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Creating a contour map of a function is a fundamental technique in
multivariable calculus and graphical analysis. It provides a visual
representation of the function's behavior across its domain, illustrating how
the function's value changes with respect to different combinations of
variables. In particular, the function f(x, y) = x*3 - y offers intriguing
insights into the relationship between x and y, especially when visualized
through its level curves. This article aims to guide you through the process
of drawing a contour map for this function, explaining the underlying
principles, step-by-step procedures, and tips for accurate and meaningful
visualization.

Understanding the Function f(x,y) = x*3 - y

Before embarking on drawing the contour map, it's essential to grasp the
nature of the function itself.

Function Components and Behavior

e Mathematical Form: f(x, y) = x"3 -y

e Type of Function: It is a polynomial function, specifically a cubic in x
and linear in y.

e Graphical Interpretation: For fixed x, the function varies linearly with
y; for fixed y, the surface varies in a cubic manner with x.

Key Features of the Function

1. Level Curves: The set of points where f(x, y) = ¢, for various constant
values c.

2. Behavior at Infinity: As x approaches infinity, x"3 dominates, leading
to steep slopes; for large y, the function decreases or increases
depending on x.

3. Symmetry: The function is odd in x (since x*3 is odd), but linear in vy,
without symmetry in y.



Level Curves of the Function

Level curves are the backbone of contour maps. They are curves along which
the function maintains a constant value.

Deriving the Level Curves Equation

Given f(x, y) = c, where c is a constant, the equation becomes:
\ [

X"3 -y =c¢C

\]

which can be rearranged as:

\ [

y = x*"3 - ¢C

\]

This indicates that for each constant ¢, the level curve is a cubic curve in
the xy-plane, shifted vertically by c.

Analyzing the Level Curves

e Shape: Each level curve is a cubic function y = x*3 - ¢, a standard
cubic shifted vertically.

e Effect of c: Changing ¢ shifts the curve vertically, producing a family
of cubic curves.

e Behavior at various c: For large positive ¢, the cubic shifts downward;
for large negative ¢, it shifts upward.

Steps to Draw the Contour Map

Creating an accurate and insightful contour map involves systematic steps.
Here's a comprehensive guide:

1. Select a Range of c¢ Values

— Decide on the set of constant values c¢ for which you want to plot level
curves.

- Example: ¢ € {-10, -5, 0, 5, 10, 15, 20}

- Ensure the range captures the variation you wish to analyze, including
negative, zero, and positive levels.

2. Plot the Corresponding Level Curves

— For each chosen c¢, plot the cubic curve y = x*3 - c.
— Use a range of x-values suitable for capturing the shape of the curve,
e.g., x € [-3, 3] or wider depending on the context.

Calculate y-values using the equation y = x*3 - ¢ for each x.



3. Use Graphing Tools or Software

- Utilize graphing calculators, software like GeoGebra, Desmos, MATLARB, or
Python with matplotlib for precise plotting.

— Enter the equations for each level curve.

- Adjust axes for clarity and scale to avoid clutter.

4. Label and Annotate the Level Curves

— Clearly mark which curve corresponds to which ¢ wvalue.
— Use labels or different colors for each level curve.
- Add a legend and axis labels for clarity.

5. Interpret the Map

— Observe the shape, intersections, and behavior of the curves.
— Notice how the curves shift with changing c.
— Analyze the slope and curvature at various points.

Practical Example: Drawing Several Level Curves

Let's walk through an example where we plot multiple level curves for
specific ¢ values.

Choosing Values
- ¢ =-10, -5, 0, 5, 10

Plotting the Curves

- For ¢ = 0: y = x*3

- For ¢ = 5: yv =x"3 -5

- For ¢ = -5: y = x*"3 + 5

- For ¢ = 10: y = x*3 - 10

- For ¢ = -10: y = x*3 + 10

Plot these curves over x € [-3, 3], calculating y for each value.

Visual Analysis

— The curves for positive c are shifted downward; those for negative c are
shifted upward.

— The cubic nature dominates, with the curves passing through the origin for
c=0.

— The shape reveals the inflection point at x=0, y=-c.

Interpreting the Contour Map

Once the level curves are plotted, analyze the map to gain insights into the



function's behavior.

Gradient and Direction

- The gradient vector (3f/9x, df/9dy) points in the direction of the steepest
ascent.

- For f(x, y) = x*3 - vy, the gradient is (3x"2, -1).

— The level curves are always perpendicular to the gradient vectors.

Implications of the Map

— Regions where curves are close together indicate rapid changes in the
function's value.

- Flat regions or widely spaced contours suggest slow variation.

— The map reveals symmetry and asymptotic behavior.

Applications and Significance of Contour Maps

Understanding and drawing contour maps of functions like f(x, y) = x"3 -y
have several practical applications:

In Geosciences and Topography

— Contour maps represent elevation levels, helping in terrain analysis.
— They assist in identifying ridges, valleys, and slopes.

In Physics and Engineering

— Visualize potential fields, temperature distributions, or stress levels.
— Aid in optimizing designs by understanding gradients.

In Data Visualization and Multivariate Analysis

— Represent complex relationships between variables.
- Facilitate pattern recognition and decision-making.

Advanced Techniques and Tips

To enhance the accuracy and clarity of your contour map, consider these
advanced tips:

Refining the Grid

— Use finer x and y intervals for more detailed curves.
— Focus on regions where the function exhibits interesting behavior.



Using Color Gradients

— Apply color schemes to represent levels of ¢ or the rate of change.
— Use color transitions for better visual comprehension.

Automating the Process

— Write scripts in Python or MATLAB to generate multiple level curves
efficiently.
— Use parameter sweeping to explore a wider range of c¢ values systematically.

Overlaying Additional Information

— Add annotations for critical points, inflection points, or asymptotes.
— Include directional arrows indicating gradient or flow.

Conclusion

Drawing a contour map of the function f(x, y) = x"3 - y provides profound
insights into its geometric and analytical properties. By understanding the
derivation of level curves, selecting appropriate constants, and employing
effective plotting techniques, you can create detailed visualizations that
reveal the function's behavior across its domain. Whether for academic
purposes, research, or practical applications, mastering the art of contour
mapping enhances your ability to interpret complex multivariable functions
and communicate their characteristics effectively.

Remember, the key steps involve understanding the function's equations,
choosing suitable levels, plotting the curves carefully, and analyzing the
resulting map to uncover underlying patterns and behaviors. With practice and
the right tools, drawing and interpreting contour maps becomes an invaluable
skill in mathematical analysis and beyond.

Frequently Asked Questions

What is the function f(x,y) = x*3 - y, and what does
its contour map represent?

The function f(x,y) = x*3 - y is a mathematical expression involving x and vy,
where the contours represent curves along which the function has constant
values, illustrating the relationship between x and y at those levels.

How do you find the level curves of the function
f(x,y) = x*3 - y?

To find the level curves, set f(x,y) = ¢, where ¢ is a constant, giving y =
x*3 - c. These are cubic curves shifted vertically depending on c.



What is the shape of the level curves for different
constant values of c?

The level curves are cubic functions y = x*3 - ¢, which resemble cubic graphs
shifted vertically. For different c, they shift up or down but maintain the
cubic shape.

How can I sketch the contour map for f(x,y) = x*3 -
y?

Plot several level curves by choosing different c¢ values, drawing the cubic
curves y = x*3 - ¢ for each, and labeling them accordingly to visualize the
contours.

What do the contour lines tell us about the
function's behavior?

The contour lines indicate regions where the function has the same wvalue,
showing how the function increases or decreases in different areas and
highlighting features like steepness or flat regions.

Are the level curves of f(x,y) = x*3 - y symmetric?
Why or why not?

No, the level curves are not symmetric about the axes because the cubic term
x"3 1is not symmetric, resulting in asymmetric contour shapes.

How does changing the constant ¢ affect the contour
map?
Changing ¢ shifts the cubic level curve vertically along the y-axis, creating

a family of curves that illustrate how the function's value varies across the
plane.

What is the significance of the critical points in
the function f(x,y) = x*3 - y?
Since the partial derivatives are 9f/9x = 3x"2 and 3f/dy = -1, there's no

point where both are zero simultaneously; thus, there are no critical points,
indicating no local maxima or minima.

Can this contour map help in understanding the
gradient of the function? How?

Yes, the gradient vectors are perpendicular to the level curves. Since the
level curves are y = x*3 - ¢, the gradient points in the direction of
steepest ascent, helping visualize how the function changes most rapidly.

What practical applications can a contour map of
f(x,y) = x*3 - y provide?

Such contour maps can model physical phenomena like topographical terrains,



potential fields, or temperature distributions where the function represents
a scalar quantity varying with x and vy.

Additional Resources

Draw a Contour Map of the Function Showing Several Level Curves: f(x, y) = x°
-y
Creating a detailed contour map for the function \(f(x, y) = x*3 - y\)

involves understanding the behavior of the function, analyzing its level
curves, and visually representing these on a graph. This process aids in
comprehending the function's topology, identifying critical points, and
interpreting the relationship between \ (x\) and \(y\). In this review, we
will delve into the mathematical foundation, step-by-step methods for drawing
the contour map, and interpret the significance of the level curves.

Understanding the Function \ (f(x,y) = x*3 - y\)

Before sketching the contour map, it’s essential to analyze the
characteristics of the function:

- Type of Function: The function is a cubic in \(x\) and linear in \(y\).
— Domain and Range:

— The domain is all real numbers for both \(x\) and \(y\), i.e.,

\ (\mathbb{R}"2\) .

- The range of \(f(x,y)\) is also \ (\mathbb{R}\), since for given \ (x\),
\ (f\) can take any real value by adjusting \(y\).

— Behavior in the Plane:

— The function describes a surface where at each point \((x, y)\), the height
is \(x"3 - y\).

— For fixed \(x\), the function decreases linearly with \ (y\).

- For fixed \(y\), the function varies as a cubic function of \ (x\).

Mathematical Analysis of Level Curves

Level curves, or contour lines, are curves along which the function takes a
constant value \ (k\):

\ [

f(x, y) =k

\1]

which, for our function, becomes:
\ [

x*"3 -y =k

\1]

or equivalently:

\ [

y = x*"3 - k

\1]



This equation reveals the nature of the level curves:

— Shape and Orientation:

— Each level curve is a cubic parabola shifted vertically by \ (k\).

- As \ (k\) varies over \ (\mathbb{R}\), the curves shift up or down without
changing their shape.

— The shape of each level curve is similar to the graph of \(y = x"3\), but
shifted vertically by \ (-k\).

— Properties:

— All level curves are cubic curves opening in the same shape.

— They are symmetric with respect to the \(y\)-axis because \ (x73\) is an odd
function, but the shift \(k\) breaks symmetry depending on the value of

\ (k) .

- Special Cases:
— When \ (k=0\), the level curve simplifies to:

\]

which is the basic cubic curve passing through the origin.

— When \ (k\) is positive, the curve shifts downward: \(y = x*3 - k\).
— When \ (k\) is negative, the curve shifts upward: \(y = x*3 + |k|\).

Steps to Draw the Contour Map

Creating an accurate and insightful contour map involves systematic steps:
1. Identify a Range of \ (k\) Values

Choose specific constant values \(k\) to plot their respective level curves.
Typical choices include:

- \(kk =-2, -1, 0, 1, 2, 3, 4\), etc., depending on the extent of the graph.
2. Plot the Level Curves
For each chosen \ (k\):

- Plot the cubic curve:
\ [

y = x"3 - k

\]

— Use consistent scaling on axes to ensure the curves are well-proportioned.
3. Determine Critical Points

While the level curves are straightforward, understanding the behavior around
critical points enhances the map:

- The critical points occur where the gradient \ (\nabla f = (f_x, f_y)\)
equals zero.

— Compute derivatives:

\ [

f_x = 3x"2,\quad f_y = -1



\1]

- Since \(f_y = -1 \neg 0\), there are no stationary points where both
derivatives are zero, indicating the function has no local maxima or minima
but a continuous slope.

4., Plotting the Curves

- Use graphing software or manual plotting:

- For each \(k\), generate points \((x, y)\) satisfying \(y = x*3 - k\).

— Connect these points smoothly to depict the cubic shape.

5. Label the Level Curves

- Clearly mark each curve with its corresponding \ (k\) value.
- Use distinguishable styles (dashed, solid, different colors) for clarity.

6. Add Additional Features

- Indicate axes and key points such as the origin.
- Show asymptotic behavior as \(x \to \pm \infty\).

Visual Characteristics and Interpretation of
the Contour Map

Once the level curves are plotted, interpreting the map reveals:

— Gradient and Direction:

- The gradient vector \ (\nabla f = (3x"2, -1)\) points in the direction of
Steepest ascent.
— Since \(f_y = —-1\), the level curves are always inclined, with no

horizontal tangent points.

- Flow of the Function:

- Moving across the map in the direction of increasing \ (k\), the curves
shift downward.

- The function increases as \(y\) decreases (since \(f(x, y) = x"3 - y\)),
meaning the function value gets larger when \ (y\) decreases for fixed \ (x\).

— Critical Points and Behavior at Infinity:

— The absence of stationary points suggests the surface has no peaks or
valleys.

- As \(x \to \pm \infty\), the level curves extend infinitely, reflecting the
unbounded nature of the cubic.

- Symmetry:
— The function is not symmetric with respect to the axes but exhibits certain
symmetries:

- Reflection about the \ (x\)-axis: For fixed \(x\), \(f(x, y) = x*"3 - y\),
changing \(y\) to \(-y\) flips the sign.
— The level curves are shifted versions of the cubic \(y = x73\), maintaining

a consistent pattern.



Applications and Significance of the Contour
Map

Understanding and drawing the contour map of \(f(x, y) = x*3 — y\) has
practical and theoretical implications:

- Mathematical Insight:

— Visualizing the level curves helps comprehend how the function behaves in
the plane.

- Facilitates understanding of the topology and geometry of cubic surfaces.

— Optimization Problems:

— While this particular function lacks stationary points, the contour map
aids in visualizing how the function increases or decreases, crucial in
optimization contexts.

— Physical and Engineering Models:

— The function can model certain physical phenomena where a cubic
relationship exists, such as stress—-strain relationships or fluid flow
patterns.

- Educational Purposes:

- Demonstrates the process of translating algebraic functions into geometric
representations.

— Serves as a visual aid in teaching multivariable calculus concepts.

Advanced Considerations and Variations

For those interested in deeper exploration:

- Transformations:

— Consider shifting or scaling the function to analyze different behaviors.
- Partial Derivatives:

— Analyzing the gradient field helps understand the direction of steepest
ascent.

— Surface Plotting:

- Extending the contour map into a 3D surface plot provides a more
comprehensive visualization.

— Numerical Methods:

— Use computational tools like MATLAB, GeoGebra, or Desmos for precise
plotting.

Conclusion

Drawing a contour map of the function \(f(x, y) = x*3 - y\) is a foundational
exercise that bridges algebraic understanding with geometric visualization.
The key takeaway is that each level curve \(y = x"3 - k\) is a cubic curve

shifted vertically, offering a window into the function's behavior across the
plane. By systematically plotting these curves for various \ (k\) values, one



can develop a nuanced understanding of how \(f\) varies spatially, which is
invaluable in both theoretical mathematics and practical applications.
Whether for educational purposes or advanced analysis, mastering the drawing
and interpretation of such contour maps enhances comprehension of
multivariable functions and their geometric representations.
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