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Understanding combinatorial problems involving digits and specific conditions is a common question
in the realm of discrete mathematics and probability. One such intriguing problem is determining
the number of three-digit strings that contain exactly two digits being 4. This problem not only
sharpens your combinatorial reasoning but also enhances your understanding of permutations,
combinations, and the principles of counting. In this article, we will explore this problem in detail,
break down the reasoning process step-by-step, and provide comprehensive insights into how to
approach similar digit-based counting problems.

Understanding the Problem

Before diving into the solution, it’s crucial to clarify what the problem entails.

Problem Restatement:
How many strings of three decimal digits (from 0 to 9) are there such that exactly two of the digits
are 4s?

Key Points to Note:

- The string length is fixed at 3.

- Digits can include 0 through 9.

- Exactly two digits are 4s; the third digit is not a 4.

- The order of digits matters — for example, "440" and "404" are considered different strings.

Possible Variations to Consider:

- Are leading zeros allowed?

Since the problem states "strings of three decimal digits," and not specifically a three-digit number
(which typically doesn't start with zero), we consider all three-digit strings, including those starting
with zero.

Therefore, all digits from 0 to 9 are valid in each position.

Breaking Down the Problem

To solve this problem systematically, we need to analyze the structure of the strings that satisfy the
condition.

Step 1: Identify the positions of the 4s.
Since exactly two digits are 4s, these 4s can occupy any two positions out of the three.



Step 2: Determine the possible values of the remaining digit.
The third digit (which is not a 4) can be any digit from 0 to 9, except 4, to ensure the total count of
4s remains exactly two.

Step 3: Count arrangements based on the positions of 4s and the remaining digit.

Once the positions are fixed, the remaining digit’s value is determined, and the total count can be
obtained by summing over all possible arrangements.

Step-by-Step Solution

Let's formalize the approach.

Step 1: Choose positions for the 4s

- The three positions are: position 1, position 2, and position 3.
- We need to select which two positions will contain the 4s.

Number of ways to choose positions for 2 4s out of 3 positions:

\[
\binom{3}{2} = 3
\]

The possible position selections are:
1. Positions 1 and 2 contain 4s; position 3 contains the other digit.

2. Positions 1 and 3 contain 4s; position 2 contains the other digit.
3. Positions 2 and 3 contain 4s; position 1 contains the other digit.

Step 2: Determine the value of the remaining digit

- The remaining digit (the third digit that is not a 4) can be any digit from 0 to 9 except 4.
- Therefore, the number of choices for this digit:

\[
10-1=9
\]

since digits 0-9 excluding 4.



Step 3: Count the total number of valid strings

- For each arrangement of positions, the remaining digit can be any of the 9 options.
- Each such choice produces exactly one valid string.

Therefore, total number of strings:

\[
\text{Total} = \binom{3}{2} \times 9 = 3 \times 9 = 27

\]

Summary of the Counting Process

| Step | Description | Calculation | Result |

| | | | |

| 1 | Choose positions for the 4s | \(\binom{3}{2}\) | 3 |

| 2 | Possible digits for the remaining position (not 4) | 9 | 0-9 except 4 |
| 3 | Total strings | \(3 \times 9\) | 27 |

Final Answer:
\[

\boxed{27}

\]

There are 27 strings of three decimal digits that have exactly two 4s.

Additional Considerations and Variations

While the above solution handles the basic problem, it’s instructive to consider related variations

and their solutions.

Variation 1: Counting Strings Without Leading Zeros

Suppose the problem asks for three-digit numbers (from 100 to 999), which do not start with zero.

The counting method would need adjustment because the first digit cannot be zero.

- When the first digit is not a 4, and the second is a 4, and the third is a 4, the counting differs.

- Here, the restriction on the first digit influences the total count.



Variation 2: Counting Strings with At Least Two 4s

To find how many strings have at least two 4s, consider:

- Exactly two 4s (already calculated as 27).
- All three digits are 4s: only 1 string ("444").

Total:

\

27 +1 =28

\]
Conclusion

The problem of counting the number of three-digit strings with exactly two 4s is a classic
combinatorial exercise that illustrates the application of basic principles such as combinations and
counting arrangements. By systematically analyzing the positions of the 4s and the choices for the
remaining digit, we arrive at a straightforward calculation.

Summary:

- Total number of such strings: 27

- Reasoning involves choosing positions for the 4s and selecting the remaining digit from the non-4
digits.

- The approach can be adapted for various constraints, such as leading digit restrictions or different
digit counts.

This problem exemplifies how combinatorial reasoning can be used to solve digit-based counting
problems efficiently and accurately. Understanding these core principles is fundamental for tackling
more complex counting problems in mathematics and computer science.

Meta-Note:

This article aimed to provide a comprehensive explanation suitable for learners and enthusiasts
interested in combinatorics and digit-based counting problems. For more complex problems, similar
principles can be extended with additional constraints and considerations.

Frequently Asked Questions



How many three-digit strings contain exactly two 4s?

There are 27 such strings. This is calculated by choosing the positions for the two 4s (3 options), and
filling the remaining position with any digit except 4 (9 options), resulting in 3 x 9 = 27 strings.

What is the total number of three-digit strings with exactly
two 4s?

The total number is 27, since for each of the 3 possible positions for the non-4 digit, there are 9
choices (digits 0-9 except 4).

Are leading zeros allowed in counting three-digit strings with
exactly two 4s?

Yes, if considering strings as sequences of digits, including leading zeros. If counting only three-digit
numbers (100-999), then leading zeros are not allowed, and the calculation would differ accordingly.

How do the calculations change if leading zeros are
disallowed?

If leading zeros are disallowed (numbers from 100 to 999), then the only valid strings with exactly
two 4s are those where the first digit is not zero. The count reduces to 18, as only the cases where
the first digit is 4 or non-zero digits are considered, with adjustments based on position.

Can you explain the combinatorial approach used to find the
number of strings with exactly two 4s?

Certainly. First, select the positions for the two 4s out of three (3 choices). Then, fill the remaining
position with any digit except 4. If leading zeros are allowed, the remaining digit has 9 options; if
not, further restrictions apply. Multiplying these choices gives the total count.

What is the significance of the position of the non-4 digit in
these calculations?

The position of the non-4 digit determines the set of possible digits it can be (0-9 except 4). It
influences the total count because each position has different constraints, especially when
considering whether leading zeros are permitted.

Additional Resources

Decimal Strings with Exactly Two '4's: A Mathematical Exploration

When delving into combinatorial problems, especially those involving digits and constraints, the
challenge often lies in accurately counting the number of valid configurations. One such intriguing
problem is: How many strings of three decimal digits contain exactly two '4's? This question not only
tests our understanding of permutations and combinations but also offers insight into logical



reasoning about digit placement and constraints.

In this comprehensive analysis, we will explore the problem step by step, defining the problem
clearly, employing combinatorial principles, and providing detailed calculations to arrive at the
precise count. Whether you're a mathematics enthusiast, a student tackling similar problems, or

someone curious about the mechanics behind counting digit strings, this article aims to clarify every
aspect of the problem thoroughly.

Understanding the Problem

Before diving into calculations, it’s essential to dissect what the problem asks:
"How many strings of three decimal digits have exactly two digits that are 4s?"
Key points and constraints:

- The string length is fixed at 3 digits.

- Each digit can be any number from 0 to 9.

- The string must contain exactly two '4's—meaning:

- Two positions are occupied by '4's.

- The remaining position is any digit except '4".

- Leading zeros are allowed; the first digit can be '0'.

This problem is a classic example of counting arrangements under specific constraints, which
involves combinatorial counting principles such as permutations and combinations.

Breaking Down the Problem

To solve this problem systematically, let's analyze the components:
1. Positions of the '4's
Given a 3-digit string, the '4's can occupy any two positions out of the three:

- Positions are labeled as 1, 2, and 3.
- The '4's can be placed in any 2 of these positions.

Number of ways to choose positions for the '4's:

\[
\binom{3}{2} =3
\]



The possible position combinations are:
- Positions 1 and 2
- Positions 1 and 3
- Positions 2 and 3

2. Filling the Remaining Position

In each case, the remaining position (not occupied by a '4') can be filled with any digit except '4".
Since digits range from 0 to 9:

- Total options for this remaining position: 9 (digits 0-9 excluding 4)

Calculating the Total Number of Strings

By considering the two steps above—choosing positions for '4's and selecting the remaining
digit—we can compute the total number of valid strings.

Step 1: Number of position arrangements

\[

\text{Number of position arrangements} = \binom{3}{2} =3
\]

Step 2: Number of choices for the remaining digit

For each arrangement:

- The remaining position can be any digit from 0-9 except 4:

\[

9 \text{ choices}

\]

Step 3: Total count

Multiplying the number of position arrangements by the choices for the remaining position:

\[
3 \times 9 = 27
\]

Thus, there are 27 strings of three decimal digits that contain exactly two '4's.



Verification and Additional Considerations

While the calculation appears straightforward, it’s important to verify the assumptions and ensure
no cases have been overlooked.

Handling Leading Zeros

Since the problem allows leading zeros, the first digit can be '0', '4', or any other digit. The only
restriction is that exactly two digits are '4's, and the remaining one digit is not '4".

Are there any other constraints?

- No restrictions on the position of the first digit; it can be any digit from 0-9.
- No restrictions on repeated digits beyond the '4's constraint.

- The count includes strings like '440', '404', and '044".

Confirming no overcounting or undercounting

- Each configuration is distinct because positions of '4's differ.

- The remaining digit choices are independent for each arrangement.

- All possible combinations are accounted for, with no overlaps or omissions.
Cross-check with enumeration

To further verify, enumerate all possibilities:

- For each position of the two '4's, list all options for the remaining digit:
Example: '4' in positions 1 and 2

Remaining position: position 3

- Remaining digit options: 0-9 except 4 — 9 options

Possible strings:

- '440'

-'441"

-'442'

-'443'

- '445'

- '446'

-'447

-'448'

-'449'

Similarly, for '4' in positions 1 and 3:

- Remaining position: 2



Strings:

-'404'
-'414"
-'424"
-'434'
- '444' (but this has three '4's, so exclude)
- '454'
-'464'
-'474
-'484'
-'494'

Excluding '444' (which has 3 '4's), so only 9 options again.
For '4' in positions 2 and 3:

- Remaining position: 1

Strings:

-'040'
- '140'
- 240"
- '340'
-'440' (again three '4's, so exclude)
- '540'
- '640'
- 740"
- '840'
-'940'

Again, 9 options, excluding '440".
Total:

-9 + 9 + 9 = 27 strings, matching the previous calculation.

Summary and Final Thoughts

The problem of counting three-digit strings with exactly two '4's can be approached systematically
by:

- Determining the possible positions for the '4's.
- Counting the choices for the remaining digit, ensuring it’s not '4'.
- Multiplying the number of position arrangements by the choices for the remaining digit.



Final answer:

\[
\boxed{27}

\]

This count encompasses all valid strings, including those with leading zeros, and accurately reflects
the combinatorial possibilities under the specified constraints.

Broader Implications and Related Problems

Understanding how to count strings with specific digit constraints has broad applications in areas
such as:

- Password and code generation, where certain digits must or must not appear.
- Error detection in data transmission, ensuring specific patterns or absence of certain digits.
- Combinatorial design and testing, where specific configurations are needed.

Variations of this problem include:

- Counting strings with at least or at most a certain number of '4's.
- Extending to longer strings, such as four or five digits.
- Considering additional constraints, like the sum of digits or divisibility conditions.

Conclusion

In exploring how many three-digit decimal strings contain exactly two '4's, we uncovered a
straightforward yet instructive combinatorial problem. By systematically analyzing position
arrangements and digit choices, we arrived at the total count of 27 possible strings.

This exercise underscores the importance of breaking down problems into manageable parts,
applying fundamental principles of permutations and combinations, and verifying results through
enumeration. Such methods are invaluable tools for tackling a wide array of problems in
mathematics, computer science, and related fields.

Whether you're analyzing password patterns, designing error detection schemes, or simply
sharpening your combinatorial reasoning, understanding problems like this enhances your problem-
solving toolkit and deepens your appreciation for the elegance of counting principles.
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