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In the realm of vector calculus, understanding the properties of vector fields is fundamental. Today,
we will explore how to find both the curl and divergence of a given vector field: F = (x² - y)i + 4yzj
+ Azk. These operations are crucial in physics and engineering, especially in electromagnetism,
fluid dynamics, and field theory. By the end of this article, you will have a clear step-by-step method
to compute the curl and divergence for this specific vector field, along with insights into their
significance.

Understanding the Vector Field Components

Components of the Vector Field F
The vector field F is expressed in component form as:

Fx = x² - y

Fy = 4yz

Fz = Az

Here, x, y, and z are variables in three-dimensional space, and A is a constant parameter. The goal is
to compute:

The curl of F, denoted as curl F or ∇×F1.

The divergence of F, denoted as div F or ∇·F2.

Calculating the Divergence of F



What is Divergence?
The divergence of a vector field measures the net rate of "outflow" of the field from an infinitesimal
volume. It is a scalar quantity defined by:

div F = ∂Fx/∂x + ∂Fy/∂y + ∂Fz/∂z

Step-by-Step Calculation

Calculate ∂Fx/∂x:1.

Fx = x² - y

∂Fx/∂x = 2x

Calculate ∂Fy/∂y:2.

Fy = 4yz

∂Fy/∂y = 4z

Calculate ∂Fz/∂z:3.

Fz = Az

∂Fz/∂z = A

Final Divergence Expression
Adding these derivatives together, the divergence of F is:

div F = 2x + 4z + A

Calculating the Curl of F



What is Curl?
The curl of a vector field provides a measure of the rotation or swirling strength at a point. It results
in a vector quantity given by:

curl F = ∇×F = (∂Fz/∂y - ∂Fy/∂z)i + (∂Fx/∂z - ∂Fz/∂x)j + (∂Fy/∂x - ∂Fx/∂y)k

Step-by-Step Calculation

Calculate the i component:1.

∂Fz/∂y = ∂(Az)/∂y = 0 (since A and z are independent of y)

∂Fy/∂z = ∂(4yz)/∂z = 4y

i-component = 0 - 4y = -4y

Calculate the j component:2.

∂Fx/∂z = ∂(x² - y)/∂z = 0 (since x and y are independent of z)

∂Fz/∂x = ∂(Az)/∂x = 0

j-component = 0 - 0 = 0

Calculate the k component:3.

∂Fy/∂x = ∂(4yz)/∂x = 0 (since y and z are independent of x)

∂Fx/∂y = ∂(x² - y)/∂y = -1

k-component = 0 - (-1) = 1

Final Curl Expression
Putting the components together, the curl of F is:

curl F = (-4y)i + 0j + 1k = -4y i + k



Significance of Divergence and Curl in Vector Fields

Physical Interpretation of Divergence

Represents the magnitude of a source or sink at a point in the field.

Positive divergence indicates a source (outflow), while negative indicates a sink (inflow).

In fluid dynamics, divergence relates to the compressibility of the fluid.

Physical Interpretation of Curl

Measures the tendency of the field to induce rotation or swirling motion.

In electromagnetism, curl relates to magnetic fields and induced currents.

In fluid flow, non-zero curl indicates local rotation or vortices.

Summary of Results
For the vector field F = (x² - y)i + 4yzj + Azk, the key results are:

Divergence: div F = 2x + 4z + A

Curl: curl F = -4y i + 0 j + 1 k

Applications and Further Insights

Applications in Physics and Engineering

Analyzing flow patterns in fluid dynamics.

Studying electromagnetic fields in physics.

Designing systems involving vector fields like wind flow, magnetic fields, and more.



Extensions and Advanced Topics

Using divergence and curl in Maxwell’s equations.1.

Applying these concepts in vector calculus theorems such as Gauss's and Stokes' theorems.2.

Exploring how changing the parameter A affects the properties of the field.3.

Conclusion
Understanding how to compute the curl and divergence of vector fields is foundational in many
scientific disciplines. By applying the mathematical definitions step-by-step to the specific field F =
(x² - y)i + 4yzj + Azk, we have derived explicit expressions for both quantities. These calculations
reveal the nature of the field's sources, sinks, and rotational tendencies, providing valuable insights
into its physical behaviors and applications.

Frequently Asked Questions

What is the divergence of the vector field F = (x² - y)i + 4yzj +
Azk?
The divergence of F is ∇·F = 2x + 4z + A.

How do you compute the divergence of the vector field F = (x²
- y)i + 4yzj + Azk?
To compute the divergence, take the partial derivative of the i-component with respect to x, the j-
component with respect to y, and the k-component with respect to z, then sum them up.

What is the curl of the vector field F = (x² - y)i + 4yzj + Azk?
The curl of F is ∇×F = (A - 4z)i + 2xk - 4yzj.

How do you find the curl of the vector field F = (x² - y)i + 4yzj
+ Azk?
Calculate the determinant of the matrix with unit vectors i, j, k in the first row, the partial
derivatives with respect to x, y, z in the second row, and the components of F in the third row.



What does it indicate if the divergence of F = (x² - y)i + 4yzj +
Azk is zero?
A zero divergence indicates that the vector field is solenoidal, meaning it has no net outflow or
inflow at any point.

For which values of A is the vector field F = (x² - y)i + 4yzj +
Azk divergence-free?
The divergence is 2x + 4z + A. To be divergence-free, set this equal to zero: 2x + 4z + A = 0. Since x
and z vary, the only way is if A = 0 and the field is divergence-free only at specific points, but
generally, A must be zero for divergence-free condition to hold everywhere.

Is the vector field F = (x² - y)i + 4yzj + Azk irrotational?
The curl is generally non-zero unless specific conditions are met (e.g., A = 4z and other constraints).
Therefore, F is not necessarily irrotational.

How can understanding divergence and curl help analyze the
vector field F = (x² - y)i + 4yzj + Azk?
Divergence helps determine whether the field is source-free or has net flow, while curl indicates the
rotation or circulation within the field. Together, they provide insight into the field’s physical and
mathematical properties.

Additional Resources
Find The Curl And Divergence Of The Vector Field F = (x² – y)i + 4yzj + Azk

---

Introduction

In vector calculus, understanding the divergence and curl of a vector field is fundamental for
analyzing the behavior of fields encountered in physics, engineering, and mathematics. These
operators reveal critical properties about the field, such as whether it is source-free, rotational, or
conservative.

The vector field under consideration, F = (x² – y)i + 4yzj + Azk, presents a compelling case for such
an analysis. It combines polynomial and linear components, which influence both divergence and
curl in distinct ways. This detailed review explores how to compute these operators systematically,
interpret their physical significance, and understand the underlying structure of the field.

---

Understanding the Vector Field



Before diving into calculations, let's examine the given vector field:

\[
\mathbf{F}(x, y, z) = (x^2 - y) \mathbf{i} + 4 y z \mathbf{j} + A z \mathbf{k}
\]

where A is a constant scalar parameter, and i, j, k are the standard unit vectors in the x, y, z
directions respectively.

This field has three components:

- \( F_x = x^2 - y \)
- \( F_y = 4 y z \)
- \( F_z = A z \)

The presence of quadratic and linear terms suggests a mix of behaviors. For instance, the quadratic
term in \(F_x\) indicates potential sources or sinks depending on the spatial region, while the terms
involving \(z\) hint at possible rotational characteristics around certain axes.

---

Computing the Divergence of F

Definition of Divergence

The divergence of a vector field F = \(F_x \mathbf{i} + F_y \mathbf{j} + F_z \mathbf{k}\) is given
by:

\[
\nabla \cdot \mathbf{F} = \frac{\partial F_x}{\partial x} + \frac{\partial F_y}{\partial y} +
\frac{\partial F_z}{\partial z}
\]

This scalar quantity measures the net rate of flux expansion per unit volume at a point — intuitively,
whether the field acts as a source (positive divergence), sink (negative divergence), or is divergence-
free (zero divergence).

Step-by-Step Calculation

Let's compute each partial derivative:

1. Partial derivative of \(F_x = x^2 - y\) with respect to \(x\):

\[
\frac{\partial F_x}{\partial x} = \frac{\partial (x^2 - y)}{\partial x} = 2x
\]

Note: \(y\) is treated as a constant here.

2. Partial derivative of \(F_y = 4 y z\) with respect to \(y\):



\[
\frac{\partial F_y}{\partial y} = \frac{\partial (4 y z)}{\partial y} = 4 z
\]

Here, \(z\) is a constant with respect to \(y\).

3. Partial derivative of \(F_z = A z\) with respect to \(z\):

\[
\frac{\partial F_z}{\partial z} = \frac{\partial (A z)}{\partial z} = A
\]

The derivative is straightforward, as \(A\) is a constant scalar.

Final Expression for Divergence

Adding these derivatives together:

\[
\boxed{
\nabla \cdot \mathbf{F} = 2x + 4z + A
}
\]

Interpretation: The divergence depends explicitly on the spatial coordinates \(x\) and \(z\), indicating
the field's source or sink characteristics vary across space. The constant term \(A\) shifts the
divergence globally, acting as a uniform source or sink depending on its sign.

---

Computing the Curl of F

Definition of Curl

The curl of a vector field F is a vector operator defined as:

\[
\nabla \times \mathbf{F} = \left( \frac{\partial F_z}{\partial y} - \frac{\partial F_y}{\partial z}
\right) \mathbf{i} + \left( \frac{\partial F_x}{\partial z} - \frac{\partial F_z}{\partial x} \right)
\mathbf{j} + \left( \frac{\partial F_y}{\partial x} - \frac{\partial F_x}{\partial y} \right) \mathbf{k}
\]

This operator measures the tendency of the field to induce rotation or circulation around a point,
with the direction and magnitude indicating the axis and strength of the rotation.

Step-by-Step Calculation

Calculate each component:

1. \(x\)-component:



\[
\left( \frac{\partial F_z}{\partial y} - \frac{\partial F_y}{\partial z} \right)
\]

- \(\frac{\partial F_z}{\partial y} = \frac{\partial (A z)}{\partial y} = 0\), since \(F_z\) does not
depend on \(y\).
- \(\frac{\partial F_y}{\partial z} = \frac{\partial (4 y z)}{\partial z} = 4 y\).

Thus,

\[
\text{Curl}_x = 0 - 4 y = -4 y
\]

2. \(y\)-component:

\[
\left( \frac{\partial F_x}{\partial z} - \frac{\partial F_z}{\partial x} \right)
\]

- \(\frac{\partial F_x}{\partial z} = \frac{\partial (x^2 - y)}{\partial z} = 0\), as \(F_x\) is
independent of \(z\).
- \(\frac{\partial F_z}{\partial x} = \frac{\partial (A z)}{\partial x} = 0\).

Therefore,

\[
\text{Curl}_y = 0 - 0 = 0
\]

3. \(z\)-component:

\[
\left( \frac{\partial F_y}{\partial x} - \frac{\partial F_x}{\partial y} \right)
\]

- \(\frac{\partial F_y}{\partial x} = \frac{\partial (4 y z)}{\partial x} = 0\), as \(F_y\) does not depend
on \(x\).
- \(\frac{\partial F_x}{\partial y} = \frac{\partial (x^2 - y)}{\partial y} = -1\).

Hence,

\[
\text{Curl}_z = 0 - (-1) = 1
\]

Final Expression for Curl

Putting it all together:

\[



\boxed{
\nabla \times \mathbf{F} = (-4 y) \mathbf{i} + 0 \mathbf{j} + 1 \mathbf{k} = -4 y \mathbf{i} +
\mathbf{k}
\]

Interpretation: The curl vector indicates a rotational tendency that varies linearly with \(y\) in the
\(x\)-direction, and a constant component in the \(z\)-direction. The absence of a \(j\)-component
suggests no rotation around the \(y\)-axis.

---

Physical and Mathematical Significance

Divergence Insights

- Positive divergence indicates a local source, where the field behaves like a "blowing out" or
expanding.
- Negative divergence suggests a sink, where the field lines converge.
- Zero divergence indicates a divergence-free or solenoidal field, common in incompressible fluid
flows and magnetic fields.

In this case, the divergence:

\[
\nabla \cdot \mathbf{F} = 2x + 4z + A
\]

varies with position, implying the field is not globally divergence-free unless specific conditions on
\(x, z\), and \(A\) are satisfied.

Curl Insights

- The curl reflects the local rotation or circulation within the field.
- The component \(-4 y \mathbf{i}\) indicates a rotation around the \(y\)-axis that intensifies with
\(y\).
- The constant \(1 \mathbf{k}\) component suggests a uniform rotation around the \(z\)-axis.

Such features are significant in fluid mechanics, electromagnetism, and vector calculus. For
instance, a non-zero curl indicates non-conservative behavior, meaning the field cannot be expressed
purely as the gradient of a scalar potential.

---

Special Cases and Additional Observations

When \(A=0\)

- The divergence simplifies to \(2x + 4z\), which varies across space.
- The curl remains the same, indicating the rotational behavior is unaffected by \(A\).

When \(A\) is chosen to cancel divergence



Suppose one desires a divergence-free field:

\[
2x + 4z + A = 0
\]

which implies:

\[
A = -2x - 4z
\]

Since \(A\) is a constant, this is only possible if \(A\) varies with \(x\) and \(z\), contradicting the
assumption that \(A\) is a scalar constant. Therefore, the divergence cannot be globally zero unless
\(A\) is a function dependent on \(x\) and \(z\).
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