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When analyzing signals and their causality properties, one interesting problem involves
understanding how scaling a signal affects its causal or anticausal nature. Specifically, in this article,
we explore the problem of determining the constant A such that the scaled signal \( X(2tA) \) becomes
borderline anticausal. This investigation requires a comprehensive understanding of the definitions of
causality, anticausality, and how time-scaling transformations influence these properties. By doing so,
we can better understand the criteria for signals to be classified as borderline anticausal and how to
compute the constant A accordingly.

Understanding Causality and Anticausality in Signals

Before delving into the problem, it is essential to clarify what causality and anticausality mean in the
context of signals.

Definition of Causality

A signal \( x(t) \) is said to be causal if it is zero for all negative time instances:

\[ x(t) = 0, \quad \forall t < 0. \]

This implies that the signal's behavior depends only on present and past inputs, not future ones,
aligning with physical systems' behavior where effects cannot precede causes.

Definition of Anticausality

Conversely, a signal \( x(t) \) is anticausal if it is zero for all positive time instances:

\[ x(t) = 0, \quad \forall t > 0. \]

This type of signal depends solely on future inputs, which is typically non-physical but relevant in
theoretical analysis and certain signal processing contexts.

Borderline Anticausality

A signal is borderline anticausal if it is neither strictly causal nor strictly anticausal but exhibits
properties at the boundary of these classifications. Usually, such signals are supported on the
boundary point \( t=0\) or decay rapidly enough to be considered on the edge of
causality/anticausality.

Effect of Time-Scaling on Signal Causality



To analyze how the constant A influences the causality of the scaled signal, it is important to
understand how time-scaling transforms the signal's support.

Time-Scaling Transformation

Given a signal \( x(t) \), the scaled signal \( x(a t) \) compresses or stretches the original signal
depending on the value of \( a\):

-If\(a > 1)), the signal is compressed in time.

-If\( 0 <a < 1)), the signal is stretched in time.

-If\(a < 0)), the signal is reflected and scaled.

The support of the scaled signal is directly affected by \( a \):
\[ \text{Supp}(x(a t)) = \left\{ t : a t\in \text{Supp}(x(t)) \right\}. \]
This means the location of the support shifts depending on \( a \).

Impact on Causality and Anticausality

Suppose \( x(t) \) is causal, supported on \( t\geq 0\). Then:
\[ x(t) = 0, \quad t < 0.\]

For the scaled signal, the support becomes:

\[ t\text{ such that } a t\geq 0. \]

-If\(a>0)), then:
\[ t\geq 0, \]
so \( x(a t) \) remains causal.

-If\(a<0\):
\[ a t\geq 0 \Rightarrow t \leq 0, \]
so \( x(a t) \) becomes anticausal.

Similarly, if \( x(t) \) is anticausal, supported on \( t \leq 0 ):
-For\(a>0\):

\[at\leqO,\]

so \( x(a t) \) remains anticausal.

-For\(a<0\):
\[ a t\geq 0 \Rightarrow t \geq 0, \]

which makes \( x(a t) \) causal.

This analysis shows that time-scaling can switch the causality property depending on the sign of A.

Applying to the Signal \( X(2 t A) \): Finding the
Borderline Condition

Given the specific scaled signal \( X(2 t A) \), our goal is to determine the value of A such that this
signal is borderline anticausal.



Step 1: Understand the Original Signal \( X(t) \)

Assuming \( X(t) \) is an arbitrary signal with certain causality properties, the key is to analyze how
the support of \( X(2 t A) \) depends on A.

Step 2: Support of \( X(2 t A) \)

Suppose \( X(t) \) is supported on \( t \geq 0\) (causal). Then:
\[ \text{Supp}(X(2 t A)) = \left\{ t: 2 t A\geq 0 \right\}. \]

Similarly, if \( X(t) \) is supported on \( t\leq 0\) (anticausal), then:
\[ \text{Supp}(X(2 t A)) = \left\{ t: 2 t A\leq 0 \right\}. \]

The nature of support (causal, anticausal, or borderline) depends on the sign of \( 2 t A\).

Step 3: Conditions for Borderline Anticausality

To achieve borderline anticausality, the support of \( X(2 t A) \) must be on the boundary between
causality and anticausality, i.e., supported on \( t=0\) or decay rapidly around zero.

This typically implies that:
- The support of \( X(2 t A) \) is contained in \( t\leq 0), but approaches zero from the negative side.
- Or, the support is exactly at \( t=0), indicating a boundary case.

Therefore, the critical condition is:
\[ 2t A =0\guad \text{at} \quad t=0.\]

Conclusion:
For the scaled signal \( X(2 t A) \) to be borderline anticausal, the support must be concentrated at \(
t=0\). This leads us to analyze the parameters where the support boundary coincides with \( t=0).

Deriving the Constant A for Borderline Anticausality

Let’s formalize the condition for A.

Case 1: \( X(t) ) is causal, supported on \( t \geq 0).

- Support of \( X(2 t A) \):

\[2tA\geq0.\]

- To be borderline anticausal, the support should include \( t=0), and the boundary should be at \(
t=0\).

Set:

\[ 2 t A = 0 \quad \Rightarrow \quad t=0. \]

At the boundary \( t=0), the support is at the boundary point \( t=0), satisfying the borderline
condition.



- For \(t=0), the inequality \( 2 \times 0 \times A = 0\) holds for all A.

- To have the support just at \( t=0), the support must not extend into \( t<0 ). This requires:
\[ 2 t A\leq 0 \quad \text{for} \quad t\leq 0. \]

- Since \( t\leq 0), the sign of \( A\) determines the support:

-If\(A>0\), then\(2tA\leq 0\) when\(t\leq 0)), satisfying the support condition for an anticausal
signal.

-If\(A<0\),then\(2tA\geq0\) when\(t\leq0\), which would suggest causality, not
anticausality.

Therefore, to make \( X(2 t A) \) borderline anticausal, the key is to choose \( A\) such that the
support just touches \( t=0\) from the negative side, i.e.,

\[
\boxed{
A>0

}

\]

and the support is on or approaching \( t=0) from the negative side, making the signal borderline.

Similarly, for an original anticausal \( X(t) \), the support is on \( t \leg 0), and the scaled support
becomes:

\[

2tA\leqO,

\]

which implies \( A > 0) for the support to stay on \( t\leq 0).

Final Result:
The constant \( A\) must be positive to ensure that the scaled signal \( X(2 t A)\) is borderline
anticausal, with support concentrated at \( t=0\).

Spec

Frequently Asked Questions

What is the significance of determining the constant A in the
signal X(2t + A) to ensure it is borderline anticausal?

Determining the constant A helps identify the shift in the signal that places it precisely on the
boundary between causal and anticausal signals, which is crucial for system analysis and stability
considerations.



How does the scaling factor 2t affect the causality properties
of the signal X(2t + A)?

The factor 2t scales the time axis, affecting the signal's support. Adjusting A shifts the signal in time,
and combined, these determine whether the signal's support lies entirely in the past (causal), future
(anticausal), or exactly on the boundary, which is the borderline case.

What defines a borderline anticausal signal in the context of
signal processing?

A borderline anticausal signal is one whose support is on the boundary between causal and anticausal
signals, meaning it is neither strictly causal nor strictly anticausal but exactly on the dividing line,
often involving signals supported at t=0.

How can the value of A be found mathematically for the signal
X(2t + A) to be borderline anticausal?

A is determined by analyzing the support of the signal, typically by setting the support boundary
condition such that the shifted and scaled signal's support includes only the boundary point t=0,
leading to A = -2t at the boundary.

Why is understanding the borderline case important in digital
signal processing?

Understanding the borderline case helps in designing systems that are stable and causal while
recognizing signals that sit exactly at the boundary, which can be critical in filter design, system
stability, and causality analysis.

Can you explain how the time shift A influences the causality
of the scaled signal X(2t + A)?

The shift A moves the entire signal along the time axis; choosing A appropriately can position the
signal support precisely at t=0, making it borderline anticausal, as it neither extends into the past nor
the future exclusively.

What are the typical steps to determine the constant A given
a specific signal X(t) to make X(2t + A) borderline anticausal?

The steps include analyzing the support of X(t), scaling by 2t, applying the shift A, and solving for A
such that the support of the transformed signal lies exactly at the boundary point t=0, ensuring it is
borderline anticausal.

How does the concept of support relate to the causality of
signals like X(2t + A)?

Support refers to the region where the signal is non-zero. For causality, support should be in t = 0; for



anticausality, support is in t < 0. A borderline signal has support exactly at t=0, which influences how
A is chosen to position the signal support accordingly.

Additional Resources
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Introduction

In the realm of signal processing, the classification of signals based on their causality attributes plays
a fundamental role in system analysis, filter design, and control theory. Among these classifications,
anticausal signals — signals that depend on future input values — are particularly intriguing because
they challenge the conventional notion of causality, which states that outputs cannot depend on
future inputs. When a signal is described as "borderline anticausal," it indicates a specific condition
where the signal teeters on the edge of anticausality without fully crossing into it.

This article delves into a classic problem in signal theory: determining the constant A such that the
time-scaled signal \( X(2tA) \) is borderline anticausal. The problem involves understanding how the
properties of the original signal \( X(t) \) are affected by time-scaling and how the parameter A
influences the signal's causality characteristics. This exploration combines analytical techniques,
signal classification principles, and mathematical derivations to arrive at the precise value of A that
makes the scaled signal borderline anticausal.

Fundamental Concepts and Definitions
What Is a Causal and Anticausal Signal?

Causality in signals refers to the property where the signal's value at any time depends only on
present and past inputs. Formally, a real-valued signal \( x(t) \) is causal if:

\[
x(t) = 0 \quad \text{for} \quadt < 0
\]

Conversely, an anticausal signal depends solely on future inputs:

\[
x(t) = 0 \quad \text{for} \quad t > 0
\]

In many applications, signals are neither purely causal nor purely anticausal but can exhibit
combinations or boundary cases, hence the concept of borderline anticausality.

Borderline Anticausal Signals

A borderline anticausal signal is one that is neither strictly causal nor strictly anticausal but lies at the



boundary between the two. This typically involves signals that are supported on the boundary of the
domain, such as signals that are non-zero only at \( t=0\) or decay asymptotically in a manner that
makes their classification ambiguous.

Time-Scaling of Signals

Given a signal \( X(t) \), its scaled version \( X(a t) \) involves a time-scaling parameter \( a \). Time-
scaling affects the duration and the support of the signal:

-If\(a > 1)), the signal is compressed in time.
-If\( 0 <a < 1)), the signal is expanded in time.

-If\(a < 0)), the signal is reflected about the vertical axis, affecting causality properties.

Understanding how scaling impacts causality is crucial because it can shift the support of the signal
relative to the time origin, thereby influencing whether the signal is causal, anticausal, or borderline.

The Core Problem: Determining A for Borderline Anticausality

The problem statement can be formalized as:

> Find the value of A such that the scaled signal \( X(2 t A) \) is borderline anticausal.

This involves understanding the properties of the original signal \( X(t) \) and how the scaling

parameter influences the support of the scaled signal. The key is to analyze the support of \( X(2 t A)
\) relative to the temporal domain and the definition of anticausality.

Analytical Framework and Approach
Step 1: Understanding the Support of the Original Signal \( X(t) \)

Suppose \( X(t) \) is supported on some domain \( t\in [t 0, t 1]\). The support refers to the set where
\( X(t) \) is non-zero.

- If \( X(t) \) is causal, then support is in \( [0, \infty) \).
- If \( X(t) \) is anticausal, support is in \( (-\infty, 0]\).
- For a borderline case, support might be precisely on \( t=0).

For the general case, assume:

\[

\text{Supp}(X(t)) \subseteq [t_{\text{min}}, t {\text{max}}]

\]

Understanding this support helps analyze the support of the scaled signal.

Step 2: Effect of Time-Scaling on Support



The scaled signal:

\[
X(2tA)
\]

has support:

\[

\text{Supp}(X(2 t A)) = \left\{ t \mid 2 t A\in \text{Supp}(X(t)) \right\}

\]

which implies:

\[

t\in \left\{ t \mid 2 t A\in [t_{\text{min}}, t {\text{max}}]\right\}

\]

or explicitly:

\[

t\in \left[ \frac{t_{\text{min}}}{2A}, \frac{t_{\text{max}}}{2A} \right]
\]

Thus, the support of the scaled signal depends on the sign and magnitude of A.

Step 3: Conditions for Borderline Anticausality

To make \( X(2 t A) \) borderline anticausal, the support should be centered or aligned such that the
signal is confined to the boundary at \( t=0\), or its support approaches zero from the negative side
without extending into the positive domain.

In particular:

- If\(\text{Supp}(X(2 t A)) \subseteq (-\infty, 0]\) but not entirely in \( (-\infty, 0) \), the signal is
borderline anticausal.

- The boundary case occurs when the support touches \( t=0).

Hence, the support interval must satisfy:

\[
\frac{t_{\text{max}}}{2A} \leq 0 \leq \frac{t_{\text{min}}}{2A}
\]

depending on the sign of \( A \).

Deriving the Value of A

Suppose the original signal \( X(t) \) has support on \( [t_{\text{min}}, t {\text{max}}]\). To attain



borderline anticausality after scaling, the support of the transformed signal should satisfy:

\[

\text{Supp}(X(2 t A)) \subseteq (-\infty, 0]

\]

and touch zero at some point (say, at \( t=0)).

Case 1: Support of \( X(t) \) in \( [t_{\text{min}}, t {\text{max}}]\) with \( t_{\text{max}} \leq 0\)

- The support after scaling:

\[
\left[ \frac{t_{\text{min}}}{2A}, \frac{t_{\text{max}}}{2A} \right]
\]

- To be borderline anticausal, the support must include \( t=0). So:

\[
0 \in \left[ \frac{t_{\text{min}}}{2A}, \frac{t_{\text{max}}}{2A} \right]
\]

which implies:

\[

\frac{t_{\text{min}}}{2A} \leq 0 \leq \frac{t_{\text{max}}}{2A}
\]

- For the interval to include zero, the endpoints must be on either side of zero:

\[
\frac{t_{\text{min}}}{2A} \leq 0 \quad \text{and} \quad 0 \leq \frac{t_{\text{max}}}{2A}
\]

- Rearranged:

\[
t {\text{min}} \leq 0 \leq t_{\text{max}}
\]

and the sign of \( A\) determines the inequalities:
-If\(A>0\):

\[

t {\text{min}} \leq 0 \leq t_{\text{max}}

\]

which suggests the original support includes zero or extends into positive values, but for anticausality,
the support must be on \( t\leq 0).



-If\( t_{\text{max}}=0)), then:

\[

\frac{t_{\text{max}}}{2A} =0

\]

which aligns support at zero.

Case 2: Specific values

Suppose the original support is on \( t\in [t 0, 0] \), with\(t 0 < 0\). Then:
\[

\text{Supp}(X(2 t A)) = \left[\frac{t_0}{2A}, O\right]

\]

To ensure the support is precisely on the boundary at zero:

\[

\frac{t 0}{2A} =t b

\]

where \( t_b\) approaches zero from below.

Rearranged:

\[
A =\frac{t 0}{2t b}
\]

As \(t_b\to 0™-\), \( A\to -\infty \), which is unphysical, indicating the limit approaches the boundary
case where the support shrinks to zero.

Practical Example and Final Result

Let's
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