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In the realm of linear algebra, understanding the behavior of matrices under repeated
multiplication—known as matrix exponentiation—is fundamental for numerous applications, ranging from
computer graphics to systems theory. The problem statement involving the matrix A, specifically the
computation of A¹⁰, A³, A¹⁰, and their related expressions, provides an excellent opportunity to explore
matrix powers, diagonalization, and their practical significance.

This article aims to elucidate the process of computing high powers of matrices, especially those with
specific structures, and to interpret the results in the context of matrix algebra. We will also delve into
techniques such as eigenvalue decomposition, diagonalization, and the use of Jordan canonical forms,
equipping readers with the tools necessary to handle similar problems efficiently.

---

Understanding the Given Matrix A

Matrix A Representation

The matrix A provided appears to be a 3x3 matrix:

\[
A = \begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1 \\
\end{bmatrix}
\]

However, the original problem statement contains some ambiguity in notation. To clarify, assume the
matrix A is:

\[
A = \begin{bmatrix}



1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1 \\
\end{bmatrix}
\]

This structure suggests a matrix with a combination of upper and lower elements that may have
implications for its eigenvalues and powers.

Note: If the matrix differs, the calculation approach remains similar, with adjustments based on the actual
matrix entries.

---

Computing Matrix Powers: A Step-by-Step Approach

Calculating high powers such as A¹⁰ or A³ directly via repeated multiplication can be computationally
intensive. Instead, leveraging properties like diagonalization simplifies the process significantly.

Step 1: Find Eigenvalues of A

The eigenvalues λ of matrix A satisfy the characteristic equation:

\[
\det(A - \lambda I) = 0
\]

Calculating the characteristic polynomial:

\[
A - \lambda I = \begin{bmatrix}
1 - \lambda & 1 & 0 \\
0 & - \lambda & 1 \\
0 & 0 & 1 - \lambda \\
\end{bmatrix}
\]

The determinant:

\[



\det(A - \lambda I) = (1 - \lambda) \times \det \begin{bmatrix}
- \lambda & 1 \\
0 & 1 - \lambda \\
\end{bmatrix}
\]

\[
= (1 - \lambda) \times (- \lambda)(1 - \lambda) - (0)(1) = (1 - \lambda)(- \lambda)(1 - \lambda) = - \lambda (1
- \lambda)^2
\]

Setting to zero:

\[
- \lambda (1 - \lambda)^2 = 0
\]

Thus, the eigenvalues are:

\[
\lambda_1 = 0 \quad \text{and} \quad \lambda_2 = 1 \quad \text{(with multiplicity 2)}
\]

---

Step 2: Find Eigenvectors

Eigenvalue λ = 0:

Solve (A - 0I) x = 0:

\[
A x = 0
\]

\[
\begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1 \\
\end{bmatrix}
\begin{bmatrix}



x_1 \\
x_2 \\
x_3 \\
\end{bmatrix}
= \begin{bmatrix}
0 \\
0 \\
0 \\
\end{bmatrix}
\]

From the second and third equations:

\[
x_3 = 0
\]
\[
x_3 = 0
\]

From the first:

\[
x_1 + x_2 = 0 \Rightarrow x_1 = - x_2
\]

Choosing \( x_2 = t \), a free parameter:

\[
x = \begin{bmatrix}
- t \\
t \\
0 \\
\end{bmatrix}
\]

Eigenvector:

\[
v_{0} = t \begin{bmatrix}
-1 \\
1 \\
0 \\



\end{bmatrix}
\]

---

Eigenvalue λ = 1:

Solve (A - I) x = 0:

\[
A - I = \begin{bmatrix}
0 & 1 & 0 \\
0 & -1 & 1 \\
0 & 0 & 0 \\
\end{bmatrix}
\]

Set up equations:

1. \( 0x_1 + 1x_2 + 0x_3 = 0 \Rightarrow x_2 = 0 \)

2. \( 0x_1 - 1x_2 + 1x_3= 0 \Rightarrow - 0 + x_3= 0 \Rightarrow x_3= 0 \)

3. Last row: 0=0 (no info)

From above:

\[
x_2=0, \quad x_3=0
\]

\( x_1 \) is free; set \( x_1= s \):

Eigenvector:

\[
v_{1} = s \begin{bmatrix}
1 \\
0 \\
0 \\
\end{bmatrix}
\]



Since λ=1 has multiplicity 2, find a generalized eigenvector if necessary.

---

Diagonalization and Computing A^n

Having the eigenvalues and eigenvectors, the next step is to diagonalize A (if possible).

Diagonalization involves:

\[
A = P D P^{-1}
\]

where D is a diagonal matrix with eigenvalues, and P is the matrix of eigenvectors.

Eigenvalues:

\[
D = \begin{bmatrix}
1 & 0 & 0 \\
0 & 1 & 0 \\
0 & 0 & 0 \\
\end{bmatrix}
\]

Eigenvectors:

\[
P = \begin{bmatrix}
\text{Eigenvector for } \lambda=1 & \text{Eigenvector for } \lambda=1 & \text{Eigenvector for }
\lambda=0 \\
\end{bmatrix}
\]

As the eigenvectors are:

\[
v_{1} = \begin{bmatrix} 1 \\ 0 \\ 0 \end{bmatrix} \quad (\lambda=1)
\]
\[



v_{2} = \begin{bmatrix} -1 \\ 1 \\ 0 \end{bmatrix} \quad (\lambda=0)
\]

But note that the algebraic and geometric multiplicities may differ, and if the matrix is not diagonalizable, a
Jordan form is needed.

---

Using Jordan Canonical Form for Matrix Powers

If the matrix A is not diagonalizable, then the Jordan canonical form provides a way to compute powers.

Suppose A has a Jordan block associated with λ=1:

\[
J = \begin{bmatrix}
1 & 1 \\
0 & 1 \\
\end{bmatrix}
\]

Then,

\[
A^n = P J^n P^{-1}
\]

with

\[
J^n = \begin{bmatrix}
1 & n \\
0 & 1 \\
\end{bmatrix}
\]

This approach simplifies calculating high powers.

---



Calculating A¹⁰ and Other Powers

Using the Jordan form:

\[
A^{10} = P J^{10} P^{-1}
\]

where

\[
J^{10} = \begin{bmatrix}
1 & 10 \\
0 & 1 \\
\end{bmatrix}
\]

Similarly, for A³:

\[
A^{3} = P J^{3} P^{-1}
\]
with

\[
J^{3} = \begin{bmatrix}
1 & 3 \\
0 & 1 \\
\end{bmatrix}
\]

---

Interpreting the Results and Applications

Understanding powers of matrices is crucial in various fields:

- Markov Chains: Transition matrices raised to high powers give steady-state probabilities.
- Differential Equations: Solutions to systems involve matrix exponentials.
- Computer Graphics: Transformations applied repeatedly.



- Control Systems: Stability analysis via eigenvalues.

In our example, calculating \(A^{10}\) and \(A^{3}\) reveals the long-term behavior of the system
represented by A, such as stability or oscillations.

---

Conclusion

The problem of computing high powers of matrices like A involves a combination of eigenvalue analysis,
eigenvector computation, and, when necessary, Jordan canonical forms. Recognizing the structure of the
matrix—whether diagonalizable or not—guides the choice of method

Frequently Asked Questions

What is the significance of computing powers such as A¹⁰ and A³ in
matrix analysis?
Computing powers like A¹⁰ and A³ helps analyze the long-term behavior of systems represented by
matrices, such as stability, steady states, and eigenvalue effects, especially in applications like Markov chains
and dynamical systems.

Given the matrix A = [[1, 1, 0], [0, 0, 1], [0, 0, 1]], how do you compute A¹⁰
and A³?
To compute A¹⁰ and A³, you can use matrix multiplication methods or leverage properties like
diagonalization or Jordan form. For this specific matrix, observe its structure and powers to simplify
calculations, noting patterns that emerge with successive multiplications.

What is the importance of finding A¹⁰ and A³ for matrix A in practical
applications?
Calculating high powers of A can reveal the system's steady-state behavior, convergence properties, or
periodicity, which are crucial in fields like economics, engineering, and computer science for modeling
processes over time.



How can eigenvalues and eigenvectors assist in computing A¹⁰ and A³?
Eigenvalues and eigenvectors simplify the process by diagonalizing A, allowing powers to be computed by
raising eigenvalues to the corresponding power and reconstructing the matrix, which is often more
efficient than repeated multiplication.

Are there specific properties of matrix A that make computing A¹⁰ and A³
straightforward?
Yes, if A is diagonalizable or has a Jordan form, calculating powers becomes easier. For matrices with
nilpotent parts or particular structures, leveraging these properties can simplify exponentiation
significantly.

What steps are involved in computing A¹⁰ for the given matrix A?
First, find the eigenvalues and eigenvectors or Jordan form of A. Then, raise the diagonal or Jordan blocks
to the 10th power. Finally, recombine to obtain A¹⁰. Alternatively, use recursive multiplication or software
tools for direct computation.

What does the notation A¹⁰, A³, and A! (possibly a typo for A!) in the
question refer to?
A¹⁰ and A³ denote the matrix A raised to the 10th and 3rd powers, respectively. The notation A! is likely a
typo or misprint; it might mean A factorial, which is not defined for matrices, or perhaps the question
intended to refer to other matrix operations. Clarification is needed for accurate interpretation.

Additional Resources
Matrix Powers and Their Significance in Computational Mathematics

---

Introduction to Matrix Powers and Their Applications

Matrices are fundamental constructs in linear algebra, serving as powerful tools to represent and analyze
complex systems across various scientific and engineering disciplines. When examining the behavior of
dynamic systems, solving differential equations, or modeling network flows, the concept of raising matrices
to powers becomes invaluable.



Understanding how to compute matrix powers, especially for larger exponents, is essential for efficient
computation and theoretical insights. This article explores a particular problem involving the matrix:

\[
A = \begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

and delves into calculating \(A^{10}\), \(A^{103}\), and related expressions. We will walk through the
process step-by-step, analyze the patterns, and interpret the significance of these computations.

---

Understanding the Matrix \(A\)

Matrix Definition and Structure

Given:

\[
A = \begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

This matrix is a 3x3 matrix with a specific structure:

- The first row has entries \(1, 1, 0\).
- The second and third rows are identical, with entries \(0, 0, 1\).

The structure suggests that \(A\) might be a transition matrix representing some process, possibly
involving states transitioning with certain weights. Notice that the bottom two rows are identical,
indicating some form of repeated or stable behavior in those states.

---



Computing \(A^{10}\) and \(A^{103}\)

Methodology for Computing Matrix Powers

Calculating high powers of a matrix directly (by repeated multiplication) is computationally intensive and
prone to errors. Instead, matrix powers can often be simplified by:

- Diagonalization (if the matrix is diagonalizable): expressing \(A\) as \(A = PDP^{-1}\), where \(D\) is a
diagonal matrix containing eigenvalues, and then calculating \(A^n = P D^n P^{-1}\).
- Jordan Normal Form: for matrices not diagonalizable, expressing \(A\) in Jordan form.
- Pattern Recognition: analyzing the pattern of powers through recursive relations or by observing the
structure after successive multiplications.

Given the structure of \(A\), it's beneficial to analyze its pattern and attempt to find a general formula for
\(A^n\), which simplifies computations for large exponents like 10 and 103.

---

Step-by-Step Calculation of \(A^2\), \(A^3\), and Beyond

Let's start by computing successive powers to identify patterns.

Calculate \(A^2\):

\[
A^2 = A \times A
\]

\[
A^2 = \begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}



\]

Compute element-wise:

- First row:

- \( (1)(1) + (1)(0) + (0)(0) = 1 \)

- \( (1)(1) + (1)(0) + (0)(0) = 1 \)

- \( (1)(0) + (1)(1) + (0)(1) = 1 \)

- Second row:

- \( (0)(1) + (0)(0) + (1)(0) = 0 \)

- \( (0)(1) + (0)(0) + (1)(0) = 0 \)

- \( (0)(0) + (0)(1) + (1)(1) = 1 \)

- Third row:

- Same as second row, as the third row is identical:

- \( 0, 0, 1 \)

Thus,

\[
A^2 = \begin{bmatrix}
1 & 1 & 1 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

Calculate \(A^3\):

\[
A^3 = A^2 \times A
\]

\[



A^3 = \begin{bmatrix}
1 & 1 & 1 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

Compute:

- First row:

- \(1 \times 1 + 1 \times 0 + 1 \times 0 = 1\)

- \(1 \times 1 + 1 \times 0 + 1 \times 0 = 1\)

- \(1 \times 0 + 1 \times 1 + 1 \times 1 = 2\)

- Second row:

- \(0 \times 1 + 0 \times 0 + 1 \times 0 = 0\)

- \(0 \times 1 + 0 \times 0 + 1 \times 0 = 0\)

- \(0 \times 0 + 0 \times 1 + 1 \times 1 = 1\)

- Third row:

- Same as second row:

- \(0, 0, 1\)

Thus,

\[
A^3 = \begin{bmatrix}
1 & 1 & 2 \\
0 & 0 & 1 \\
0 & 0 & 1



\end{bmatrix}
\]

Pattern Recognition:

Let's observe the pattern in the top row:

- \(A^1\): \([1, 1, 0]\)
- \(A^2\): \([1, 1, 1]\)
- \(A^3\): \([1, 1, 2]\)

It appears that the third element of the first row increases with the power, following a sequence:

\[
\text{Third element in first row} = \text{something related to } n
\]

Let's compute \(A^4\) to confirm:

\[
A^4 = A^3 \times A
\]

\[
A^4 = \begin{bmatrix}
1 & 1 & 2 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

Calculations:

- First row:

- \(1 \times 1 + 1 \times 0 + 2 \times 0 = 1\)

- \(1 \times 1 + 1 \times 0 + 2 \times 0 = 1\)



- \(1 \times 0 + 1 \times 1 + 2 \times 1 = 3\)

- Second row:

- \(0, 0, 1\)

- Third row:

- Same as second:

- \(0, 0, 1\)

Result:

\[
A^4 = \begin{bmatrix}
1 & 1 & 3 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

The pattern in the third element of the first row is:

\[
\text{Third element} = n - 1
\]

for \(A^n\), where \(n \geq 1\):

\[
A^n = \begin{bmatrix}
1 & 1 & n-1 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

Verification:

- For \(n=1\):

\[



A^1 = \begin{bmatrix}
1 & 1 & 0 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

matches the initial matrix.

- For \(n=2\):

\[
A^2 = \begin{bmatrix}
1 & 1 & 1 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

which matches our earlier calculation.

- For \(n=3\):

\[
A^3 = \begin{bmatrix}
1 & 1 & 2 \\
0 & 0 & 1 \\
0 & 0 & 1
\end{bmatrix}
\]

also matches.

- For \(n=4\):

\[
A^4 = \begin{bmatrix}
1
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