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DeTerMINE ALL THE PoINTS THAT Lie ON THe ELLipTic CurVE Y2 = X3 + 28 Over Z7 1

ELLIPTIC CURVES OVER FINITE FIELDS HAVE PROFOUND APPLICATIONS IN NUMBER THEORY, CRYPTOGRAPHY, AND ALGEBRAIC
GEOMETRY. ONE FUNDAMENTAL PROBLEM INVOLVES FINDING ALL THE POINTS THAT SATISEY A GIVEN ELLIPTIC CURVE EQUATION
OVER A FINITE FIELD—SPECIFICALLY, IDENTIFYING ALL SOLUTIONS (X, Y) WHERE THE COORDINATES ARE ELEMENTS OF THE FINITE
FIELD. IN THIS ARTICLE, WE EXPLORE HOW TO DETERMINE ALL POINTS ON THE ELLIPTIC CURVE DEFINED BY THE EQUATION:

\[Y?2 \equiv X3 + 28 \pmop{7 1} \]

oVer THE FINITE FIELD \(\MATHBB{Z}_{7 1}\). THIS PROCESS INVOLVES UNDERSTANDING THE STRUCTURE OF ELLIPTIC CURVES,
MODULAR ARITHMETIC, QUADRATIC RESIDUES, AND SYSTEMATIC SOLUTION TECHNIQUES.

UNDERSTANDING ELLIPTIC CUrRVES OVER FINITE FIELDS

WHAT Is AN ELLIPTIC CURVE?

AN ELLIPTIC CURVE OVER A FINITE FIELD \(\MATHBB{F}_P\) (WHere \(P\) IS A PRIME) IS A SET OF soLuTions \((x, Y)\) To
AN CUBIC EQUATION OF THE FORM:

\[
Y2 =X"3+aX +8
\]

WHERE THE COEFFICIENTS \(A, B \IN \MATHBB{F} P\), ALONG WITH A SPECIAL POINT CALLED THE POINT AT INFINITY
\(\MATHCAL{O}\). THe SeT oF soLuTIoNS, INCLUDING \(A\MATHCAL{O}\), FORMS AN ABELIAN GROUP UNDER A GEOMETRIC
ADDITION LAW.

IN THIS CASE, THE ELLIPTIC CURVE IS:

\[
Y2 \equiv X*3 + 28 \pmon{7 1}
\]

WHICH IS OF THE FORM \(Y"2 = X3 + A\), wiTH \(a = 28\) anp \(& = O\).

STeP-BY-STEP PROCESS TO FIND ALL SOLUTIONS

DETERMINING ALL POINTS INVOLVES THE FOLLOWING STEPS:

1. IDENTIFY THE SET OF POSSIBLE X-COORDINATES: ALL ELEMENTS of \(\maTrea{Z} {7 1}\), 1e, \(X \w \{0, 1, 2, ...,

70\}\).

2. CoMPUTE THE RIGHT-HAND SIDE (RHS): For eacH \(X\), compuTe \(X"3 + 28 \pmon{7 13\).



3. DETERMINE QUADRATIC RESIDUES: FOR EACH RHS, DETERMINE WHETHER IT IS A QUADRATIC RESIDUE MODULO 7 1, LE.,
WHETHER THERE EXISTS A \(Y\) sucH THAT \(Y"2 \equiv \TexT{RHS} \pMoD{7 13\).

4. Fino THE \(Y\) VALUES: For EACH QUADRATIC ResIDUE RHS, FinD ALL \(Y\) saTisFying \(Y*2 \equiv \TexT{RHS}\).

5. INCLUDE THE POINT AT INFINITY: AS PER ELLIPTIC CURVE GROUP STRUCTURE, INCLUDE THE POINT AT INFINITY

\(\mMaTHCAL{OJ\).

LET'S EXPLORE EACH STEP IN DETAIL.

STeP 1: PossiBLE X-COORDINATES

Since \(\MaTHBe{Z} {7 1}\) conTAINS INTEGERS FROM O TO 70, OUR INITIAL SET OF POTENTIAL X-COORDINATES IS:

\[
X\ \{0, 1,2, .., 70\}
\]

For eacH \(X\), we'LL compuTE THE RHS \(X"3 + 28 \pmoD{7 1}\).

STeP 2: CoMPUTING RHS For EACH X

ToO STREAMLINE CALCULATIONS, WE CAN:
- PrecompuTe \(X"3 \pMoD{7 13\) For eacH \(X\)
- ADD 28 TO THE RESULT, THEN REDUCE MODULO 7 1.

FOR EXAMPLE:

- For \(X=0\):

\[
0"3+28=0+28=28\pmon{7 1}
\]

- For \(X=1\):

\[

1"3+28=1+28=29 \pmon{7 1}
\]

- For \(X=2\):

\[

8 + 28 =36 \pmon{7 1}

\]

AND SO ON.



SINCE DOING THIS MANUALLY FOR ALL 7 1 VALUES IS TEDIOUS, IN PRACTICE, A COMPUTATIONAL APPROACH OR A PROGRAM
CAN BE USED TO GENERATE THE LIST oF RHS VALUES EFFICIENTLY.

STep 3: DETERMINING QUADRATIC RESIDUES MobuLo 7 1

Key To soLving \(Y"2 \eQuiv R \pMob{7 13}\) 1s unDERSTANDING WHETHER \(R\) IS A QUADRATIC RESIDUE MobuULO 7 1.

QuabraTIC Resibue: AN ELEMENT \(R \IN \MaTHBB{Z} {P}\) IS A QUADRATIC RESIDUE IF THERE EXISTS SoME \(Y\) sucH
THAT:

\[
Y2 \equiv R \pmop{p}
\]

QuabrATIC NoN-ResIDUE: IF No sucH \(Y\) exisTs, THen \(R\) IS A QUADRATIC NON-RESIDUE.
To DETERMINE WHETHER \(R\) IS A QUADRATIC RESIDUE MODULO 7 1, WE CAN:

- Use EuLEr’s CRITERION:

\[

R M\rrac{r-13{23} \equiv \BeGin{cAsES}

1 \pmop{p}, & \TexT{IF } R \TexT{ 1S A QUADRATIC RESIDUE} \\

-1 \pMod{P}, & \TexT{iF } R \TexT{ IS A QUADRATIC NON-RESIDUE}
\eno{cases}

\]

-For \(P=71\), \((p-1)/2 = 35\). So, coMpUTE:
\[

R*{35} \pMoD{7 1}

\]

IF THE ResULT 1S 1, \(R\) 1S A QUADRATIC RESIDUE; IF IT 1S 70 (wHicH 1S -1 Mob 7 1), THeN \(R\) IS A NON-RESIDUE.

ALTERNATIVELY, QUADRATIC RECIPROCITY OR PRECOMPUTED TABLES CAN HELP.

Step 4: FinoiNg \(Y\) For QUADRATIC RESIDUES

For eacH RHS \(R\) IDENTIFIED AS A QUADRATIC RESIDUE, FIND THE SOLUTIONS TO:

\[
Y2 \equiv R \pmop{7 1}
\]
THIS CAN BE ACHIEVED VIA:

- TONELLI-SHANKS ALGORITHM: EFFICIENT FOR FINDING SQUARE ROOTS MODULO A PRIME.

- BRUTE-FORCE SEARCH: For SMALL \(P\), cHeck aLL \(Y \in \{O,...,70\}\).



BeCAUSE 7 1 IS SMALL, BRUTE-FORCE IS FEASIBLE:
- For eacH \(Y\), cHeck IF \(Y"2 \equiv R \pMoD{7 1}\).
- Recorp ALL \(Y\) SATISFYING THE EQUATION.

EacH QuADRATIC RESIDUE \(R\) can HAVE EITHER O, 1 (1IF \(Y=0\)), or 2 soLuTIons For \(Y\).

STerP 5: SUMMARIZING THE POINTS

AFTER COMPLETING THE ABOVE STEPS FOR ALL \(X\), compILE THE LIST oF soLuTions \((X, Y)\). REMEMBER TO INCLUDE
THE POINT AT INFINITY \(AMATHCAL{O3}\), WHICH IS ALWAYS PART OF THE ELLIPTIC CURVE GROUP.

THe ToTAL NUMBER OF POINTS (INCLUDING \(AMATHCAL{O3}\)) IS CALLED THE ORDER OF THE ELLIPTIC CURVE.

PracTICAL ExXAMPLE: COMPUTING FOR A FEW X-VALUES

LET'S DEMONSTRATE THE PROCESS WITH A FEW SPECIFIC VALUES:
ExampLe 1: \(X=0\)
- CoMpPUTE RHS:

\[
0”3 + 28 =28 \pmon{7 1}
\]

- DETERMINE IF 28 IS A QUADRATIC RESIDUE:
CaLcuLaTe \(287{35} \pmon{7 13\).

SUPPOSE WE FIND:

\[
28735} \equiv 1 \pMoD{7 1}
\]

INDICATING 28 IS A QUADRATIC RESIDUE.
- Fino \(Y\):
Creck \(Y"2 \equiv 28 \pmop{7 13\):

- Test \(Y=0,1,2 ... 70\):

’ / 1707

FOR INSTANCE:

\[
Y=26:\Quap 26"2 =676 \eQuiv 676 - 9 \TiMes 71 =676 - 639 =37 \pmon{7 1}
\]



No; 37 # 28.
SIMILARLY, TEST oTHER \(Y'\) VALUES. USING BRUTE-FORCE OR A COMPUTER, WE FIND SOLUTIONS:
Suppose \(Y=12\):

\[
127°2=144 \eQuiv 144 - 2 \TiMes 7 1=144 - 142=2 \neQ 28
\]

PROCEEDING, EVENTUALLY, SOLUTIONS ARE FOUND AT \(Y=Y_1\) anp \(Y=Y_2\). THE PROCESS CAN BE AUTOMATED.
ExampLe 2: \(X=1\)

- RHS:

\[
13 +28=1+28=29 \pmon{7 1}
\]

- CHECK IF 29 IS A QUADRATIC RESIDUE.

APPLY QUADRATIC RESIDUE TEST:

CaLcuLATe \(297{353 \pMop{7 1}\). IF THE RESULT IS 1, THEN 29 IS A QUADRATIC RESIDUE.
- FiND soLuTions For \(Y*2=29\).

REPEAT SIMILAR STEPS.

CoUNTING ALL PoINTs AND FINAL RESULTS

ONCE ALL SOLUTIONS ARE FOUND FOR EACH \(X\), THE TOTAL SET OF POINTS IS CONSTRUCTED:

\[
EQAMaTHee{Z} {713) =\{ (X, Y) \MD Y*2 \equiv X3 + 28 \pmon{7 13 \} \cur \{\

FREQUENTLY ASkeD QUESTIONS

W/HAT IS THE ELLIPTIC CURVE DEFINED BY THE EQUATION Y2 = X3 + 28 OVER THE
FINITE FIELD Z5,?

IT IS A CURVE OVER THE FINITE FIELD OF INTEGERS MODULO 7 1, GIVEN BY THE EQUATION Y2 = X3 + 28 (Mob 7 1), WHERE X
AND Y ARE ELEMENTS OF Z,,.

How cAN WE DETERMINE ALL POINTS (X, Y) ON THE ELLIPTIC CURVE Y2 = X3 + 28
OVER Z4y?
To FIND ALL POINTS, WE EVALUATE THE RIGHT SIDE X%+ 28 For EACH X IN Z71, DETERMINE IF IT IS A QUADRATIC RESIDUE

MobuLo 71 , AND THEN FIND THE CORRESPONDING Y VALUES WHEeRe Y2 EQUALS THAT RESULT, INCLUDING THE POINT AT
INFINITY.



\WHAT IS THE SIGNIFICANCE OF QUADRATIC RESIDUES IN FINDING POINTS ON THE ELLIPTIC
CURVE OVER Z5?

QUADRATIC RESIDUES ARE VALUES THAT HAVE A SQUARE ROOT MODULO 7 1. For EACH X, IF X3 + 28 IS A QUADRATIC
RESIDUE, THEN THERE ARE TWO Y VALUES (POSITIVE AND NEGATIVE ROOTS): IF NOT, THEN NO POINTS EXIST FOR THAT X.

How DO WE VERIFY WHETHER A GIVEN VALUE IS A QUADRATIC RESIDUE MODULO 7 17

\WE USE EULER’S CRITERION: A NON-ZERO ELEMENT A IN Z,1 1S A QUADRATIC RESIDUE IF AND ONLY IF A™{(P-1)/2} = 1 (MoD P).
ForP=71, cHeck IF A”{35} = 1 (MoD 7 1).

ARE THERE ANY POINTS AT INFINITY ON THE ELLIPTIC CURVE Y2 = X2 + 28 oVER Z,?

YES, IN ELLIPTIC CURVE THEORY, THERE IS A UNIQUE POINT AT INFINITY THAT ACTS AS THE IDENTITY ELEMENT FOR THE GROUP
LA\ DEFINED ON THE CURVE.

\WHAT IS THE OVERALL PROCESS TO LIST ALL POINTS ON THE ELLIPTIC CURVE OVER
Z,7

THE PROCESS INVOLVES: (1) ITERATING OVER EACH X IN Z5;, (2) coMPUTING RHS = X® + 28 Mobp 7 1, (3) cHECKING IF RHS
IS A QUADRATIC RESIDUE, AND (4) FINDING CORRESPONDING Y VALUES; INCLUDE THE POINT AT INFINITY AS WELL.

ADDITIONAL RESOURCES

DeTERMINE ALL THE PoINTS THAT LiE ON THE ELLiPTIC CURVE Y2 = X3 + 28 OVER 74,

INTRODUCTION

IN THE FASCINATING WORLD OF NUMBER THEORY AND ALGEBRAIC GEOMETRY, ELLIPTIC CURVES STAND OUT AS OBJECTS OF
PROFOUND MATHEMATICAL BEAUTY AND PRACTICAL SIGNIFICANCE. THEY SERVE AS THE BACKBONE FOR MODERN CRYPTOGRAPHY,
UNDERPINNING SECURE DIGITAL COMMUNICATION, AND ARE CENTRAL TO MANY DEEP THEOREMS IN MATHEMATICS. TODAY, WE
DELVE INTO A SPECIFIC ELLIPTIC CURVE DEFINED OVER A FINITE FIELD, EXAMINING HOW TO DETERMINE ALL THE POINTS THAT
SATISFY ITS EQUATION. SPECIFICALLY, WE FOCUS ON THE CURVE!:

Y2 = X3+ 28 oVer Z,
\UNDERSTANDING THIS PARTICULAR CURVE INVOLVES NAVIGATING THROUGH MODULAR ARITHMETIC, GROUP THEORY, AND
ALGEBRAIC TECHNIQUES. OUR GOAL IS TO METHODICALLY IDENTIFY ALL PAIRS (X, Y) WITHIN THE FINITE FIELD Z5; — THE

INTEGERS FROM O To 70 MobULO 7 1 — THAT SATISFY THE EQUATION. THIS PROCESS NOT ONLY HIGHLIGHTS CORE CONCEPTS
IN ELLIPTIC CURVE THEORY BUT ALSO DEMONSTRATES PRACTICAL METHODS USED IN CRYPTOGRAPHIC APPLICATIONS.

FUNDAMENTALS oF ELLIPTIC CURVES OVER FINITE FIELDS
WHAT Is aN ELLIPTIC CURVE?

AN ELLIPTIC CURVE OVER A FINITE FIELD, SUCH AS Z_P (INTEGEES MODULO A PRIME P)/ IS DEFINED BY AN EQUATION OF THE
FORM:

Y2=X3+aAX +8

\WHERE A AND B ARE ELEMENTS OF Z_P, AND THE CURVE MUST SATISFY THE NON-SINGULARITY CONDITION (DISCRIMINANT * O)



IN OUR CASE, THE SPECIFIC EQUATION SIMPLIFIES TO:
Y2=X®+28

wWITHA =0 AND B = 28, OVER Z,;.

WHY STubY PoINTs oN ELLIPTIC CURVES?

THE SET OF SOLUTIONS (POINTS) ON AN ELLIPTIC CURVE OVER Z_P FORMS A FINITE ABELIAN GROUP UNDER A \WELL-DEFINED
ADDITION LAW. DETERMINING THESE POINTS IS FUNDAMENTAL FOR:

- CRYPTOGRAPHIC SCHEMES LIKE ELLIPTIC CurVE CrRYPTOGRAPHY (ECC).

- UNDERSTANDING THE STRUCTURE OF ELLIPTIC CURVES.
- EXPLORING NUMBER-THEORETIC PROPERTIES.

THe FINITE FIELD Z,, AND |TS PROPERTIES

MODULAR ARITHMETIC AND Z5,

75, DENOTES THE SET OF INTEGERS MODULO 7 1, WHERE ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION (EXCEPT BY
ZERO) ARE CONDUCTED MODULO 7 1. SINCE 7 1 IS PRIME, Z5; FORMS A FINITE FIELD, ENABLING THE USE OF FIELD THEORY
TECHNIQUES.

THE SIGNIFICANCE OF THE PRIME 7 1

PRIME FIELDS PROVIDE A RICH STRUCTURE WHERE EACH NON-ZERO ELEMENT HAS A MULTIPLICATIVE INVERSE. THIS PROPERTY IS

CRUCIAL FOR SOLVING EQUATIONS LIKE Y2=X3+ 28, ESPECIALLY WHEN PERFORMING DIVISION OR SOLVING QUADRATIC
EQUATIONS.

APPROACH TO FINDING ALL POINTS

To DETERMINE ALL POINTS (X, Y) ON THE ELLIPTIC CURVE OVER Z,, THE PROCESS GENERALLY INVOLVES:

1. ITERATING OVER ALL POSSIBLE X VALUES IN Z;.

2. COMPUTING THE RIGHT-HAND SIDE (RHS): X® + 28 mMop 7 1.

3. DETERMINING WHETHER RHS IS A QUADRATIC RESIDUE — IE., WHETHER THERE EXISTS A Y SATISFYING Y2 = RHS mMop 7 1.
4. FINDING SOLUTIONS FOR Y WHEN RHS 1S A QUADRATIC RESIDUE.

5. INCLUDING THE POINT AT INFINITY, WHICH ACTS AS THE IDENTITY ELEMENT IN THE GROUP.

LET’S EXPLORE EACH STEP IN DETAIL.

Step 1: ITERATING OVER ALL X VALUES
SINCE THE FIELD Z5, CONTAINS ELEMENTS O THROUGH 70, WE SYSTEMATICALLY TEST EACH X:
-ForeacH X N {0, 1, 2, ..., 70}

- CALCULATE X® + 28 MoD 71,
- DETERMINE IF THIS VALUE IS A QUADRATIC RESIDUE.

/

THIS EXHAUSTIVE PROCESS IS COMPUTATIONALLY FEASIBLE GIVEN THE FINITE NATURE OF Z71.



STep 2: CoMPUTING THE RHS For EacH X

THE RIGHT SIDE OF THE ELLIPTIC CURVE EQUATION FOR EACH X IS:
\[R(X) = X3 + 28\, (\emoo \, 71) \]

FOR EXAMPLE:

- \WHeN X = 0:R(0)=0%+28 =28 mop 7 1.

-WHeN X = 1:R(1)=1+28=29moDp 71.

-\WHeN X = 2:R(2)=8+28=36mop 7 1.

- CONTINUE SIMILARLY FOR ALL X.

THIS STEP INVOLVES MODULAR EXPONENTIATION, WHICH IS STRAIGHTFORWARD WITH REPEATED MULTIPLICATION AND MODULAR
REDUCTION.

STep 3: DETERMINING QUADRATIC RESIDUES

A KEY ASPECT OF THE PROCESS IS TO IDENTIFY WHETHER R(X) IS A QUADRATIC RESIDUE MOD 7 1, I.E., WHETHER THERE EXISTS
SOME Y SUCH THAT:

\[ Y*2 \equiv R(X) \pmon{7 1} \]
How TO VERIFY QUADRATIC RESIDUES?

- LEGENDRE SYMBOL: THE LEGENDRE SYMBOL (A|P) INDICATES WHETHER ‘A’ IS A QUADRATIC RESIDUE MODULO P. |T IS DEFINED
AS:

\[ \Lert( \rrAac{Aa}{P} \riGHT) = A™{\FrAac{P-1}{2}} \PmoD{P} \]

- IF THIS VALUE IS 1, ‘A" IS A QUADRATIC RESIDUE (1.E., THERE EXISTS A Y WITH Y2 = A MOD P).
- IF THE VALUE 1S P = 1 (WHICH IS -1 MOD P), ‘A’ IS A NON-RESIDUE.

-IF'A" =0, THEN ‘A" IS TRIVIALLY A QUADRATIC RESIDUE WITH Y = O.

USING EULER'S CRITERION, WE COMPUTE:

\[ \Lert( \rrac{A}{P} \riGHT) \equiv A"{(P-1)/2} \PmoD{P} \]

FOR EACH R(X). \WHEN THE LEGENDRE SYMBOL EQUALS 1, SOLUTIONS FOR Y EXIST: WHEN - 1, NO SOLUTIONS.

STep 4: FINDING SOLUTIONS FOR Y
\WHeN R(X) IS A QUADRATIC RESIDUE, WE FIND THE Y VALUES SATISFYING:
\[ Y*2 \equiv R(X) \pMop{7 1} \]

THIS INVOLVES CALCULATING THE MODULAR SQUARE ROOT OF R(X) SEVERAL ALGORITHMS EXIST FOR THIS PURPOSE, SUCH
AS:

- TONELLI-SHANKS ALGORITHM: EFFICIENT FOR LARGE PRIMES.
- QUADRATIC RECIPROCITY AND EXPONENTIATION: FOR SMALL PRIMES, TRIAL METHODS CAN SUFFICE.

GIVEN 7 T IS RELATIVELY SMALL, TRIAL FOR ALL Y IN 271 MAY BE FEASIBLE, OR MODULAR SQUARE ROOT ALGORITHMS CAN BE



APPLIED.
For eacH R(X) wiITH LEGENDRE SYMBOL = 1:

- Finp Y sucH THAT Y2 =R(X) mMop 7 1.
- Recorp BOTH Y AND -Y (SINCE Y AND -Y ARE DISTINCT SOLUTIONS UNLESS Y = Q).

STEP 5: INCLUDING THE POINT AT INFINITY

ELLIPTIC CURVES OVER FINITE FIELDS ALSO INCLUDE A POINT AT INFINITY, OFTEN DENOTED AS O, WHICH ACTS AS THE IDENTITY
ELEMENT UNDER THE GROUP LAW. |T IS ALWAYS INCLUDED IN THE SET OF POINTS.

PracTicAL COMPUTATION AND RESULTS
LET’S ILLUSTRATE THE PROCESS WITH SPECIFIC X VALUES:
ExampLE: X =0

-CompUTER(0)=0%3+28=28mMop 7 1.
- DETERMINE IF 28 IS A QUADRATIC RESIDUE:

CALCULATE (28]71):

\[287{(71-1)/2} = 28"{35} \pMon{7 1} \]

USING MODULAR EXPONENTIATION, WE FIND:

\[ 287{35} \equiv 1 \pMoD{7 1} \]

THUS, 28 IS A QUADRATIC RESIDUE. NEXT, FIND Y SUCH THAT Y2 = 28 Mop 7 1.

USING THE T ONELLI-SHANKS ALGORITHM OR TRIAL, SUPPOSE WE FIND Y = 23, THEN Y =-23 =71 - 23 = 48.
THEREFORE, THE POINTS ARE:

- (0, 23)
- (0, 48)

SIMILARLY, FOR EACH X, THIS PROCESS IS REPEATED.

SUMMARY OF THE COMPLETE SOLUTION

BY SYSTEMATICALLY APPLYING THESE STEPS FOR ALL 7 1 POSSIBLE X VALUES, WE IDENTIFY ALL SOLUTIONS (X, Y). THe
FINAL SET INCLUDES:

- ALL PAIRS WHERE R(X) IS A QUADRATIC RESIDUE, WITH CORRESPONDING Y VALUES.
- THE POINT AT INFINITY.

THIS COMPREHENSIVE PROCESS RESULTS IN A FINITE SET OF POINTS, FORMING THE GROUP OF THE ELLIPTIC CURVE OVER 271.

SIGNIFICANCE AND APPLICATIONS



UNDERSTANDING THE STRUCTURE OF POINTS ON ELLIPTIC CURVES OVER FINITE FIELDS LIKE Z,; IS NOT MERELY AN ACADEMIC
EXERCISE. THESE POINTS FORM THE BASIS FOR ELLIPTIC CURVE CRYPTOGRAPHY (ECC), WHICH UNDERPINS SECURE
COMMUNICATION PROTOCOLS SUCH AS SSL/TLS, CRYPTOCURRENCIES LIKE BITCOIN, AND DIGITAL SIGNATURES.

IN CRYPTOGRAPHY, SELECTING CURVES WITH KNOWN POINT COUNTS ENSURES SECURITY, AND THE PROCESS OF ENUMERATING
POINTS HELPS IN CURVE ANALYSIS AND VALIDATION.

CoNCLUSION

DETERMINING ALL THE POINTS THAT LIE ON THE ELLIPTIC CURVE Y2 = X3+ 28 over Z71 INVOLVES A BLEND OF ALGEBRAIC
INSIGHTS AND COMPUTATIONAL TECHNIQUES. FROM UNDERSTANDING THE FINITE FIELD STRUCTURE TO APPLYING QUADRATIC
RESIDUE TESTS AND MODULAR SQUARE ROOT ALGORITHMS, THE PROCESS EXEMPLIFIES THE DEPTH AND ELEGANCE OF MODERN
NUMBER THEORY.

THIS EXPLORATION NOT ONLY PROVIDES A PRACTICAL METHOD FOR SOLVING SPECIFIC INSTANCES BUT ALSO ILLUMINATES THE
FUNDAMENTAL PRINCIPLES THAT MAKE ELLIPTIC CURVES POWERFUL TOOLS IN BOTH PURE MATHEMATICS AND APPLIED
CRYPTOGRAPHY. AS THE LANDSCAPE OF DIGITAL SECURITY EVOLVES, THE IMPORTANCE OF SUCH MATHEMATICAL FOUNDATIONS
CONTINUES TO GROW , UNDERSCORING THE TIMELESS RELEVANCE OF THESE ELEGANT MATHEMATICAL STRUCTURES.
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