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Understanding probabilities involving subsets of a finite set is a fundamental aspect of
combinatorics and probability theory. In this article, we explore the probability that the
intersection of two randomly chosen subsets A and B of the set {1, 2, 3, 4} is empty,
denoted as \(A \cap B = \emptyset\). This problem not only illustrates core concepts in

probability but also demonstrates how to approach combinatorial problems involving
multiple random choices.

Introduction to the Problem

When dealing with sets and probabilities, a common question is: given two randomly
selected subsets from a finite set, what is the likelihood that they share no common
elements? In our case, the set is \(S = \{1, 2, 3, 4\}\), and the subsets A and B are chosen
uniformly at random from all possible subsets of \(S\).

The core question is:

What is the probability that \(A \cap B = \emptyset\)?

This problem involves understanding the total number of possible pairs of subsets and the
number of pairs that satisfy the disjointness condition.

Number of Possible Subsets and Pairs

Before calculating probabilities, it’s essential to determine the total number of possible
subsets and pairs of subsets.

Total Number of Subsets of \(\{1,2,3,4\}\)

Each element of the set can either be included or excluded from a subset, leading to:



\[
\text{Number of subsets} =27~ {|S|} =274 =16
\]

Thus, there are 16 possible subsets of \(S\).

Total Number of Ordered Pairs of Subsets

Since each of A and B can independently be any subset, the total number of ordered pairs
is:

\[

16 \times 16 = 256
\]

Calculating the Favorable Outcomes: Disjoint
Subsets

Our goal is to find the number of pairs \((A, B)\) such that \(A \cap B = \emptyset)).

Understanding the Disjointness Condition

For \(A\) and \(B\) to be disjoint:

- No element can be in both \(A\) and \(B\).
- For each element \(x \in S\), there are three possible states regarding its membership:

1. \(x \notin A\) and \(x \notin B\)
2. \(x\in A\) and \(x \notin B\)
3. \(x \notin A\) and \(x \in B\)

Note that the case where \(x \in A\) and \(x \in B\) is not allowed, as that would violate the
disjointness condition.

Possible Assignments for Each Element

For each element, there are exactly 3 choices:

- Not in any subset
- In \(A\) only



- In \(B\) only

Since these choices are independent for each element, the total number of disjoint pairs
\((A, B)\) is:

\[

3~{|S|} = 374 = 81
\]

Calculating the Probability

Given the total number of pairs is 256 and the favorable pairs (disjoint pairs) are 81, the
probability that two randomly chosen subsets are disjoint is:

\[

P(A \cap B = \emptyset) = \frac{\text{Number of disjoint pairs}} {\text{Total pairs}} =
\frac{81} {256}

\]

This fraction does not simplify further, so the probability is:

\[
\boxed{\frac{81} {256} \approx 0.3164}

\]

or approximately 31.64%.

Alternative Interpretations and Variations

While the above calculation assumes uniform probability for choosing any subset, variations
of this problem can involve different probability distributions or constraints.

Non-Uniform Distributions

If subsets are chosen with different probabilities, the calculation would need to incorporate
those specific probabilities, often involving weighted sums.



Conditional Probability

Suppose one subset is fixed, and the other is chosen randomly; the probability that they are
disjoint could then be recalculated based on that fixed subset.

Other Set Sizes

This approach generalizes to larger sets; for a set of size \(n\), the total pairs are \(2™~{n}
\times 2™ {n} = 27~ {2n}\), and the number of disjoint pairs is \(3™ {n}\). The probability
that two random subsets are disjoint becomes:

\[
\frac{3~{n}}{27{2n}} = \left(\frac{3}{4}\right)™n
\]

This illustrates how the probability decreases exponentially as the size of the set increases.

Summary

To summarize:

- The total number of ordered pairs of subsets of \(\{1, 2, 3, 4\}\) is 256.

- The number of disjoint pairs is 81.

- Therefore, the probability that two randomly chosen subsets are disjoint is
\(\frac{81}{2561}\).

This problem exemplifies key concepts in combinatorics and probability, such as counting
subsets, understanding independence, and calculating probabilities for specific set
relations.

Final Remarks

Understanding these probabilities offers insight into how subsets behave in finite sets and
provides foundational knowledge for more complex probabilistic and combinatorial
problems. Whether applied in theoretical mathematics, computer science, or data analysis,
mastering such calculations enhances problem-solving skills and deepens comprehension
of set theory and probability.

If you're interested in exploring further, you can extend this analysis to larger sets, different
subset selection models, or related questions like the probability of non-empty intersection



or the expected size of the intersection of two random subsets.

Frequently Asked Questions

What are the possible subsets A and B of the set {1, 2,
3,4}?

Both A and B can be any of the 16 subsets of {1, 2, 3, 4}, including the empty set and the
full set.

How is the probability that A and B are disjoint (A n B =
@) calculated?

Since each element has 4 possible states (in A only, in B only, in both, or in neither), the
probability that a specific element is not in both A and B is 3 out of 4. For all 4 elements,
the probability that A and B are disjoint is (3/4)~4 = 81/256.

What is the probability that A is a subset of B (A < B)?

For each element, the probability that if it's in A then it's also in B is 1/2 (since each
element can be in A only, in B only, in both, or in neither). Summing over all elements, the
probability that A < B is 1/4.

What is the probability that A and B are equal sets (A =
B)?

Each element must be in both A and B or in neither, with probability 1/2 for each element.
Therefore, the probability that A = B is (1/2)"4 = 1/16.

How do you compute the probability that the union of A
and B equals the whole set {1,2,3,4}?

For each element, the probability that it is in at least one of A or B is 3/4 (since it can be in
A only, in B only, or in both). Thus, the probability that the union covers all elements is
(3/4)~4 = 81/256.

What is the probability that A and B are both empty
sets?

Since each element has a 1/4 chance of being in neither set, the probability that all four
elements are in neither A nor B is (1/4)™4 = 1/256.

How do you find the probability that A and B are both



non-empty?

Total outcomes are 16 choices per subset, so total pairs are 16x16=256. The probability
that both are non-empty is 1 - probability that A or B is empty. Since the probability that A
is empty is 1/16, likewise for B, and both are empty simultaneously with probability 1/256,
the probability that neither is empty is 1 - 2/16 + 1/256 = (256 - 32 + 1)/256 = 225/256.

What is the probability that A and B are disjoint subsets
of {1,2,3,4}?

For each element, the probability that it is in A only or B only (but not both) is 1/2, since it
can be in A only, in B only, or in neither (which we exclude). The probability that an element
is in exactly one set is 1/2, so for all 4 elements, the probability that A and B are disjoint is
(1/2)~4 = 1/16.

Additional Resources

Let A and B be two random subsets of {1, 2, 3, 4}. What is the probability that A and B are
disjoint?

This question explores a fundamental concept in probability theory related to the behavior
of randomly chosen subsets within a finite set. Understanding the probability that two
subsets are disjoint—meaning they do not share any common elements—provides insight
into combinatorial structures, set theory, and probability calculations. In this article, we will
thoroughly analyze the problem, break down the reasoning step-by-step, and derive a
comprehensive answer.

Introduction to the Problem

Given a finite set, such as {1, 2, 3, 4}, we are asked to consider two subsets A and B, each
chosen at random from the power set of the original set. The key question is: What is the
probability that A and B are disjoint?

In probability terms, disjoint sets mean A n B = ©, i.e., they share no elements. Since both
A and B are selected randomly, each possible subset of the set {1, 2, 3, 4} is equally likely
to be chosen as A or B.

Clarifying the Assumptions
Before diving into calculations, it’s important to clarify the assumptions:

- Uniform distribution: Each subset of {1, 2, 3, 4} is equally likely to be chosen as A and B.
- Independence: The choices of A and B are independent. The way A is selected does not
influence B's selection.

- Random selection from the power set: Both A and B are chosen uniformly at random from
the 24 = 16 possible subsets of {1, 2, 3, 4}.



Total Number of Possible (A, B) Pairs

Since each subset is equally likely, and A and B are chosen independently, the total number
of possible pairs (A, B) is:

- Number of subsets of {1, 2, 3,4} = 16
- Total pairs = 16 choices for A x 16 choices for B = 256

Thus, the sample space contains 256 equally likely pairs.

The Core Question

Out of these 256 pairs, how many satisfy the condition:
An B = O (A and B are disjoint)?

The probability will then be:

Probability = (Number of disjoint pairs) / 256

Analyzing the Disjointness Condition

To find the number of disjoint pairs, consider each element of the set {1, 2, 3, 4} and
analyze how it contributes to the pair (A, B).

Element-wise Analysis

For each element, there are four possibilities regarding its membership in A and B:
1. The element is in A only.

2. The element is in B only.

3. The element is in neither A nor B.

4. The element is in both A and B.

Since we are interested in pairs where A n B = @, the last case (element in both A and B) is
not allowed.

Therefore, for each element, the possible configurations are:
- In A only (not in B)
-In B only (not in A)

- In neither A nor B

This yields 3 options per element under the disjointness constraint.



Counting the Number of Valid Configurations

Because the choices for each element are independent, and each element can be assigned
to one of these three states, the total number of valid configurations (i.e., pairs (A, B) with A
Nn B = Q) is:

\[ 374 =81\]

This counts all possible pairs (A, B) where the sets are disjoint.

Final Calculation of Probability

Recall that the total number of pairs (A, B) is 256.
The number of pairs where A and B are disjoint is 81.
Thus, the probability is:

\[

\boxed{

\text{Probability} = \frac{81} {256}

}
\]

Summary of the Result

The probability that two randomly and independently chosen subsets of {1, 2, 3, 4} are
disjoint is \(\frac{81}{256}\).

Expressed as a decimal, this is approximately 0.3164, or about 31.64%.

Additional Insights and Variations

1. Alternative interpretations

The above reasoning assumes independent and uniform selection of A and B from the
entire power set. If the problem changes—for example, if A and B are chosen in a different
manner—the probability would need to be recalculated accordingly.

2. Extending to larger sets

The method used here generalizes to larger sets {1, 2, ..., n}. For each element, there are 3
options to ensure disjointness:

-In A only



-In B only
- In neither

Total valid pairs where A and B are disjoint:

\[
3™n
\]

Total pairs of subsets:

\[
27n\times 2°n = 27 {2n}
\]

Thus, the probability that two random subsets are disjoint is:

\[
\frac{3"n}{27{2n}} = \left(\frac{3}{4}\right)™n
\]

For n=4, this is:

\[
\left(\frac{3}{4}\right)"~4 = \frac{81}{256}
\]

which matches our specific calculation.

Practical Applications and Related Concepts
Understanding the probability of disjoint sets has applications in:

- Set theory and combinatorics: Analyzing relationships between randomly selected
subsets.

- Probability theory: Modeling independent events with mutual exclusivity.

- Computer science: Random subset generation, hashing, and probabilistic algorithms.
- Data analysis: Estimating the likelihood of non-overlapping data groups.

Conclusion

In this detailed exploration, we have shown that when selecting two subsets A and B
uniformly and independently from the power set of {1, 2, 3, 4}, the probability that they
are disjoint is 81/256. This result emerges from considering the element-wise possibilities
and recognizing that each element contributes three options under the disjointness
constraint.



By extending the analysis, we see that this approach generalizes to larger sets, providing a
powerful framework for understanding the behavior of random subsets and their
intersections. Such foundational probability calculations are vital in various fields, from
theoretical mathematics to practical computer science applications.

Key Takeaway:
The probability that two independent, uniformly chosen subsets of a four-element set are
disjoint is \(\frac{81}{256}\), approximately 31.64%.
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