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Understanding whether a differential equation can be solved explicitly for a given initial condition is
a fundamental concern in differential equations. The question "Is it possible to solve the equation Y'
= (Xy / Cosx) for Y(0) = 1?" invites us to explore the nature of the differential equation, determine its
solvability, and analyze the initial condition's impact on the solution. This article provides a
comprehensive analysis of this problem, covering the types of differential equations, methods of
solution, and the justification for the solvability or limitations thereof.

Introduction to the Differential Equation

The differential equation under consideration is:

Y' = (X y) / Cos x

with the initial condition:

Y(0) = 1

This is a first-order ordinary differential equation involving the variables x and y. To analyze its
solvability, we first need to understand its structure and classify it appropriately.

Classification of the Differential Equation

Type of the Equation

The given differential equation can be rewritten as:

dy/dx = (x y) / cos x

This is a first-order, nonlinear differential equation because the right-hand side involves the product
of y and a function of x (1/ cos x).

Linear vs. Nonlinear

The equation is not linear because it involves the product of y and functions of x. A linear first-order
ODE generally has the form:



dy/dx + P(x) y = Q(x)

which is linear in y. In our case, the right-hand side is (x / cos x) y, which can be expressed as:

dy/dx - (x / cos x) y = 0

Rearranged as:

dy/dx - P(x) y = 0

where P(x) = - (x / cos x). Since the equation can be written in this form, it is linear.

Conclusion: The differential equation is a linear first-order ODE.

Method of Solution

Since the equation is linear and first-order, the standard method to solve it is the integrating factor
method.

Standard Form

Rewrite the differential equation as:

dy/dx + P(x) y = 0

with:

P(x) = - (x / cos x)

The integrating factor (IF) is given by:

IF = e^{∫ P(x) dx} = e^{∫ - (x / cos x) dx}

Once the integrating factor is obtained, the solution is:

y(x) = (1 / IF) C

where C is a constant determined by initial conditions.

Calculating the Integrating Factor

The integral:

∫ - (x / cos x) dx



is the crux of the solution. Let's analyze this integral:

I = - ∫ (x / cos x) dx

This integral involves the product of x and 1/ cos x, which complicates direct integration. To evaluate
it, we can consider integration by parts.

Evaluating the Integral ∫ (x / cos x) dx

Integration by Parts Approach

Let:

u = x ⇒ du = dx

dv = 1 / cos x dx = sec x dx

We need to find v:

v = ∫ sec x dx

The integral of sec x is well-known:

∫ sec x dx = ln | sec x + tan x | + C

Therefore:

v = ln | sec x + tan x |

Applying integration by parts:

∫ x / cos x dx = u v - ∫ v du

= x ln | sec x + tan x | - ∫ ln | sec x + tan x | dx

Now, the integral:

∫ ln | sec x + tan x | dx

is non-trivial but can be approached using known techniques or integral tables.

Evaluating ∫ ln | sec x + tan x | dx

This integral can be approached as follows:



- Recognize that:

sec x + tan x = (1 + sin x) / cos x

- Therefore:

ln | sec x + tan x | = ln | (1 + sin x) / cos x | = ln | 1 + sin x | - ln | cos x |

Hence:

∫ ln | sec x + tan x | dx = ∫ [ln | 1 + sin x | - ln | cos x |] dx

= ∫ ln | 1 + sin x | dx - ∫ ln | cos x | dx

Both integrals are standard.

Integral of ln | 1 + sin x |

- Use substitution:

Let t = 1 + sin x

dt = cos x dx

But this introduces cos x, which complicates things. Alternatively, express in terms of known
integrals or use substitution techniques.

Integral of ln | cos x |

- Well-known:

∫ ln | cos x | dx = - (1/2) [ (1 + sin x) ln | cos x | + (1 - sin x) ln | tan (x/2) | ] + C

But these integrals are quite involved and lead to complex expressions, indicating that an explicit
closed-form solution for the integral of ln | sec x + tan x | is complicated.

Implications for the Solution

Given the complexity of the integral, the integrating factor:

IF = e^{∫ - (x / cos x) dx}

can be written as:

IF = e^{ - ∫ (x / cos x) dx } = e^{ - [ x ln | sec x + tan x | - ∫ ln | sec x + tan x | dx ] + C }

which simplifies to an expression involving these integrals.



Key Point: The indefinite integrals involved do not have elementary closed-form expressions, making
the explicit solution for y(x) difficult or impossible to express in terms of elementary functions.

Existence and Uniqueness of the Solution

Existence of Solutions

The Picard-Lindelöf theorem states that if the functions involved are continuous and satisfy a
Lipschitz condition near the initial point, then a unique solution exists locally.

In this case:

- f(x, y) = (x y) / cos x

- For x near 0, cos x ≠ 0, so the function is continuous.

- The initial condition is at x=0, where cos 0 = 1 ≠ 0, so the function is continuous and well-defined
at the initial point.

Thus, a local solution exists around x=0.

Uniqueness of the Solution

Since f(x, y) = (x y) / cos x is continuous and satisfies a Lipschitz condition in y (as it is linear in y),
the solution is unique in some interval around x=0.

Can the Equation Be Solved Explicitly?

Given the difficulty in evaluating the integrals involved
in the integrating factor, the explicit solution in
elementary functions is not feasible. However, the
solution can be expressed in an implicit form:

Y(x) = C e^{ ∫ (x / cos x) dx }



where the integral is complicated but well-defined as a
definite integral (for example, between 0 and x).

Therefore:

- It is possible to formally write down a solution using
the integrating factor method.
- Explicit elementary solutions are not available due to
the complex integrals involved.
- The initial condition Y(0) = 1 allows us to determine
the constant C once the integral is evaluated or
approximated.

Numerical Methods and Approximate Solutions

Since an explicit closed-form solution is elusive,
numerical methods such as:

- Euler’s method
- Runge-Kutta methods
- Finite difference schemes

are practical for approximating Y(x) near x=0,
especially for specific x-values.

Applying Numerical Methods



- Use initial condition: Y(0) = 1
- Approximate Y at subsequent points using the
differential equation
- Handle the term (x y) / cos x carefully, especially near
points where cos x approaches zero (which would cause
singularities).

Summary and Justification

- Existence: The differential equation is well-defined
and continuous near x=0, with the initial condition Y(0)
= 1, satisfying the criteria for local existence of
solutions.
- Uniqueness: The linearity and continuity conditions
ensure a unique local solution.
- Explicit Solution: Deriving an explicit elementary
expression for Y(x) is not feasible due to the complexity
of the integral involved in the integrating factor.
- Feasibility of solving: The formal solution exists in an
implicit integral form, and numerical methods can be
employed for approximations.
- Initial condition impact: The initial condition Y(0) = 1
allows us to determine the constant of integration once
the integral in the solution is evaluated or
approximated.

Conclusion



Is it possible to solve the differential equation Y' = (X
y) / Cos x for Y(0

Frequently Asked Questions

Is the differential equation Y' = (XY / cos X) solvable with the
initial condition Y(0) = 1?

Yes, the equation is separable and can be solved
explicitly, but the initial condition at X=0 requires
careful analysis because cos 0 = 1, and the solution's
behavior near X=0 must be checked for consistency.

Can the differential equation Y' = (XY / cos X) be solved
analytically?

Yes, it is a separable differential equation, and
integrating both sides yields an explicit solution,
provided cos X ≠ 0 within the interval considered.

Does the initial condition Y(0) = 1 pose any problems in
solving the differential equation?

No, because at X=0, cos 0 = 1, so the initial condition is
well-defined and consistent with the solution near X=0.



What is the general solution to the differential equation Y' =
(XY / cos X)?

By separating variables, the solution is Y(X) = C exp(∫
(X / cos X) dX), where C is determined by initial
conditions.

Is the solution to the differential equation unique given Y(0) =
1?

Yes, by the Picard-Lindelöf theorem, since the function
and its partial derivative are continuous near X=0, the
solution is unique in some interval around zero.

What is the significance of the interval of validity for the
solution Y(X)?

The interval is limited by points where cos X = 0 (i.e., X
= ±π/2, ±3π/2, ...), which could cause singularities in
the solution or prevent its extension beyond those
points.

Can the solution be extended beyond points where cos X = 0?

No, because at cos X = 0, the differential equation
becomes undefined, leading to potential singularities in
the solution.



How does the initial condition influence the particular
solution of the differential equation?

The initial condition Y(0) = 1 determines the constant
of integration after solving the differential equation,
resulting in a unique particular solution.

Is solving this differential equation important in practical
applications?

Yes, equations of this form can model phenomena in
physics and engineering where variables are
intertwined with trigonometric functions, making their
solvability and solutions relevant for real-world
problems.

Additional Resources

Is It Possible To Solve The Equation Y' = (XY / Cos X)
for Y(0) = 1? Justify

When confronted with differential equations like Y' =
(XY / Cos X) and an initial condition such as Y(0) = 1, a
natural question arises: Is it possible to find an explicit
solution? Understanding whether a solution exists, is
unique, or can be explicitly expressed involves delving



into the theory of differential equations, particularly
the methods applicable to first-order equations. This
post provides a comprehensive analysis of whether the
given equation can be solved and the justification
behind it.

---

Understanding the Differential Equation

The differential equation in question is:

\[ Y' = \frac{X Y}{\cos X} \]

with the initial condition:

\[ Y(0) = 1 \]

This is a first-order ordinary differential equation.
Recognizing its structure is the first step toward
solving it.

---

Classifying the Equation

The given differential equation appears to be
separable, because it can be written in a form where all
terms involving Y are on one side and all terms



involving X are on the other:

\[ \frac{dY}{dX} = \frac{X Y}{\cos X} \]

Rearranged as:

\[ \frac{dY}{Y} = \frac{X}{\cos X} dX \]

The key observation here is that this is a separable
differential equation, which generally allows for
straightforward integration, provided the integrals
involved are manageable.

---

Solving the Equation: Step-by-Step

Step 1: Separate Variables

Starting from:

\[ \frac{dY}{Y} = \frac{X}{\cos X} dX \]

We can integrate both sides:

\[ \int \frac{1}{Y} dY = \int \frac{X}{\cos X} dX \]

which simplifies to:



\[ \ln |Y| = \int \frac{X}{\cos X} dX + C \]

where \( C \) is the constant of integration.

Step 2: Find the Integral \( \int \frac{X}{\cos X} dX \)

This integral is the critical step. The term:

\[ I = \int \frac{X}{\cos X} dX \]

does not correspond to a standard elementary integral.
To evaluate or analyze it, consider substitution
strategies or series expansions.

---

Analyzing the Integral \( I = \int \frac{X}{\cos X} dX \)

Let's understand whether this integral can be
expressed in elementary functions, or if it involves
special functions, or if it even converges around certain
points.

Method 1: Series Expansion

Express \( 1/\cos X \) as a power series:

\[ \frac{1}{\cos X} = \sec X = \sum_{n=0}^\infty
E_{2n} \frac{X^{2n}}{(2n)!} \]



where \( E_{2n} \) are the Euler numbers. But
integrating term-by-term could be complicated and
may not yield a closed-form expression.

Method 2: Integration by Parts

Alternatively, you might attempt integration by parts,
but because \( X \) is linear and \( 1/\cos X \) is complex,
it doesn't straightforwardly simplify.

Method 3: Substitution

Set \( u = \sin X \), but this doesn't directly help
because \( X \) appears explicitly outside the
transcendental function.

Conclusion on Integral:

- The integral \( \int \frac{X}{\cos X} dX \) does not
have an elementary antiderivative.
- It can be expressed in terms of special functions or as
an infinite series, but not simply.

---

Implications for Solving the Differential Equation

Given that:



\[ \ln |Y| = \int \frac{X}{\cos X} dX + C \]

and that the integral lacks an elementary closed form,
the general solution can be written as:

\[ Y(X) = K \cdot \exp \left( \int \frac{X}{\cos X} dX
\right) \]

where \( K = e^{C} \).

Because the integral cannot be expressed explicitly in
elementary functions, the solution to the differential
equation is not elementary, but it exists in a formal
integral form involving non-elementary functions.

---

Initial Condition and Determining the Constant

Applying the initial condition \( Y(0) = 1 \):

- At \( X = 0 \):

\[ Y(0) = K \exp \left( \int_{0}^{0} \frac{t}{\cos t} dt
\right) = K \cdot e^{0} = K \]

Thus:

\[ K = 1 \]



and the particular solution is:

\[ Y(X) = \exp \left( \int_{0}^{X} \frac{t}{\cos t} dt
\right) \]

---

Is It Possible To Solve The Equation Explicitly?

In summary:

- The differential equation is separable and can be
formally integrated.
- The integral involved, \( \int \frac{X}{\cos X} dX \),
does not have a closed-form elementary antiderivative.
- Therefore, an explicit solution in terms of elementary
functions does not exist.
- However, a formal solution exists in an integral form,
which is valid in the sense of indefinite integrals or
special functions.

---

Justification: Existence and Uniqueness (Theoretical
Perspective)

The existence and uniqueness theorem for first-order
differential equations (Picard-Lindelöf theorem) states
that if the function \( f(X, Y) = \frac{XY}{\cos X} \) is



continuous in a region around \( X=0 \), then:

- A unique solution exists near \( X=0 \).
- Since \( \cos X \neq 0 \) near \( X=0 \), \( f(X, Y) \) is
continuous there.

Thus, a solution \( Y(X) \) satisfying \( Y(0)=1 \) exists
and is unique in some neighborhood around 0.

---

Final Summary

- Is it possible to explicitly solve the differential
equation \( Y' = \frac{XY}{\cos X} \) with \( Y(0)=1 \)?

No, because the integral involved in the solution does
not have an elementary form, making an explicit
closed-form solution in elementary functions
impossible.

- Can we express the solution?

Yes, in the form:

\[ Y(X) = \exp \left( \int_0^X \frac{t}{\cos t} dt \right) \]

which involves a non-elementary integral.



- Does a solution exist and is it unique?

Yes, by the Picard-Lindelöf theorem, since \( f(X, Y) \) is
continuous and locally Lipschitz in \( Y \) around \(
(0,1) \). The initial condition \( Y(0)=1 \) is compatible
with the solution.

---

Practical Implications

While an explicit elementary formula for \( Y(X) \) isn't
feasible, the solution can be approximated numerically
for specific values of \( X \). Numerical methods, such
as Runge-Kutta, are well-suited to approximate the
solution without needing a closed-form expression.

---

Conclusion

In conclusion, it is possible to find a solution to the
differential equation \( Y' = \frac{XY}{\cos X} \) with
initial condition \( Y(0)=1 \), but not in elementary
functions. The solution exists, is unique locally, and
can be expressed in an integral form involving a non-
elementary integral. This highlights an important
aspect of differential equations: not all solutions are
expressible in closed-form elementary functions, but



their existence and properties can still be rigorously
established.
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