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If 'O' Be An Acute Angle And Tano + Cot 0 = 2, Then The Value Of Tan50 + Cot O
is a fascinating trigonometric problem that involves understanding various fundamental
identities and properties of angles in right-angled triangles. This problem combines
concepts of acute angles, tangent, cotangent, and multiple-angle identities, making it a rich
exercise in trigonometry.

In this comprehensive article, we will explore the problem step by step, analyze the given
conditions, derive the necessary identities, and ultimately compute the value of \(\tan
5\theta + \cot \theta\). This discussion aims to enhance your understanding of trigonometric
functions and their applications, especially in solving complex angle problems.

Understanding the Given Conditions

Before diving into calculations, it's essential to interpret the problem accurately.

1. 'O’ as an Acute Angle

- The angle \(\theta\) (denoted as 'Q’) is less than 90°, i.e., \(0 < \theta < 90™\circ\).
- Being acute implies that \(\sin \theta\) and \(\cos \theta\) are both positive.

2. The Equation: \( \tan \theta + \cot \theta = 2)

- Recall that \(\cot \theta = \frac{1}{\tan \theta}\).
- The equation can be rewritten as:

\[
\tan \theta + \frac{1}{\tan \theta} = 2
\]

- This relationship provides a key to find \(\tan \theta\).

Deriving \(\tan \theta\) from the Given Equation

Let's analyze the equation:

\[
\tan \theta + \frac{1} {\tan \theta} =2

\]



Multiplying through by \(\tan \theta\) (which is positive for an acute angle):

\[
\tan”™2 \theta + 1 = 2 \tan \theta

\]
Rearranged as a quadratic in \(\tan \theta\):

\[
\tan”™2 \theta - 2 \tan \theta + 1 =0

\]
Applying the quadratic formula:

\[

\tan \theta = \frac{2 \pm \sqrt{(2)"~2 - 4 \times 1 \times 1} }{2} = \frac{2 \pm \sqrt{4 -
41 3{2} = \frac{2 \pm 0} {2}

\]

Hence,

\[
\tan \theta =1
\]

Since \(\theta\) is acute, \(\tan \theta = 1\) corresponds to:

\[
\theta = 45™\circ
\]

Conclusion: The only valid solution for \(\theta\) satisfying the given condition is
\(\boxed{\theta = 45" \circ}\).

Calculating \(\tan 5\theta + \cot \theta\)

Now that we have \(\theta = 45"™\circ\), the problem reduces to calculating:

\[
\tan 5 \theta + \cot \theta

\]

Given \(\theta = 457\circ\), proceed step by step.



1. Find \(\tan 5 \theta\)

Using the multiple-angle identity for tangent:

\[

\tan 5 \theta = \frac{5 \tan \theta - 10 \tan” 3 \theta + \tan”5 \theta} {1 - 10 \tan"2 \theta
+ 5\tan™4 \theta}

\]

Alternatively, use the standard formula for \(\tan 5 \theta\):

\[

\tan 5 \theta = \frac{5 \tan \theta - 10 \tan” 3 \theta + \tan”5 \theta}{1 - 10 \tan"2 \theta
+ 5\tan™4 \theta}

\]

But a more straightforward approach is to use the recursive formula or the multiple-angle
formula directly. Since \(\tan 45~ \circ = 1\), calculations become simpler.

Recall that:

\[

\tan 2A = \frac{2 \tan A}{1 - \tan™2 A}

\]

\[

\tan 3A = \frac{3 \tan A -\tan™3 A}{1 -3 \tan™2 A}
\]

And similarly for higher multiples. Alternatively, since \(\tan 457 \circ = 1\), we can compute
\(\tan 5 \times 457 \circ = \tan 2257™\circ\).

Note: \(\tan 225" \circ = \tan (180" \circ + 457 \circ) = \tan 45" \circ = 1\), but with a sign
change because:

\[
\tan (180" \circ + \theta) = \tan \theta
\]

but in the case of \(225"™\circ\):

\[

\tan 2257™\circ = \tan (180" \circ + 45™\circ) = \tan 45" \circ = 1
\]

Correction: Actually, \(\tan (180" \circ + \theta) = \tan \theta\).

But since \(\tan 225" \circ = \tan (180™\circ + 45™\circ) = \tan 45" \circ = 1\), but
considering the quadrant, \(\tan 225"\circ = 1\).

However, this is not consistent because:



\[
\text{In Quadrant lll, } \tan \theta > 0

\]
and

\[

\boxed{\tan 225" \circ = \tan (180"™\circ + 45”™\circ) = \tan 45™\circ = 1}
\]

but the tangent in Quadrant Il is positive, so \(\tan 225"\circ = 1\).

Thus,

\[
\tan 5 \theta = \tan 225" \circ =1
\]

Important clarification: Since \(\theta = 45" \circ\), then:

\[
5 \theta = 5 \times 457 \circ = 225" \circ
\]

and

\[

\boxed{\tan 5 \theta = \tan 225" \circ = 1}
\]

but \(\tan 225" \circ = 1\)?

Actually, \(\tan 225" \circ = \tan (180" \circ + 45" \circ) = \tan 457 \circ = 1\), but
considering the tangent's period:

\[

\tan 2257 \circ = \tan (180"™\circ + 457\circ) = \tan 45"~ \circ =1

\]

and because in the third quadrant, tangent is positive, so yes, \(\tan 225" \circ = 1\).
Wait, this suggests \(\tan 5 \theta = 1\).

But, the tangent of 225° is actually:

\[

\tan 2257 \circ = \tan (180™\circ + 45™\circ) = \tan 45"~ \circ =1
\]

and in Quadrant lll, tangent is positive, so this is consistent.

Final result:



\[
\boxed{\tan 5 \theta = 1}

\]

2. Find \(\cot \theta\)

Since \(\theta = 45"™\circ\):

\[
\cot 45™\circ =1

\]

Final Calculation: \(\tan 5 \theta + \cot \theta\)

Putting it all together:

\[
\tan 5 \theta + \cot\theta=1+1=2

\]

Summary and Conclusion

- The initial condition \(\tan \theta + \cot \theta = 2\) led us to determine \(\theta =

457 \circ\).

- Recognizing that \(\tan 45~ \circ = 1\) simplifies subsequent calculations.

- Calculating \(\tan 5 \theta\) for \(\theta = 45" \circ\), we found it to be \(\tan 225" \circ =
1\).

- Similarly, \(\cot 45™\circ = 1\).

- Therefore, the sum:

\[
\boxed{\tan 5 \theta + \cot \theta = 2}

\]

Final Answer: \(\boxed{2}\)



Additional Insights and Applications

Understanding such problems enhances your grasp of multiple-angle identities, which are
essential in various fields such as physics, engineering, and computer science.
Trigonometric identities allow us to simplify complex expressions, solve equations involving
angles, and analyze periodic phenomena.

Practical applications include:

- Signal processing and wave analysis.

- Navigation and orientation calculations.

- Designing mechanical systems involving rotational motion.
- Computer graphics and animations involving rotations.

Tips for Solving Similar Problems:

- Always verify the domain of the angles involved.

- Use fundamental identities as starting points.

- Simplify quadratic equations carefully, considering the context.

- Recognize special angles like 45°, 30°, and 60° for quick calculations.
- Leverage multiple-angle formulas when dealing with \(\tan n\theta\).

Final Word:

This problem demonstrates the power of reasoning

Frequently Asked Questions

What is the significance of 'O' being an acute angle in
the given problem?

Since 'O' is an acute angle, its value lies between 0° and 90°, which ensures that both
tangent and cotangent functions are positive and well-defined within this range.

Given the condition Tano + Cot 0 = 2, how can we
interpret this equation in terms of angles?

This equation suggests a relationship between the tangent and cotangent of angle 'O’,
which can be used to determine the specific value of 'O' by expressing cotangent in terms
of tangent.

How do we simplify the equation Tano + Cot 0 = 2 to
find the value of tan O0?

Recall that Cot 0 = 1 / tan O. Substituting this, the equation becomestan O + 1 /tan O = 2,
which can be solved as a quadratic in tan O.



What is the value of tan O derived from the equation
tan O + 1/tan O = 2?

Multiplying both sides by tan O gives tan™~2 O + 1 = 2 tan O. Rearranged, it becomes
tan”2 0 -2tan O + 1 = 0, which factors as (tan O - 1)~2 = 0. Therefore, tan O = 1.

How do we find the value of tan 50 given that tan O =
1?

Since tan O = 1, then O = 45°. Using the multiple angle formula, tan 50 = tan 225°, which
equals -1.

What is the value of cot 50, and consequently, what is
tan 50 + cot 50?

Cot50=1/tan50 =1/ (-1) = -1. Therefore, tan 50 + cot 50 = -1 + (-1) = -2.

Additional Resources

Mathematical Exploration of Trigonometric Relationships: Analyzing the Expression \(\tan
S5\theta + \cot \theta\)

Introduction

Mathematics, especially trigonometry, is a cornerstone of many scientific and engineering
disciplines. It offers tools to analyze angles and their relationships, which are fundamental
in understanding wave phenomena, oscillations, and geometric configurations. The problem
at hand involves a nuanced trigonometric expression:

If \(\theta\) is an acute angle and \(\tan \theta + \cot \theta = 2\), then find the value of
\(\tan 5\theta + \cot \theta\).

This question combines several key concepts: properties of acute angles, the relationship
between tangent and cotangent, and multiple-angle formulas. Its solution requires

understanding these concepts deeply and carefully manipulating the equations to arrive at
the final answer.

Understanding the Given Conditions and Definitions
The nature of the angle \(\theta\)

- Acute angle: \(0™\circ < \theta < 907™\circ\)
- Implication: \(\sin \theta > 0\), \(\cos \theta > 0\)



The relationship \(\tan \theta + \cot \theta = 2\)
- The tangent and cotangent functions are reciprocals: \(\cot \theta = \frac{1}{\tan
\theta}\).

- The given sum involves these two functions, which suggests that solving for \(\tan \theta\)
will be pivotal.

Analyzing \(\tan \theta + \cot \theta = 2\)
Step 1: Express in terms of \(\tan \theta\)
Let \(t = \tan \theta\). Then:

\[
t + \frac{1}{t} =2
\]

Step 2: Solve for \(t\)
Multiplying both sides by \(t\):
\[

t"2+1=2t

\]

Rearranged:

\[
t"2-2t+1=0
\]

This quadratic factors neatly:

\[
(t-1)~2=0
\]

Thus, the only solution:

\[
t=1
\]

Important note: Since \(\theta\) is acute, \(\tan \theta = 1\) implies:

\[
\theta = 45" \circ

\]



which is within the range of an acute angle.

Confirming \(\theta = 45"™\circ\)
-\(\tan 45"~ \circ = 1\), and \(\cot 45" \circ = 1\), so:

\[

\tan 457~\circ + \cot 45™\circ =1+ 1= 2
\]

which matches the given condition.

Therefore, the initial condition confirms that \(\theta = 45™\circ\).

Calculating \(\tan 5\theta + \cot \theta\)
Given \(\theta = 45"\circ\), the problem reduces to:

\[
\tan 5 \times 45™\circ + \cot 45"™\circ

\]
which simplifies to:
\[
\tan 2257 \circ + 1
\]

since \(\cot 45™\circ = 1\).

Step 1: Find \(\tan 225"\circ\)

-\(225™\circ = 180" \circ + 457 \circ\).
- The tangent of an angle in the third quadrant:

\[
\tan (180~ \circ + \alpha) = \tan \alpha
\]

but with sign considerations:

\[
\tan (180~ \circ + \alpha) = \tan \alpha
\]



and since tangent is positive in the third quadrant:

\[
\tan 225"™\circ = \tan (180" \circ + 457™\circ) = \tan 45" \circ =1
\]

Wait, this is incorrect because the tangent of \(225"\circ\) is actually:

\[

\tan 2257 \circ = \tan (180" \circ + 457™\circ) = \tan 45" \circ =1
\]

But, considering the signs:

- In the third quadrant, both sine and cosine are negative.
-\(\tan \theta = \frac{\sin \theta} {\cos \theta}\), and since both are negative, their ratio is
positive.

Therefore:

\[
\boxed{\tan 225" \circ = 1}
\]

Key correction:
Actually, the tangent of \(225"\circ\) is:

\[
\tan 2257™\circ = \tan (180" \circ + 457 \circ) = \tan 45" \circ =1
\]

and because in the third quadrant tangent is positive, this is correct.

Final Calculation

\[

\boxed{

\tan 5\theta + \cot \theta = \tan 225"™\circ+1=1+1=2
}

\]

Summary of Findings

- The initial condition \(\tan \theta + \cot \theta = 2\) implies \(\theta = 45" \circ\).



- The target expression \(\tan 5\theta + \cot \theta\) becomes \(\tan 225"\circ + 1\).
- Since \(\tan 225" \circ = 1)), the sum simplifies to 2.

Further Deep Dive: Generalization and Additional Insights

While the specific problem yields a straightforward result, it opens the door to broader
discussions in trigonometry.

Multiple-Angle Formulas
- The tangent of multiple angles can be expressed via formulas such as:

\[
\tan 2\theta = \frac{2 \tan \theta} {1 - \tan™2 \theta}

\]

\[
\tan 3\theta = \frac{3 \tan \theta - \tan™3 \theta} {1 - 3 \tan”™2 \theta}
\]

\[

\tan 5\theta = \frac{5 \tan \theta - 10 \tan” 3 \theta + \tan”5 \theta}{1 - 10 \tan”"2 \theta
+ 5\tan™4 \theta}

\]

Given that \(\tan \theta = 1\) in our problem, the calculation simplifies significantly.
The Significance of the Angle \(\theta = 45" \circ\)

- This angle is a cornerstone in trigonometry because of its symmetry properties.

- It is a point where sine and cosine are equal, leading to \(\tan \theta = 1\).

- The problem demonstrates how initial conditions can often lead to unique solutions,
especially with standard angles.

Alternative Approaches and Additional Considerations

Although the problem resolves neatly, other methods could be employed if the initial
conditions were less straightforward:

- Using identities: Express \(\tan 5\theta\) in terms of \(\tan \theta\) via multiple-angle
formulas.

- Graphical methods: Plotting \(\tan \theta + \cot \theta\) and observing the intersection
point.

- Numerical approximation: For non-standard angles, approximate values could be used to
estimate the sum.



Real-World Applications and Significance
Understanding such trigonometric relationships is vital in numerous fields:

- Engineering: Signal processing often involves phase angles and their transformations.
- Physics: Oscillatory systems and wave interference rely on angle relationships.

- Navigation and Geodesy: Precise calculations of angles and their functions facilitate
accurate positioning.

This specific problem exemplifies the importance of foundational angles and identities,
which serve as building blocks for more complex analyses.

Final Reflection

The problem's elegance lies in its simplicity once the initial condition is deciphered.
Recognizing that \(\tan \theta + \cot \theta = 2\) corresponds to an angle \(\theta =
45~\circ\) is the key insight. From there, the calculation of \(\tan 5\theta + \cot \theta\)
becomes a straightforward substitution, illustrating the power of foundational trigonometric
identities.

This exercise underscores several valuable lessons:

- The importance of understanding basic identities and their implications.

- How initial conditions can narrow down potential solutions significantly.

- The elegance of trigonometry in solving seemingly complex problems with simple
identities.

Conclusion

In sum, given that \(\theta\) is an acute angle satisfying \(\tan \theta + \cot \theta = 2\), we
deduce \(\theta = 45" \circ\). Consequently, the value of \(\tan 5\theta + \cot \theta\)
simplifies to:

\[
\boxed{2}
\]

This problem is a beautiful demonstration of how basic trigonometric identities, combined
with knowledge of special angles, can lead to elegant and concise solutions. It also
emphasizes the importance of verifying the initial conditions and understanding their
implications fully—a fundamental skill for anyone delving into advanced mathematics or
applied sciences.
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