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Predicate logic, also known as first-order logic, extends propositional logic
by incorporating quantifiers and predicates, allowing for a more expressive
and precise formal language. When dealing with formulas that include
identity, the complexity increases, but the principles of logical reasoning
remain foundational. Providing a formal proof for a predicate logic formula
involving identity not only demonstrates the validity of the statement but
also deepens our understanding of the logical structures underpinning
mathematical and philosophical reasoning. In this article, we will explore
how to construct such proofs systematically, clarify the key concepts
involved, and illustrate the process with detailed examples.

Understanding Predicate Logic with Identity

What Is Predicate Logic?

Predicate logic is an extension of propositional logic that introduces
quantifiers (such as "for all" and "there exists") and predicates, which are
functions that describe properties or relations among objects. For example,
the predicate \( P(x) \) might denote "x is even," while \( R(x, y) \) could
express "x is greater than y." These elements enable more detailed statements
about objects and their interrelations.

Introducing Identity

Identity, often denoted by the symbol \( = \), is a special predicate that
asserts the equality of two terms. It allows us to formalize statements like
"a is identical to b" as \( a = b \). The logic of identity includes specific

axioms and inference rules that govern how identities can be manipulated
within proofs. The core properties of identity are:

Reflexivity: \( \forall x\, (x = x) \)

Symmetry: \( \forall x\, \forall y\, (x = y \rightarrow y = x) \)

Transitivity: \( \forall x\, \forall y\, \forall z\, (x =y \land y = z
\rightarrow x = z) \)

Substitution: If \( x = y \), then any property \( P \) that holds of \(
x \) also holds of \( y \).

These axioms form the foundation for reasoning about identities within
predicate logic.



Formulating the Problem

Suppose we want to prove the following predicate logic formula involving
identity:

Goal:

\ [

\forall x\, \forall y\, (x = y \rightarrow P (x) \rightarrow P (y))
\1

This statement asserts that if two objects are identical, then any property
\( P \) that holds for one also holds for the other. This is a fundamental
property of identity known as the substitutivity of identicals.

To formalize this proof, we need to:

. Clearly understand the logical components involved.

. Recognize the axioms and rules of inference applicable.

. Construct a step-by-step derivation that demonstrates the validity of the
ormula.
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Key Logical Principles and Axioms

Before proceeding with the proof, review the essential principles:

1. Universal Introduction and Elimination

— Universal Introduction (\( \forall \)-generalization): From a proof of \(
P(t) \) (for an arbitrary \( t \)), infer \( \forall x\, P(x) \).

— Universal Elimination (\( \forall \)-instantiation): From \( \forall x\,
P(x) \), infer \( P(t) \) for some term \( t \).

2. Modus Ponens
From \( P \) and \( P \rightarrow Q \), infer \( Q \).

3. Substitution Property of Identity
If \( x =y \) and \( P(x) \), then \( P(y) \).

Step-by-Step Formal Proof

Let's now outline the detailed steps to prove the formula:



\ [
\forall x\, \forall y\, (x = y \rightarrow P (x) \rightarrow P (y))
\]

This formula states that for any objects \( x \) and \( v \), if \( x =y \),
then \( P(x) \) implies \( P(y) \).

Step 1: Assume Arbitrary Elements

1. Assume arbitrary \( x \) and \( y \).

- This is the standard approach in natural deduction: we start by fixing
arbitrary objects to generalize later.

Step 2: Assume \( x =y \)

2. Assume \( x =y \).
- Our goal is to show \( P(x) \rightarrow P (y) \).

Step 3: Assume \( P(x) \)

3. Assume \( P(x) \).
— Our ultimate goal is to derive \( P(y) \).

Step 4: Apply Substitution Property

4. From the identity axioms, since \( x =y \) and \( P(x) \), we can infer
\N(P(y) \).

— This step relies on the substitution property: identities allow us to
replace one term with an identical one within properties or predicates.
Step 5: Derive \( P(y) \)

5. Conclude \( P(y) \) from steps 3 and 4 using the substitution rule.

Step 6: Discharge assumptions

6. Discharge the assumption \( P(x) \) to infer \( P(x) \rightarrow P(y) \).

7. Discharge the assumption \( x = y \) to infer:
\ [

x = y \rightarrow P (x) \rightarrow P (y)

\1

8. Since \( x \) and \( y \) were arbitrary, generalize over both:

\ [
\forall x\, \forall y\, (x =y \rightarrow P(x) \rightarrow P (y))

\]

This completes the proof.

Formal Proof in Natural Deduction Style

Here's an outline of the proof in a formal natural deduction format:



\ ( \text{Assume } x, y \) (arbitrary objects)

\( \text{Assume } x =y \)

\ ( \text{Assume } P(x) \)

From 2 and 3, by substitution, infer \( P(y) \)

Discharge assumption 3: \( P(x) \rightarrow P(y) \)

Discharge assumption 2: \( x = y \rightarrow P (x) \rightarrow P (y) \)
Generalize over \( y \): \( \forall y\, (x = y \rightarrow P (x)
rightarrow P(y)) \)

Generalize over \( x \): \( \forall x\, \forall y\, (x = y \rightarrow
(x) \rightarrow P(y)) \)

W oo~ Jo U W=

Significance of the Proof

This proof demonstrates the fundamental property that identity is
substitutive. It formalizes the intuitive idea that if two objects are
identical, then they share all properties. This property underpins much of
mathematical logic, algebra, and philosophical reasoning about sameness and
equality.

Furthermore, establishing this result within predicate logic with identity
provides a basis for more complex proofs involving equalities, functions, and
relations. It also exemplifies how to handle quantifiers, assumptions, and
the substitution rule systematically.

Applications of Formal Proofs in Predicate
Logic with Identity

The ability to formally prove statements involving identity has numerous
practical applications:

e Mathematical Theorems: Many proofs rely on substituting equal objects
within formulas, such as in algebra and geometry.

e Computer Science: Formal verification and automated theorem proving
often require proofs of equalities and properties of data structures.

e Philosophy and Logic: Clarifying notions of identity, sameness, and
difference in metaphysical debates.

Conclusion

Providing a formal proof for a predicate logic formula involving identity is
a fundamental exercise that consolidates understanding of logical inference,



axioms, and rules of deduction. It emphasizes the importance of substitution
principles and quantifier manipulations in formal reasoning. Mastering such
proofs equips logicians, mathematicians, and computer scientists with the
tools necessary to rigorously validate complex statements, ensuring clarity
and correctness in their work.

By systematically applying assumptions, inference rules, and axioms, we can
demonstrate sophisticated logical truths, reinforcing the power and elegance
of formal logic as a foundation for precise reasoning across disciplines.

Frequently Asked Questions

What is the general approach to constructing a formal
proof for a predicate logic formula with identity?

The general approach involves applying rules of natural deduction, such as
universal introduction and elimination, along with the properties of identity
(reflexivity, symmetry, and substitution), to derive the conclusion from
given premises systematically.

How do identity axioms influence the formal proof of
a predicate logic formula?

Identity axioms, such as reflexivity (a = a), are used to justify
substitutions and equalities within the proof, ensuring that terms can be
replaced consistently when establishing the validity of the formula.

Can you illustrate a step-by-step formal proof for a
simple predicate logic formula with identity?

Yes, for example, to prove Vx (x = x), we start by assuming an arbitrary
element x, then invoke the reflexivity of identity to conclude x = x, and
finally generalize over x using universal introduction.

What rules of inference are essential when dealing
with formulas involving identity in predicate logic?

Key inference rules include universal generalization, universal
instantiation, and the substitution property of equality, which allows
replacing equals with equals within formulas.

How does the substitution property of identity
facilitate proofs in predicate logic with equality?

It allows replacing a term with an equal term within any formula, enabling
the derivation of equivalences and simplifying complex proofs involving
identities.

Are there common pitfalls to avoid when formally



proving predicate logic formulas with identity?

Yes, common pitfalls include neglecting to properly apply substitution rules,
failing to correctly generalize variables, or assuming properties of identity
without explicit justification, which can lead to invalid proofs.

Additional Resources

Give A Formal Proof For The Following Predicate Logic Formula with Identity:
A Step-by-Step Guide

Understanding how to formally prove statements in predicate logic, especially
when involving the identity relation, is a fundamental skill in logic,
mathematics, and computer science. The phrase "give a formal proof for the
following predicate logic formula with identity" encapsulates a core task:
demonstrating rigorously that a certain logical statement holds true within a
formal system. This guide aims to walk you through the process of
constructing such proofs, emphasizing clarity, precision, and the use of
logical rules. Whether you're a student preparing for exams, a researcher
validating a theorem, or a practitioner applying logic to real-world
problems, mastering formal proofs involving identity is essential.

Understanding the Components of the Problem

Before diving into the proof itself, it’s crucial to understand the key
components involved:

Predicate Logic

Predicate logic extends propositional logic by incorporating quantifiers
(like V and 3) and predicates that express properties or relations among
objects. It allows for detailed statements about objects in a domain.

Identity

The identity relation (=) is a special predicate indicating that two terms
refer to the same object. Formal proofs involving identity often require
specific rules, such as:

- Reflexivity: For any term a,
- Symmetry: If a = b, then b =
- Transitivity: If a = b and b
— Substitution: If a b and a

a
a.
= ¢, then a = c.

property holds of a, then it also holds of b.

The Formula in Question
Although the user hasn't specified the exact formula, common examples
involving identity include:

- Vx (x = x) (Reflexivity)

- Vx Vy (x =y -y = xX) (Symmetry)

- VX Vy Vz ((x =y Ay =2) » x = 2z) (Transitivity)
- a=>b - (P(a) - P(b)) (Substitution)

For illustration, we'll select a representative formula that involves
identity and demonstrate how to prove it formally.



Step 1: Clarify the Goal and the Formal System

The Statement to Prove
Let's consider the formula:

"For all x and y, if x equals y, then any property P that holds for x also
holds for y."

Formally:
VX Vy (x =y » (P(x) - P(y)))

This is a standard substitution principle involving identity.
The Formal System

We will assume a commonly used natural deduction or axiomatic system for
predicate logic with identity, such as:

- Axioms of equality:

- Reflexivity: Vx (x = Xx)

— Substitution axioms:

- If x =y and P(x), then P (y).

- Logical axioms:

— Classical propositional logic axioms.

— Rules of inference:

— Modus Ponens

— Universal Generalization
— Universal Instantiation

Step 2: Formal Proof Construction
Step 2.1: Establish Basic Axioms
Start with the axioms related to identity:

1. Reflexivity: Vx (x = x)

Step 2.2: State the Main Goal
Our goal is to prove:

VX Vy (x =y » (P(x) - P(y)))
which can be approached by:

- Fixing arbitrary objects x and y.
- Showing that x = y implies P(x) - P(y).

Step 2.3: Instantiate the Universal Quantifiers
Using universal instantiation:

2. From (1) :



x = x (by instantiating Vx (x = x) for some arbitrary Xx)
3. Similarly, from the goal, instantiate:

— Assume arbitrary x and y.

Step 2.4: Assume the Premise
Suppose:
4. x = vy (assumption for conditional proof)

Our aim is to show:

Step 2.5: Assume P (x)

5. Assume: P (x) (for conditional proof)

Step 2.6: Apply the Substitution Axiom

In systems with equality, a key rule is that if x = y and P(x), then P (y).
6. By the substitution rule (or axiom), from x = y and P(x), conclude:

P (y)

This step relies on the substitution property of equality.

Step 2.7: Conclude the Conditional

7. From steps 4-6, by Conditional Introduction, we have:

Step 2.8: Generalize over x and y
8. Since x and y were arbitrary, by Universal Generalization:
Vx Vy (x =y =~ (P(x) = P(y)))

This completes the proof.

Step 3: Summary of the Formal Proof

To summarize, the proof proceeds as follows:



- Start from axioms related to identity.

- Instantiate universal quantifiers for arbitrary objects.

— Assume the equality x = y.

— Assume P (x).

— Use substitution to derive P (y).

— Conclude P(x) - P(y).

- Generalize over x and y to obtain the universal statement.

Additional Considerations and Variations

Handling Different Formulas
Depending on the formula you need to prove, the structure may change:

- For reflexivity, the proof is trivial—it's an axiom.
- For symmetry: assume x = y and derive y = Xx.
- For transitivity: assume x = y and y = z, then derive x = z.

Using Formal Proof Systems

You can formalize these proofs within proof assistants like Coqg, Isabelle, or
Lean, which have built-in support for logic with identity. The process
involves:

— Declaring axioms.
- Applying inference rules.
- Using tactics to automate parts of the proof.

Importance of the Substitution Rule

The substitution rule in logic with identity is crucial. It states that if x
= y and P(x), then P(y). This allows us to replace x with y in any property
P, ensuring the property is invariant under equality.

Final Remarks

Mastering the formal proof of predicate logic formulas with identity is
foundational for rigorous reasoning in mathematics and logic. It exemplifies
how axioms, inference rules, and logical principles come together to
establish truths with certainty. Whether you're verifying fundamental
properties like reflexivity, symmetry, and transitivity or proving more
complex theorems involving identity, the systematic approach outlined here
provides a blueprint for constructing clear and sound proofs.

Remember, the key steps involve understanding the logical components,
carefully instantiating quantifiers, leveraging axioms and inference rules,
and generalizing appropriately. As you practice, you'll develop intuition and
fluency in formal reasoning, enabling you to tackle increasingly
sophisticated logical challenges confidently.
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