FIND THE SURFACE AREA OF THE PorTION OF THE CoNE Z =
SQRT(x"2 Y*2), WHeRe Z=2.

FIND THe SURFACE AREA OF THE PorTION OF THE Cone Z = SQRT(X2 + ¥*2), WHERE Z = 2 IS A CLASSIC PROBLEM IN
MULTIVARIABLE CALCULUS THAT INVOLVES CALCULATING THE SURFACE AREA OF A SPECIFIC CONICAL SURFACE. THIS TYPE OF
PROBLEM IS FUNDAMENTAL FOR STUDENTS AND PROFESSIONALS WORKING IN FIELDS SUCH AS MATHEMATICS, ENGINEERING, AND
PHYSICS, WHERE UNDERST ANDING THE GEOMETRY OF THREE-DIMENSIONAL OBJECTS IS ESSENTIAL. IN THIS COMPREHENSIVE ARTICLE,
WE WILL EXPLORE STEP-BY-STEP HOW TO DETERMINE THE SURFACE AREA OF THE GIVEN CONICAL SURFACE, DELVE INTO THE
MATHEMATICAL CONCEPTS INVOLVED, AND PROVIDE PRACTICAL INSIGHTS TO HELP YOU MASTER SIMILAR PROBLEMS.

UNDERSTANDING THE SURFACE EQUATION AND ITS GEOMETRY

BEFORE DIVING INTO THE CALCULATIONS, IT’S IMPORTANT TO UNDERSTAND THE SHAPE AND PROPERTIES OF THE SURFACE
DESCRIBED BY THE EQUATION:

THeE CoNe EQUATION

THE SURFACE IS GIVEN BY:
\[ Z = \s@rT{x"2 + vy"23}\]

THIS IS THE EQUATION OF A RIGHT CIRCULAR CONE OPENING UPWARD, SYMMETRIC AROUND THE Z-AXIS. THE EQUATION
INDICATES THAT AT ANY POINT \((X, v, z)\) ON THE SURFACE, THE HEIGHT \(Z\) IS EQUAL TO THE DISTANCE FROM THE ORIGIN
IN THE XY-PLANE, L.E., THE RADIAL DISTANCE \(\RHO = \sQrT{x"2 + v"2}\).

Key FEATURES oF THE CONE

- THE CONE IS SYMMETRIC ABOUT THE Z-AXIS.
- THE VERTEX OF THE CONE IS AT THE orIGIN \((O, 0, O)\).
- THE SURFACE EXTENDS UPWARD FROM THE VERTEX, WITH \(z\) INcREASING AS \(\sQrRT{x"2 + Yv"2}\).

THe SPeciFic PorTION ofF THE CONE

THE PROBLEM SPECIFIES THE PORTION WHERE \(z = 2\). SiNce \(z = \sQrT{x"2 + v"*2}\), THE LEVEL SURFACE AT \(z = 2\)
CORRESPONDS TO THE CIRCLE:

\[\sqrT{x"2 + v"2} =2\]

OR EQUIVALENTLY,

\[x"2+v"*2=41]

THIS DEFINES A CIRCLE IN THE XY-PLANE WITH RADIUS \(R = 2\).

MATHEMATICAL SETUP FOR SURFACE AREA CALCULATION

CALCULATING THE SURFACE AREA OF A SURFACE PARAMETRIZED BY \(\MATHBF{R}(X, ¥)\) INVOLVES INTEGRATING THE
SURFACE ELEMENT OVER THE DESIRED REGION.



SURFACE AREA FORMULA

For A SURFACE \(z = F(x, Y)\), THE SURFACE AREA \(S\) oVER A ReGION \(D\) IN THE XY-PLANE IS GIVEN BY:

\[

S =\iNnT_D \sQrT{1 + \LerT( \rrAc{\PArTIAL Z}{\PARTIAL X} \RIGHT)"2 + \LErT( \FrRAC{\PARTIAL Z}{\PARTIAL Y}
\rIGHT)"2 } \, DX\ DY

\]

GIVEN THE SURFACE \(z = \sQrT{x"2 + Y"2}\), THE DERIVATIVES ARE:

\l

\rrAC{\PARTIAL Z}{\PARTIAL X} = \rRAC{x}{\sQrT{x"2 + ¥"2}}, \QuAD \rrRAc{\PARTIAL Z}{\PARTIAL Y} =
\rrAc{Y}{\s@rT{x"2 + v"2}}
\]

THEREFORE, THE INTEGRAND BECOMES:

\[

\sQrT{1 + \FRAC{X"2Hx"2 + v 2} + \rrAc{¥Y"2}{x"2 + v"23} = \sqrT{1 + 1} = \sqrT{2}
\]

THIS SIMPLIFIES THE CALCULATION SIGNIFICANTLY, AS THE INTEGRAND IS CONSTANT OVER THE REGION.

TRANSFORMING THE PROBLEM INTO PoLAR COORDINATES

SINCE THE SURFACE AND THE REGION ARE CIRCULARLY SYMMETRIC, CONVERTING TO POLAR COORDINATES SIMPLIFIES THE
INTEGRAL.

PoLArR COORDINATES SETUP

- COORDINATES:

\[

x =R \cos \THETA, \QUAD ¥ =R \sIN \THETA

\]

- JACOBIAN DETERMINANT:

\[

ox\, 0y =R\, DR\, D\THETA

\]

- Recion \(D\):

\[

0 \teQ r \LEQ 2, \QuaD O \LEQ \THETA \LEQ 2\PI
\]

THE SURFACE ELEMENT BECOMES:

\[

DS = \sQrT{1 + \LerT( \rrAC{\PARTIAL Z}{\PARTIAL X} \RIGHT)"2 + \LErT( \FRAC{\PARTIAL Z}{\PARTIAL Y} \RIGHT)"2
3\, ox\ oy

\]

WHICH, AS SHOWN EARLIER, SIMPLIFIES TO:

\[

0S = \sqrT{2}\, ox\ 0¥

\]

EXPRESSED IN POLAR COORDINATES:

\[
DS = \sqrT{2}\, R\, DR\, D\THETA



\]

CALCULATING THE SURFACE AREA

PUTTING IT ALL TOGETHER, THE SURFACE AREA \(S\) over THE rReGloN wHEre \(z=2\) (1.e., \(r \LeQ 2\)) I1s:

\[
S =\InT_0"2\pi} \iNT_0"2 \sqrT{2}\, R\, DR\, D\THETA
\]

STEP-BY-STEP CALCULATION

1. INNER INTEGRAL oVer \(R\):

\[

\INT_0"{23 R\, or = \LerT[ \FrRAC{R"23}{2} \RIGHT]_0"2 = \rrAc{4}{2} =2
\]

2. OuTER INTEGRAL OVER \(\THETA\):

\[

\INT_O"{2\P1} D\ THETA = 2\PI

\]

3. COMBINE THE RESULTS:

\[

S = \sqrT{2} \TiMes 2 \TiMes 2\pi = 4 \pI \sqrT{2}
\]

FINAL ANSWER:

\[

\soxen{

\TexT{SURFACE Area} = 4 \pI \sqQrT{2}

}

\]

THIS IS THE SURFACE AREA OF THE PORTION OF THE CONE \(Z = \sQrT{x"2 + Y"2}\) FROM THE VERTEX UP TO THE CIRCLE

AT \(z=2\).

ADDITIONAL INSIGHTS AND APPLICATIONS

UNDERST ANDING HOW TO COMPUTE THE SURFACE AREA OF CONICAL SECTIONS HAS NUMEROUS APPLICATIONS, INCLUDING:

- ENGINEERING DESIGN: CALCULATING MATERIAL NEEDED FOR CONICAL STRUCTURES.

- PHYSICS: SURFACE INTEGRALS IN ELECTROMAGNETIC AND GRAVITATIONAL FIELDS.

- MATHEMATICS EDUCATION: ENHANCING COMPREHENSION OF MULTIVARIABLE CALCULUS CONCEPTS LIKE PARAMETRIZATION AND
COORDINATE TRANSFORMATIONS.



SuMMARY OF KEY POINTS

- THe sURFACE \(z = \sQrT{x"2 + Y"23\) DESCRIBES A RIGHT CIRCULAR CONE.

- THe PorTION WHERE \(z=2\) CORRESPONDS TO THE CIRCLE \(Xx"2 + Y2 = 4\).

- CONVERTING TO POLAR COORDINATES SIMPLIFIES THE SURFACE AREA INTEGRAL.

- THE INTEGRAND REDUCES TO A CONSTANT \(\sQrT{2}\), GREATLY EASING THE CALCULATION.
- THE RESULTING SURFACE AREA IS \(4 \pPi \s@rT{23\).

CoNcCLUSION

CALCULATING THE SURFACE AREA OF A CONICAL SURFACE, ESPECIALLY WHEN BOUNDED BY A SPECIFIC HEIGHT, REQUIRES A
SOLID UNDERSTANDING OF SURFACE PARAMETRIZATION, COORDINATE TRANSFORMATIONS, AND INTEGRATION TECHNIQUES. By
RECOGNIZING THE SYMMETRY AND EMPLOYING POLAR COORDINATES, THE PROBLEM BECOMES MUCH MORE MANAGEABLE, LEADING
TO A STRAIGHTFORWARD INTEGRAL EVALUATION. MASTERY OF THESE METHODS IS ESSENTIAL FOR STUDENTS AND
PROFESSIONALS WORKING WITH COMPLEX SURFACES IN VARIOUS SCIENTIFIC AND ENGINEERING DISCIPLINES.

FURTHER RESOURCES

- MULTIVARIABLE CALCULUS TEXTBOOKS: FOR DETAILED EXPLANATIONS OF SURFACE INTEGRALS AND PARAMETRIZATION.

- ONLINE CALCULUS TUTORIALS: INTERACTIVE LESSONS ON POLAR COORDINATES AND SURFACE AREA CALCULATIONS.

- MATHEMATICAL SOFTWARE: TOOLS LIKE WoLFRAM ALPHA, MATLAB, or GEOGEBRA CAN VISUALIZE SURFACES AND VERIFY
INTEGRALS.

REMEMBER: PRACTICE WITH DIFFERENT SURFACES AND BOUNDARIES TO STRENGTHEN YOUR UNDERSTANDING OF SURFACE AREA
CALCULATIONS IN MULTIVARIABLE CALCULUS.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE GEOMETRIC SHAPE INVOLVED IN FINDING THE SURFACE AREA OF THE GIVEN
CONE?

THE SHAPE INVOLVED IS A CONE DEFINED BY THE SURFACE Z = SQRT(X"*2 + v"2).

How DO YOU INTERPRET THE EQUATION Z = SQRT(X"2 + Y”*2) IN TERMS OF THE
CONE’'S GEOMETRY?

IT REPRESENTS A RIGHT CIRCULAR CONE WITH ITS APEX AT THE ORIGIN, OPENING UPWARD, WHERE THE HEIGHT Z EQUALS THE
RADIUS AT ANY POINT (X, Y).

WHAT IS THE SIGNIFICANCE OF THE CONDITION Z=2 IN THE CONTEXT OF THE SURFACE
AREA CALCULATION?

|T SPECIFIES THE PORTION OF THE CONE BETWEEN Z=0 (THE VERTEX) AND Z:2, EFFECTIVELY DEFINING THE TRUNCATED CONE OR
CONE SEGMENT FOR WHICH THE SURFACE AREA IS TO BE CALCULATED.



How DO YOU SET UP THE BOUNDARY IN THE XY-PLANE FOR THE SURFACE AREA
CALCULATION BASED ON Z=2°

SINCE Z = SQRT(X"2 + ¥"2), SETTING Z=2 GIVES SQRT(X"2 + ¥*2) = 2, 0r X2 + Y2 = 4 WHICH IS A CIRCLE OF
RADIUS 2 IN THE XY-PLANE.

\WHAT IS THE FORMULA FOR THE SURFACE AREA OF A SURFACE DEFINED BY Z = F(X, )P

THE SURFACE AREA S IS GIVEN BY THE DOUBLE INTEGRAL OVER THEREGIONR: S =[] R sqrT(1+ (B Z/B x)"2 +

(@ Z/B ¥)"2)ox .

How po You CoMPUTE THE PARTIAL DERIVATIVES ] Z/Fl x AND [Pl Z/F] YFORZ =
SQRT(X*2 + y*2)?

BoTH ARe coMPUTED AS ]| Z/F] x =x [/ sQrT(Xx*2 + v*2) ano ] Z/F] Y =Y/ sQrT(x"2 + ¥"2).

\W/HAT IS THE INTEGRAND FOR THE SURFACE AREA IN THIS PROBLEM AFTER CALCULATING
THE DERIVATIVES?

THe INTEGRAND BECOMES SQRT( 1 + (X2 / (X*2 + v*2)) + (v"2 | (x*2 + ¥"2))) WHICH SIMPLIFIES TO SQRT(2).

How DO YOU CONVERT THE SURFACE AREA INTEGRAL INTO POLAR COORDINATES FOR
THIS PROBLEM?

IN POLAR COORDINATES, X =R COS ©, Y =R SIN®, AND THEREGION IS O R < 2, 0 £ © £ 2N, SIMPLIFYING THE INTEGRAL.

WHAT IS THE FINAL EXPRESSION FOR THE SURFACE AREA OF THE PORTION OF THE CONE
FRoM Z=0 To Z=2°

THe SURFACE AREA S =] M{2m} B o2} sQrT(2) R DR DO = sQrT(2) 2n (1/2) (2)"2 = 4nf] 2.

ADDITIONAL RESOURCES

FIND THE SURFACE AREA OF THE PorTION OF THe Cone Z =[] (X2 + ¥2), WHERE Z = 2

UNDERSTANDING THE SURFACE AREA OF GEOMETRIC SHAPES IS FUNDAMENTAL IN FIELDS RANGING FROM ENGINEERING AND PHYSICS
TO COMPUTER GRAPHICS AND ARCHITECTURE. TODAY, WE DELVE INTO AN INTRIGUING PROBLEM: DETERMINING THE SURFACE AREA
OF A SPECIFIC PORTION OF A CONE DEFINED BY THE EQUATION \( Z = \s@QrT{x"2 + ¥"2} \), BOUNDED ABOVE BY THE PLANE \(
Z=2\). THIS PROBLEM COMBINES ELEMENTS OF CALCULUS, GEOMETRY, AND ALGEBRA TO SHOWCASE THE POWER OF
MATHEMATICAL METHODS IN SOLVING REAL-WORLD SHAPE ANALYSIS.

INTRODUCTION TO THE PROBLEM

THE TASK IS TO FIND THE SURFACE AREA OF THE CONICAL SURFACE DEFINED BY THE EQUATION:

\[
7 =\sQrT{x"2 + v"2}
\]

BUT SPECIFICALLY, ONLY THE PART OF THE CONE THAT EXTENDS FROM THE VERTEX AT THE ORIGIN UP TO THE PLANE \( /=2 \)
\/ISUALLY, THIS IS A RIGHT CIRCULAR CONE WHOSE APEX IS AT THE ORIGIN (0,0,0), OPENING UPWARD, WITH THE BOUNDARY



cUT offF AT A HelGHT \( Z=2 \).

THE PROBLEM REQUIRES TRANSLATING THIS GEOMETRIC DESCRIPTION INTO A FORM SUITABLE FOR CALCULUS-BASED SURFACE
AREA COMPUTATION, TAKING ADVANTAGE OF SYMMETRY AND COORDINATE TRANSFORMATIONS. THE KEY STEPS INVOLVE
UNDERSTANDING THE SHAPE, SETTING BOUNDS, AND APPLYING THE SURFACE AREA INTEGRAL FORMULA.

(UNDERSTANDING THE GEOMETRIC SHAPE
THe CoNE EQUATION AND TS FEATURES

THE GIVEN EQUATION:

\[
7 =\s@rT{x"2 + v"2}
\]

CAN BE REWRITTEN AS:

\[
2"2 =x"2 +Y"2
\]

THIS IS THE STANDARD FORM OF A RIGHT CIRCULAR CONE OPENING UPWARD WITH ITS VERTEX AT THE ORIGIN. THE CONE’S
SYMMETRY ABOUT THE Z-AXIS SIMPLIFIES CALCULATIONS, AS THE SURFACE IS ROTATIONALLY SYMMETRIC.

KEY FEATURES INCLUDE:

- VerTex: AT (0, 0, 0)

- OPENING ANGLE: THE CONE OPENS UNIFORMLY IN ALL DIRECTIONS BECAUSE OF THE SYMMETRY.

- BOUNDARIES: THE TOP BOUNDARY IS THE PLANE \( Z=2 \), WHICH INTERSECTS THE CONE AT A CIRCLE.

INTERSECTION WITH THE PLaNe \( Z=2 )
AT\(Z=2\):

\[
2 = \sqrT{x"2 + v"2}
\RIGHTARROW X2 + ¥"2 =4

\]

THIS DESCRIBES A CIRCLE OF RADIUS 2 IN THE PLANE \( /=2 \) THEREFORE/ THE PORTION OF THE CONE WE ARE STUDYING IS
BOUNDED BELOW AT THE VERTEX (AT THE ORIGIN) AND ABOVE BY THIS CIRCLE.

SETTING UP THE SURFACE AREA INTEGRAL

CALCULATING THE SURFACE AREA OF A SURFACE DEFINED IMPLICITLY OR EXPLICITLY INVOLVES INTEGRATING OVER THE
RELEVANT DOMAIN WITH THE FORMULA!:

\[

S =\iNT_{D} \s@rT{1 + \LerT(\rrac{\PArRTIAL Z}{\PARTIAL X}\RIGHT)"2 + \LerT(\FrRAC{\PARTIAL Z}{\PARTIAL
YHRrIGHT)" 2} \, DX\ DY

\]
wWHERE \( D \) IS THE PROJECTION OF THE SURFACE ONTO THE XY-PLANE.

ExpressING \( Z \) AND ITs PARTIAL DERIVATIVES



GIVEN:

\[
7 =\sq@rT{x"2 + v"2}
\]

\WE FIND THE PARTIAL DERIVATIVES:

\[
\rrac{\ParTIAL Z3{\PARTIAL X} = \FRAC{X}{\sQrT{x"2 + v"2}} \QuaD \TEXT{AND} \QUAD
\rrAC{\PArTIAL Z3{\PARTIAL Y} = \FRAC{Y}{\sQrT{x"2 + v"2}}

\]

CALCULATING THE SUM OF SQUARES:

\l

\LerT(\rrAac{\ParTIAL Z}{\PARTIAL X}\RIGHT)"2 + \LErT(\FrAC{\PARTIAL Z3}{\PARTIAL Y}\RIGHT)"2 = \FrRAC{X"2 +
Y 2Hx 2 +v"2} =1
\]

THus,

\l

\s@rT{1 + \LerT(\FrAC{\PARTIAL Z}{\PARTIAL X}\RIGHT)"2 + \LErT(\FRAC{\PARTIAL Z}{\PARTIAL Y}\RIGHT)"2]} =
\sqrT{1 + 1} = \sqrT{2}
\]

THIS REMARKABLE SIMPLIFICATION INDICATES THAT THE INTEGRAND IS CONSTANT OVER THE DOMAIN \( D \)

CHooSING THE COORDINATE SYSTEM: PoLAR COORDINATES

GIVEN THE SYMMETRY AND THE CIRCULAR BOUNDARY , POLAR COORDINATES SIMPLIFY THE INTEGRATION:

\[

x =R \cos \THETA, \QUAD ¥ = R \sIN \THETA

\]

IN POLAR COORDINATES, THE JACOBIAN FOR THE CHANGE OF VARIABLES IS \( R \), so:

\[
ox\, 0y =R\, DR\, D\THETA

\]

THe BOUNDARY CIRCLE \( X2 + ¥"2 = 4 \) BECOMES:

\[
R \LEQ 2
\]

AND \( \THETA \) spans Frrom \( O \) To \( 2\p1 \).

PERFORMING THE DOUBLE INTEGRAL

SINCE THE INTEGRAND IS CONSTANT (\( \sQrT{23} \)), THE SURFACE AREA SIMPLIFIES TO:



\[
S =\inT_{D} \sqrT{2} \, ox\,0Y = \s@rT{2} \inT_{D} DX\ DY

\]

SWITCHING TO POLAR COORDINATES:

\[

S =\sqr7{2} \inT_{0}*{2\P1} \InT_{03}"*{2} R\, DR\, D\THETA
\]

COMPUTE THE INNER INTEGRAL:

\[

\INT_{03{23 R\, or = \FrAc{rR"23}{2} \BiGG|_{0}"{2} = \rrac{4}{2} =2
\]

COMPUTE THE OUTER INTEGRAL:

\[

\INT_{03*{2\P1} D\THETA = 2\PI

\]

PUTTING IT ALL TOGETHER:

\[

S =\s@rT{2} \TiMes 2 \TiMes 2\pI = 4\pI \sqrT{2}

\]

FINAL RESULT AND INTERPRETATION

THE SURFACE AREA OF THE PORTION OF THE CONE \( Z = \s@rT{x"2 + v"2} \), sounpep Agove By \( Z=2\), Is:

\[
\BOXED{
\TexTBF{SURFACE AREA} = 4\PI \sQrT{2}

}
\]

THIS ELEGANT RESULT CONFIRMS THAT THE SURFACE AREA DEPENDS LINEARLY ON THE CIRCLE'S RADIUS (\X/HICH IS 2 AT THE
BOUNDARY) AND INCORPORATES THE GEOMETRIC PROPERTIES OF THE CONE.

BROADER IMPLICATIONS AND APPLICATIONS
(UNDERSTANDING HOW TO COMPUTE THE SURFACE AREA OF CONIC SECTIONS IS VITAL ACROSS VARIOUS DISCIPLINES:

- ENGINEERING: DESIGNING CONICAL STRUCTURES OR COMPONENTS WHERE SURFACE MATERIAL ESTIMATION IS NECESSARY.
- PHYSICS: CALCULATING FLUX OR SURFACE INTEGRALS OVER CONICAL SURFACES.

- CoMPUTER GRAPHICS: RENDERING REALISTIC MODELS INVOLVING CONES OR SIMILAR SURFACES.

- MATHEMATICS EDUCATION: ILLUSTRATING THE POWER OF COORDINATE TRANSFORMATIONS AND CALCULUS IN SOLVING
COMPLEX SURFACE PROBLEMS.

CoNCLUSION



THE PROBLEM OF FINDING THE SURFACE AREA OF A CONE SEGMENT BOUNDED BY A PLANE SHOWCASES THE SYNERGY BETWEEN
GEOMETRIC INTUITION AND CALCULUS. BY RECOGNIZING THE SYMMETRY AND EXPLOITING THE PROPERTIES OF THE CONE, THE
CALCULATION SIMPLIFIES DRAMATICALLY, REVEALING THE ELEGANCE OF MATHEMATICAL ANALYSIS. THE KEY TAKEAWAY IS
THAT, DESPITE THE APPARENT COMPLEXITY, CHOOSING THE RIGHT COORDINATE SYSTEM AND UNDERSTANDING THE UNDERLYING
GEOMETRY CAN TRANSFORM A CHALLENGING INTEGRAL INTO A STRAIGHTFORWARD CALCULATION, PROVIDING CLEAR INSIGHT
INTO THE SHAPE'S PROPERTIES AND THE TOOLS NEEDED TO ANALYZE THEM.
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