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Understanding the relationship between a function and its inverse is
fundamental in calculus, especially when dealing with derivatives. In this
article, we explore the derivative of the inverse function \( G(x) \), given
that \( F(x) = \ln x \). We will delve into the concepts of inverse
functions, how to find the inverse of \( F(x) \), and ultimately, how to
compute \( G'(x) \). This comprehensive guide aims to clarify the process
with detailed explanations, formulas, and examples to enhance your
understanding of inverse functions and their derivatives, with a focus on the
natural logarithm function.

Understanding the Function \( F(x) = \ln x \)

Before analyzing the inverse function and its derivative, it is essential to
understand the original function \( F(x) = \ln x \).

Properties of \( F(x) = \ln x \)

- Domain: \( x > 0 \)

- Range: \( (-\infty, +\infty) \)

- Monotonicity: Strictly increasing on its domain

- Differentiability: Differentiable for all \( x > 0 \)
- Derivative: \( F'(x) = \frac{1}{x} \)

Understanding these properties helps in establishing the invertibility of \(
F \) and in calculating the derivative of its inverse.

Finding the Inverse Function \( G(x) \) of \(
F(x) = \ln x \)

The inverse function \( G(x) \) satisfies the condition:

\ [
F(G(x)) = x \quad \text{and} \quad G(F(x)) = X

\1]

Given \( F(x) = \ln x \), find \( G(x) \) such that:



\ [
G(x) = F*{-1}(x)
\1

Steps to Find \( G(x) \)

1. Start with the equation \( y = \ln x \)
2. Interchange \( x \) and \( y \):

\ [

x =\lny

\1]

3. Solve for \( y \):

\[
y = e™{x}
\1]

4. Express \( G(x) \) as the inverse function:

\ [
G(x) = e™{x}
\]

This means that the inverse function of \( F(x) = \ln x \) is:

\ [
G(x) = e™{x}
\1]

Calculating the Derivative \( G'(x) \) of the
Inverse Function

Once we have identified \( G(x) = e™{x} \), calculating its derivative is
straightforward.

Derivative of \( G(x) = e™{x} \)

\ [
G'(x) = \frac{d}{dx} e~{x} = e~{x}
\1

This simple yet powerful result indicates that the derivative of the inverse



of the natural logarithm is the exponential function itself.

General Formula for Derivatives of Inverse
Functions

The process of finding \( G'(x) \) for an inverse function is governed by a
fundamental formula:

\ [

\boxed{

G'(x) = \frac{1}{F'(G(x))}
}

\1

where:

- \( F\) is the original function
- \( G \) is the inverse function

Applying the Formula to \( F(x) = \ln x \)

Given:

\ [
F'(x) = \frac{1}{x}
\1

and \( G(x) = e™{x} \), then:

\ [

G'(x) = \frac{1}{F'(G(x))} = \frac{1}{\frac{1}{G(x)}} = G(x) = e™{x}
\]

This confirms our earlier computation.

Implications and Applications of \( G'(x) \) 1in
Calculus

Understanding the derivative of the inverse function has several
applications:



1. Differentiation of Inverse Functions

- When directly differentiating the inverse function \( G(x) \), use the
formula:

\ [
G'(x) = \frac{1}{F'(G(x))}
\1

- For \( G(x) = e~{x} \), the derivative equals \( e~{x} \), which aligns
with the derivative of the exponential function.

2. Solving Equations Involving Logarithms and
Exponentials

- Inverse functions allow solving equations like \( \ln x =y \) by rewriting
as \( x = e™{y} \).

3. Integration and Area Calculations

- Inverse functions are used to evaluate integrals where substitution
involves exponential or logarithmic functions.

Key Points Summary

- The inverse of \( F(x) = \ln x \) is \( G(x) = e™{x} \).
- The derivative of \( G(x) = e™{x} \) is \( G'(x) = e™{x} \).
- The derivative of the inverse function can be computed using:

\ [
G'(x) = \frac{1}{F'(G(x))}
\1

- This relationship is essential in calculus for analyzing inverse functions
and solving related problems.

Examples to Illustrate the Concepts



Example 1: Find \( G'(x) \) when \( G \) is the
inverse of \( F(x) = \ln x \)

Given:

\ [
G(x) = e™{x}
\1]

Calculate:

\ [
G'(x) = e™{x}
\1

Example 2: Compute the derivative at a specific
point

Find \( G'(1) \):

N

G'(1l) = e™{1} = e

\]

This means the slope of the inverse function at \( x=1 \) is \( e \).

Extensions and Related Topics

For readers interested in further exploring inverse functions and
derivatives, consider the following topics:

e Inverse Trigonometric Functions: Derivatives of \( \sin™{-1} x \), \(
\cos™{-1} x \), etc.

e Inverse Hyperbolic Functions: Derivatives of \( \sinh™{-1} x \), \(
\cosh™{-1} x \), etc.

e Implicit Differentiation: Technique for functions not explicitly solved
for one variable

e Applications in Real-World Problems: Exponential growth, decay, and
modeling processes



Conclusion

In summary, understanding the derivative of an inverse function is a crucial
skill in calculus. For the specific case where \( F(x) = \ln x \), its
inverse is \( G(x) = e™{x} \), and the derivative of \( G \) is simply \(
e™{x} \). The key formula:

\ [
G'(x) = \frac{1}{F'(G(x))}
\1

provides a systematic method to compute derivatives of inverse functions,
applicable to a broad class of functions. Mastery of these concepts enhances
problem-solving skills and deepens comprehension of the interconnected nature
of functions, their inverses, and derivatives in calculus.
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Frequently Asked Questions

What is the inverse function G(x) of the function
Ef(x) = ln x?

The inverse function G(x) of Ef(x) = 1ln x is G(x) = e™{x}.

How do you find the derivative G'(x) of the inverse
function G(x) = e™{x}?

The derivative G'(x) of G(x) = e™{x} is G'(x) = e™{x}.

What is the formula for the derivative of the
inverse function G'(x) in terms of f?

G'(x) =1/ f'(G(x)), where f' is the derivative of f.

Given that f(x) = ln x, what 1is f'(x)?
f'(x) =1/ Xx.



Using the inverse function theorem, what is G'(x)
for Ef(x) = ln x?

G'(x) =1/ f'(G(x)) =1/ (1 / G(x)) = G(x). Since G(x) = e™{x}, G'(x) =
e™{x}.

What is the final expression for G'(x) when G is the
inverse of f(x) = ln x?

G'(x) = e™{x}.

Why is G'(x) = e~{x} for the inverse of f(x) = ln x?

Because the inverse function G(x) = e™{x} has derivative G'(x) = e~{x}, which
is the exponential function itself.

Additional Resources

Inverse Function Derivatives Explained: A Deep Dive into G'(x) for Let Ef(x)
= ln x

Mathematics, particularly calculus, is a cornerstone of many scientific and
engineering disciplines. Among its many fascinating aspects, the concept of
inverse functions and their derivatives stands out as both elegant and
powerful. Today, we explore a classic problem: Given a function \(f(x) =
e™{f(x)} = \ln x\) (though the notation may seem unconventional), and knowing
that \(G(x)\) is the inverse of \(f(x)\), what is the derivative \(G'(x)\)?

This question isn't just academic—it embodies a fundamental principle in
calculus that is widely applicable in various fields, from physics to
economics. Let's unravel this intriguing problem step by step, examining the
relationships between functions and their inverses, and how to compute
derivatives in complex scenarios.

Understanding the Core Concepts: Inverse
Functions and Their Derivatives

Before delving into the specifics of the problem, it's essential to grasp the
foundational ideas of inverse functions and how to differentiate them.



What Is an Inverse Function?

An inverse function, denoted as \(f"{-1}(x)\), essentially 'undoes' the
action of the original function \(f(x)\). Formally, if:

\ [
f(x) =y,
\1]

then the inverse function satisfies:

\[
FA{-1}(y) = x.
\]

For the inverse to exist, \(f(x)\) must be bijective-meaning it's both
injective (one-to-one) and surjective (onto). Many common functions, such as
exponential and logarithmic functions, are invertible within their domains.

Derivative of an Inverse Function

A key tool in calculus is the relationship:

\ [

\text{If } y = f~{-1}(x), \text{ then } \frac{dy}{dx} =
\frac{1}{f"' (f*{-1}(x))}.

\1

This formula tells us that the derivative of the inverse at a point \(x\) 1is
the reciprocal of the derivative of \(f\) evaluated at the inverse function
\(F{-1F(x)\).

In practical terms:

- To find \(G'(x)\), where \(G\) is the inverse of \(f\), compute:
\ [

G'(x) = \frac{1}{f'(G(x))}.

\1]

- The challenge often lies in expressing \(f'(G(x))\) explicitly, especially
when \(f\) has a complicated form.



Deciphering the Given Function: Is \(f(x) =
e*{f(x)} = \ln x\)?

The notation \(Let \, Ef(x) = \ln x\) appears somewhat ambiguous. Typically,
this might be a typo or a shorthand. To proceed logically, let's interpret
the problem as follows:

Scenario 1:

Suppose the function is defined as:

\ [

f(x) = \ln x,

\1]

which is a standard function with domain \(x > 0O\).
Scenario 2:

Alternatively, perhaps the problem intends to consider the function:
\ [

f(x) = e™{x},

\1]

since the inverse of \(f(x) = e™{x}\) is well known to be \(f*{-1}(x) = \ln
x\).

Given the problem's phrasing-"Let Ef(x) = \ln x"—and the mention that
\(G(x)\) is the inverse of \(f(x)\), the most consistent interpretation is:

\ [

f(x) = e™{x},

\1

which implies:

\ [

G(x) = \1ln x,

\1

since the inverse of \(f(x) = e™{x}\) is \(G(x) = \ln x\).

Therefore, the problem reduces to:

- \(f(x) = e~{x}\),
- \(G(x) = \1ln x\),
- and we want to find \(G'(x)\).



Computing the Derivative of the Inverse
Function \(G(x)\)

Given that \(G(x) = \ln x\), which is the inverse of \(f(x) = e~{x}\), the
derivative is straightforward.

Applying the Inverse Function Derivative Formula

Recall:

\ [
G'(x) = \frac{1}{f'(G(x))}.
\1]

Since \(f(x) = e™{x}\), its derivative is:

\ [
f'(x) = e~{x}.
\1

Substituting into the formula:

\ [
G'(x) = \frac{1}{f'(G(x))} = \frac{1l}{e”{G(x)}}.
\1

But because \(G(x) = \ln x\), this simplifies to:

\ [
G'(x) = \frac{1}{e™{\1ln x}}.
\1

And since \(e™{\1ln x} = x\):

\ [
G'(x) = \frac{1}{x}.
\1]

Result:

\ [

\boxed{

G'(x) = \frac{1}{x}.
}



\]

This aligns perfectly with the well-known derivative of the natural logarithm
function.

Implications and Broader Context

The simplicity of the derivative \(G'(x) = 1/x\) underscores a fundamental
relationship between exponential and logarithmic functions. It also
exemplifies how inverse functions are intimately connected to each other's
derivatives.

Key Takeaways:

- The inverse of \(f(x) = e™{x}\) is \(G(x) = \ln x\).

- The derivative of the inverse function can be computed using the reciprocal
of the original function's derivative evaluated at the inverse.

- For \(f(x) = e™{x}\), the derivative of the inverse \(G(x) = \1ln x\) 1is
\(1/x\).

Real-World Applications:

Understanding these derivatives is crucial in many fields:

- Physics: Logarithmic scales in measuring sound intensity (decibels).

- Economics: Logarithmic returns in finance.

- Biology: Population models involving exponential growth and decay.

- Engineering: Signal processing and control systems often involve inverse
functions and their derivatives.

Conclusion: Mastering Inverse Derivatives for
Advanced Calculus

The problem of finding \(G'(x)\), given the inverse relationship between
\(f(x) = e*{x}\) and \(G(x) = \ln x\), exemplifies the elegance of calculus.
By leveraging the fundamental inverse derivative formula, we see that:

\ [



\boxed{

\text{If } G(x) \text{ is the inverse of } f(x) = e™{x}, \text{ then } G'(x)
= \frac{1}{x}.

}

\1

This result isn't just a textbook fact—it's a vital tool for solving complex
problems involving inverse functions in research, engineering, and data
analysis. Mastery of these concepts empowers professionals and students alike
to navigate the interconnected landscape of functions with confidence and
precision.

In essence, understanding the derivative of inverse functions, especially in
the context of exponential and logarithmic functions, is a cornerstone of
advanced calculus, offering both theoretical insight and practical utility.
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