the system has infinitely many solutions. This article
delves into the method of testing for the consistency of such systems, illustrating the process with a
detailed example involving the equations:

- -4y + 7z = 143x
- 8y - 2z = 137x
- -8y + 26z = 5

Understanding how to evaluate the consistency of these equations is essential for solving complex
algebraic problems, optimizing systems in engineering, and analyzing data models in computer
science.

Understanding the System of Equations
Before jumping into the test for consistency, it’s crucial to understand what the given equations
represent and how they relate to one another.

What Is a System of Equations?
A system of equations comprises multiple equations with common variables. The goal is to find values
for these variables that satisfy all equations simultaneously. For example, the equations given involve
variables x, y, and z, and we seek solutions (x, y, z) that satisfy all three.

The Importance of Consistency
A system is considered:

Consistent: if it has at least one solution.

Inconsistent: if no solutions satisfy all equations simultaneously.

Inconsistent systems often indicate conflicting constraints, making solutions impossible.

Converting the System to a Matrix Form
One efficient way to analyze the system's consistency is to express it in matrix form using augmented
matrices.



Forming the Coefficient Matrix and Augmented Matrix
Given the equations:

-4y + 7z = 143x
8y - 2z = 137x
-8y + 26z = 5

First, rewrite equations to standard form, bringing all variables to one side:

1. 143x + (-4y) + 7z = 0
2. 137x + 8y - 2z = 0
3. 0x + (-8y) + 26z = 5

Now, the coefficient matrix (A) and the augmented matrix (A|B):

Coefficient matrix A:
| 143   -4    7 |
| 137    8   -2 |
|  0   -8   26 |

Augmented matrix (A|B):
| 143   -4    7 |  0 |
| 137    8   -2 |  0 |
|  0   -8   26 |  5 |

Applying Gaussian Elimination to Test for Consistency
The main tool for checking the system's consistency is Gaussian elimination, which simplifies the
augmented matrix to row-echelon form.

Step-by-Step Reduction Process
1. Normalize the first row:
Divide Row 1 by 143 to make the leading coefficient 1:

R1: (1, -4/143, 7/143 | 0)

2. Eliminate x from Rows 2 and 3:
- Subtract (137 × R1) from R2.
- Since R3 has no x, no operation is needed for that variable.

3. Update Row 2:
Calculate:

R2: R2 - 137 × R1

This yields new coefficients and RHS, which can be computed step by step.



4. Eliminate y from Row 3:
Using R2, adjust R3 accordingly.

5. Check for inconsistencies:
If, at any stage, a row reduces to an equation like 0 = non-zero, the system is inconsistent.

Sample Calculations
- For actual calculation, substitute the numerical values and perform row operations carefully.
- The key is to observe whether any row reduces to a contradiction.

Interpreting the Results of the Gaussian Elimination
Once the matrix is simplified, analyze the rows:

- If all rows are consistent (no contradictions), the system is consistent.
- If a row reduces to an impossible statement (e.g., 0 = 5), the system is inconsistent.

In our specific case with the equations given, if the reduction leads to no contradictions, solutions
exist, and the system is consistent. If contradictions arise, the system has no solutions.

Alternative Methods to Test for Consistency
Besides Gaussian elimination, other methods include:

1. Rank Method (Rouché–Capelli Theorem)
- Calculate the rank of the coefficient matrix (A).
- Calculate the rank of the augmented matrix (A|B).
- If both ranks are equal, the system is consistent.
- If not, the system is inconsistent.

2. Substitution and Elimination
- Solve one equation for a variable, then substitute into others.
- Check if the resulting equations lead to contradictions or valid solutions.

Practical Example: Testing the Given System for
Consistency
Let's apply the concepts to our specific system:

- 143x - 4y + 7z = 0
- 137x + 8y - 2z = 0



- -8y + 26z = 5

Step 1: Express the equations in matrix form.

Step 2: Use Gaussian elimination to simplify.

Step 3: Analyze the reduced matrix.

Suppose after reduction, no contradictions arise, indicating the system is consistent. Alternatively, if a
row reduces to an impossible statement, the system is inconsistent.

Note: Due to the complexity of the coefficients, exact calculation by hand may be cumbersome;
software tools like MATLAB, NumPy (Python), or graphing calculators can facilitate the process.

Implications of System Consistency in Real-World
Applications
Testing for the consistency of systems like the one above isn't just an academic exercise; it has
numerous practical applications:

- Engineering Design: Ensuring systems of equations modeling physical systems have solutions.
- Economics: Validating models where constraints must be simultaneously satisfied.
- Computer Graphics: Calculating intersections and transformations.
- Data Science: Solving overdetermined or underdetermined systems for data fitting.

Understanding whether a system is consistent guides decision-making, optimizes solutions, and
prevents futile attempts at solving incompatible systems.

Summary and Key Takeaways
- The process of testing for consistency involves converting the system into matrix form and applying
Gaussian elimination or the rank method.
- A system is consistent if at least one solution exists; inconsistent if no solutions satisfy all equations.
- The given system involving equations with variables x, y, and z can be analyzed efficiently using
matrix operations.
- Practical tools and software can streamline the process, especially for complex systems.

By mastering the test for consistency, students and professionals can confidently analyze systems of
equations, ensuring solutions are valid and meaningful within their respective contexts.

Final Thoughts
The ability to determine whether a system of equations is consistent is a cornerstone of linear
algebra. The example involving the equations:

- -4y + 7z = 143x
- 8y - 2z = 137x



- -8y + 26z = 5

serves as a practical illustration of applying matrix methods and Gaussian elimination. As you
advance in mathematics or related fields, developing proficiency in these techniques will enhance
problem-solving skills and support complex analyses across various disciplines. Remember, the key
lies in transforming equations into matrix form, systematically simplifying, and interpreting the results
to assess the system's consistency accurately.

Frequently Asked Questions

How can I determine if the system of equations is consistent?
To determine if the system is consistent, you can analyze the equations for possible solutions by
checking if they are compatible. Techniques include combining equations to see if they lead to a
contradiction or using methods like Gaussian elimination to verify if a solution exists.

What is the first step in solving the system of equations: 4y +
7z = 143, x + 8y - 2z = 137, x - 8y + 26z = 5?
A good first step is to express one variable in terms of others or rewrite the equations in a standard
form. For example, you could start by solving for x from the second or third equation or eliminating
variables to reduce the system.

Can this system be solved using matrix methods like Gaussian
elimination?
Yes, representing the system as an augmented matrix and applying Gaussian elimination or row
reduction can help determine if the system has solutions and find those solutions if they exist.

What indicates that the system of equations is inconsistent?
The system is inconsistent if, after row reduction, you arrive at a contradiction such as 0 = non-zero
value, indicating no solution exists that satisfies all equations simultaneously.

How do I check the consistency of this specific system without
solving it completely?
You can set up the augmented matrix and perform row operations to see if the system reduces to a
consistent form. If no contradictions arise during row reduction, the system is consistent; otherwise, it
is inconsistent.

Additional Resources
Test For Consistencyx: A Comprehensive Analysis of the System of Equations



Understanding whether a system of equations is consistent or inconsistent is fundamental in linear
algebra and mathematical problem-solving. The system given:

\[
\begin{cases}
-4y + 7z = 143x \\
8y - 2z = 137x \\
-8y + 26z = 5
\end{cases}
\]

poses an intriguing challenge in determining its consistency and solutions. This review delves into the
core concepts, step-by-step analysis, and deeper insights into the test for consistency of this
particular system.

---

Introduction to Systems of Equations and Consistency

Before analyzing the specific system, it’s essential to understand the fundamental concepts:

- System of Equations: A set of equations involving the same variables. The goal is to find values for
these variables that satisfy all equations simultaneously.

- Consistency: A system is consistent if at least one solution exists; otherwise, it is inconsistent.

- Types of solutions:
- Unique solution: Exactly one solution.
- Infinite solutions: Infinitely many solutions (dependent system).
- No solution: Inconsistent system.

The main tools used in testing for consistency include the methods of substitution, elimination, and
matrix techniques such as Gaussian elimination and rank analysis.

---

Expressing the System Clearly

The given system:

\[
\begin{cases}
-4y + 7z = 143x \quad (1) \\
8y - 2z = 137x \quad (2) \\
-8y + 26z = 5 \quad (3)
\end{cases}



\]

Notably, the equations involve all three variables \(x, y, z\), but the first two equations are expressed
in terms of \(x\), \(y\), and \(z\), with the third involving only \(y\) and \(z\).

Key observations:

- The equations connect the variables in a linear fashion.
- The system mixes variables on the right and left sides, with some equations involving only \(y, z\).
- The structure suggests potential for substitution or elimination to analyze consistency.

---

Rearranged Form for Clarity

To facilitate analysis, rewrite each equation to isolate variables:

1. Equation (1):

\[
-4y + 7z = 143x
\]

2. Equation (2):

\[
8y - 2z = 137x
\]

3. Equation (3):

\[
-8y + 26z = 5
\]

Alternatively, express equations (1) and (2) to explicitly solve for \(x\):

\[
x = \frac{-4y + 7z}{143} \quad (1a)
\]
\[
x = \frac{8y - 2z}{137} \quad (2a)
\]

For the system to be consistent, the expressions for \(x\) from (1a) and (2a) must be equal:

\[
\frac{-4y + 7z}{143} = \frac{8y - 2z}{137}
\]



This provides a necessary condition for the system's consistency.

---

Testing for Consistency: Equating \(x\) Expressions

The key step is to analyze the compatibility of equations (1) and (2):

\[
\frac{-4y + 7z}{143} = \frac{8y - 2z}{137}
\]

Cross-multiplied:

\[
(-4y + 7z) \times 137 = (8y - 2z) \times 143
\]

Simplify both sides:

\[
-4y \times 137 + 7z \times 137 = 8y \times 143 - 2z \times 143
\]

Calculations:

\[
-548y + 959z = 1144y - 286z
\]

Bring all terms to one side:

\[
-548y - 1144y + 959z + 286z = 0
\]

Combine like terms:

\[
-1692y + 1245z = 0
\]

Divide through by 3 for simplicity:

\[
-564y + 415z = 0
\]

Or equivalently:



\[
564y = 415z
\]

This relation must hold for the system to be consistent.

Key Result:

\[
\boxed{
\frac{y}{z} = \frac{415}{564}
}
\]

This is a critical condition: the ratio of \(y\) to \(z\) must be \(415/564\) for the first two equations to be
compatible in terms of \(x\).

---

Substituting Back into the Equations

Having established the relation between \(y\) and \(z\), substitute \(y = \frac{415}{564}z\) into the
third equation:

\[
-8y + 26z = 5
\]

Express \(y\) as above:

\[
-8 \times \frac{415}{564}z + 26z = 5
\]

Calculate:

\[
-\frac{8 \times 415}{564}z + 26z = 5
\]

Simplify numerator:

\[
-\frac{3320}{564}z + 26z = 5
\]

Express all terms with a common denominator:

\[



-\frac{3320}{564}z + \frac{26 \times 564}{564}z = 5
\]

Calculate \(26 \times 564\):

\[
26 \times 564 = 14664
\]

So:

\[
-\frac{3320}{564}z + \frac{14664}{564}z = 5
\]

Combine:

\[
\frac{-3320 + 14664}{564}z = 5
\]

Calculate numerator:

\[
14664 - 3320 = 11344
\]

Thus:

\[
\frac{11344}{564}z = 5
\]

Simplify fraction:

Divide numerator and denominator by 4:

\[
\frac{2836}{141}z = 5
\]

Now, solve for \(z\):

\[
z = \frac{5 \times 141}{2836}
\]

Calculate numerator:

\[
5 \times 141 = 705



\]

Therefore:

\[
z = \frac{705}{2836}
\]

Simplify numerator and denominator by dividing both by 7:

\[
705 \div 7 = 100.714... \text{(not integer)}, \quad 2836 \div 7 = 405.14... \text{(not integer)}
\]

Alternatively, check for common factors:

- The numerator \(705\) factors as \(3 \times 5 \times 47\).
- The denominator \(2836\):

Factor 2836:

\[
2836 \div 2 = 1418 \\
1418 \div 2 = 709
\]

Now, 709 is prime.

So,

\[
2836 = 2^2 \times 709
\]

Since numerator factors are \(3, 5, 47\), and denominator factors are \(2^2, 709\), no common
factors.

Thus, the fraction is in lowest terms:

\[
z = \frac{705}{2836}
\]

Now, \(y\) can be expressed as:

\[
y = \frac{415}{564}z = \frac{415}{564} \times \frac{705}{2836}
\]

Multiply numerators and denominators:



\[
y = \frac{415 \times 705}{564 \times 2836}
\]

Calculate numerator:

\(415 \times 705\):

- \(400 \times 705 = 282,000\)
- \(15 \times 705 = 10,575\)

Sum:

\[
282,000 + 10,575 = 292,575
\]

Calculate denominator:

- \(564 \times 2836\):

Break down:

\[
564 \times 2836 = (500 + 64) \times 2836 = 500 \times 2836 + 64 \times 2836
\]

- \(500 \times 2836 = 1,418,000\)
- \(64 \times 2836\):

\(60 \times 2836 = 170,160\)

\(4 \times 2836 = 11,344\)

Sum:

\[
170,160 + 11,344 = 181,504
\]

Total:

\[
1,418,000 + 181,504 = 1,599,504
\]

Thus,

\[
y = \frac{292,575}{1,599,504}
\]



Summary of solutions:

\[
\boxed{
z = \frac{705}{2836}, \quad y = \frac{292,575}{1,599,504}
}
\]

Now, recall that:

\[
x = \frac{-4y + 7z}{143}
\]

Calculate numerator:

\[
-
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