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Introduction

In the realm of convex geometry, understanding the structure and properties of convex hulls is
fundamental. When working with a set of points in Euclidean space, identifying how the convex hull
behaves—particularly its interior—is crucial for numerous applications in optimization, computational
geometry, and mathematical analysis. Specifically, when dealing with a set of \( d+1\) affinely
independent points in \( \mathbb{R}"d \), the convex hull forms a simplex, which is the simplest convex

polytope in that space.

This article aims to explore and demonstrate the relationship between the interior of the convex hull of
such a set and the convex hull itself. We will show that for a set \( X \) consisting of \( d+1\) affinely
independent points in \( \mathbb{R}"d \), the interior of the convex hull of \( X \), denoted \(
\operatorname{int }(\operatorname{conv }(X)) \), coincides with the relative interior of the simplex formed
by \( X \).

Preliminaries and Definitions
Affinely Independent Points

Definition:
A set of points \( \{x_0, x_1, ..., x_d\} \subset \mathbb{R}"d \) is affinely independent if the vectors \( \{x_1
-x_0,x 2-x%x0,..,x_d-x_0\}\)are linearly independent. Equivalently, no point in the set can be written

as an affine combination of the others.

Implication:

- The affine span of \( X = \{x_0, x_1, .., x_d\} \) is a \( d \)-dimensional affine subspace of \( \mathbb{R }"d
\).

- The convex hull of \( X \) forms a simplex, which is a convex polytope with \( d+1 \) vertices.

Convex Hull and Its Interior

Convex Hull (\( \operatorname{conv}(X) \)):



The smallest convex set containing \( X \). Formally,

\

\operatorname{conv }(X) = \left\{ \sum_{i=0}"d \lambda_i x_i \; \bigg| \; \lambda_i \geq 0, \sum_{i=0}"d
\lambda_i = 1 \right\}.

\

Interior of a Convex Set (\( \operatorname{int}(C) \)):
The set of all points in \( C \) that have a neighborhood entirely contained within \( C \). For convex sets,

the interior is well-defined and contains all points that are not on the boundary.

Relative Interior (\( \operatorname{relint}(C) \)):
The interior of \( C \) relative to its affine hull. When \( C ) is full-dimensional in its affine hull, the

relative interior coincides with the usual interior in the affine hull's topology.

The Main Theorem

Statement:
Let \( X = \{x_0, x_1, .., x_d\} \subset \mathbb{R}"d \) be a set of \( d+1 \) affinely independent points.
Then,

\

\operatorname{int }(\operatorname{conv }(X)) = \operatorname{relint}(\operatorname{conv }(X)),

\
and this set is the interior of the simplex formed by \( X \). Moreover, the interior points are exactly those

convex combinations where all coefficients \( \lambda_i \) are strictly positive.

Demonstrating the Relationship: \( \operatorname{int}(\operatorname{conv }(X)) =

\operatorname{relint }(\operatorname{conv }(X)) \)

Step 1: Understanding the Simplex

Given \( d+1) affinely independent points \( X = \{x_0, x_1, ..., x_d\} \), the convex hull \(

\operatorname{conv }(X) \) is a \( d \)-dimensional simplex:

\
S = \left\{ \sum_{i=0}"d \lambda_i x_i \; \bigg| \; \lambda_i \geq 0, \sum_{i=0}"d \lambda_i = 1 \right\}.

\]

This simplex is characterized by its vertices \( x_i \) and the convex combinations of these vertices.



Step 2: Interior vs. Relative Interior

- The interior of the simplex \( S \), denoted \( \operatorname{int}(S) \), consists of points strictly inside the
simplex in the ambient space \( \mathbb{R}"d \).

- The relative interior \( \operatorname{relint}(S) \) consists of points in the interior relative to the affine
hull of \( S\), which is the entire \( d \)-dimensional affine space spanned by \( X \).

Key Point:
Since \( X \) is affinely independent, the affine hull of \( X \) is \( \mathbb{R}"d \), and thus \(

\operatorname{int}(S) = \operatorname{relint}(S) \).
Step 3: Characterizing the Interior Points
For a point \( y \in S \):

\

y = \sum_{i=0}"d \lambda_i x_i, \quad \text{with } \lambda_i \geq 0, \quad \sum_{i=0}"d \lambda_i = 1.

\

-\(y\) is in the interior if and only if all \( \lambda_i > 0 \).
-\('y \) is on the boundary if at least one \( \lambda_i = 0 \).

Thus,

\[
\operatorname{int}(S) = \operatorname{relint}(S) = \left\{ y = \sum_{i=0}"d \lambda_i x_i \; \bigg| \;
\lambda_i > 0, \sum_{i=0}"d \lambda_i = 1 \right\}.

\

Formal Proof of the Main Result
Theorem:

For \( X = \{x_0, ..., x_d\} \subset \mathbb{R}"d \) affinely independent,

\

\boxed{

\operatorname{int}(\operatorname{conv }(X)) = \left\{ \sum_{i=0}"d \lambda_i x_i \; \bigg| \; \lambda_i > 0,
\sum_{i=0}"d \lambda_i = 1 \right\}.

}



Proof:

1. Convexity of \( \operatorname{conv }(X) \):
By definition, \( \operatorname{conv}(X) \) is convex, and its boundary consists of points where at least one
\( \lambda_i = 0 \).

2. Interior points are those with all positive coefficients:

Suppose \( y = \sum_{i=0}"d \lambda_i x_i \) with \( \lambda_i \geq 0 \), \( \sum \lambda_i = 1 ).

- If all \( \lambda_i > 0 \), then \( y \) is in the interior because small perturbations in the coefficients will
keep them positive, and the resulting points remain within \( \operatorname{conv }(X) \).

- Conversely, if any \( \lambda_j = 0 \), then \( y \) lies on a face of the simplex, hence on the boundary.

3. Full-dimensionality ensures the interior coincides with the relative interior:
Since \( X \) is affinely independent, the affine hull of \( X \) is \( \mathbb{R}"d \). Therefore, the interior

of the simplex in the ambient space coincides with its relative interior.
4. Conclusion:

The set of all convex combinations with strictly positive coefficients forms the interior of the simplex,

which is also the interior of the convex hull:

\
\operatorname{int}(\operatorname{conv }(X)) = \operatorname{relint}(\operatorname{conv }(X)) = \left\{ y

\in \mathbb{R}"d : y = \sum_{i=0}"d \lambda_i x_i, \lambda_i > 0, \sum_{i=0}"d \lambda_i = 1 \right\}.
\]

Applications and Significance
Optimization and Linear Programming

Understanding the interior of simplices is vital in optimization, especially in simplex algorithms where

solutions are found at vertices or interior points.
Computational Geometry

Algorithms for convex hull computations rely on recognizing interior points versus boundary points,

which is essential for mesh generation, collision detection, and geometric modeling.

Geometric Intuition



This result provides a clear geometric picture: the interior of a simplex formed by affinely independent

points is precisely the set of convex combinations with all positive weights.

Summary

- In \( \mathbb{R}"d \), a set

Frequently Asked Questions

What is the set XR"d consisting of D+1 affinely independent points?

The set XR"d consists of D+1 points in R"d that are affinely independent, meaning no point can be written

as an affine combination of the others, thus forming a simplex.

‘What does conv(X) represent in the context of a set of points?

conv(X) represents the convex hull of the set X, which is the smallest convex set containing all points in X.

How is the convex hull of affinely independent points related to a
simplex?

The convex hull of D+1 affinely independent points in R"d forms a D-dimensional simplex, which is the

simplest possible convex polytope in that space.

‘What is the significance of the convex hull of a set of affinely
independent points in R"d?

It represents a D-dimensional convex polytope (a simplex), which is the convex set obtained by all convex

combinations of those points.

What does the notation int(conv(X))= mean in the context of convex
hulls?

It refers to the interior of the convex hull of X, which is the set of all points strictly inside the convex hull.

What is the relationship between the convex hull of affinely



independent points and its interior?

The interior of the convex hull of affinely independent points is the set of all convex combinations with

strictly positive coefficients, forming the interior of the simplex.

How can we show that conv(X) is a D-dimensional simplex when X

consists of D+1 affinely independent points?

Since the points are affinely independent, their convex hull is a D-simplex, the convex hull of these points,

which has exactly D+1 vertices and is D-dimensional.

What is the importance of affine independence in determining the shape
of conv(X)?

Affine independence ensures that the convex hull is a full D-dimensional simplex, not contained in a

lower-dimensional affine subspace.

Why does conv(X) equal the set of all convex combinations of the points
in X7

By definition, the convex hull of a set X is precisely the set of all convex combinations of points in X.

What is the main conclusion when showing that conv(X) equals the D-
simplex formed by affinely independent points?

The main conclusion is that the convex hull of D+1 affinely independent points in R"d is exactly a D-

simplex, which is a convex set with D+1 vertices and a D-dimensional interior.

Additional Resources

Let XR"d Be A Set Of D+1 Affinely Independent Points. Show That Int(conv(X))=X.

Understanding the geometric structure of convex sets, especially in Euclidean space, is fundamental in
fields ranging from optimization and computational geometry to data analysis and machine learning. One of
the foundational results in convex geometry states that if you have a set of d+1 affinely independent points
in \(\mathbb{R}"d\), then the interior of their convex hull is exactly the set of convex combinations of

those points with strictly positive coefficients. This is often summarized as:

> Let \(X \subseteq \mathbb{R }"d\) be a set of \(d+1\) affinely independent points. Show that

\(\operatorname{Int}(\operatorname{conv }(X)) = \operatorname{conv }(X)\).



In this guide, we'll dissect this statement carefully, explore the underlying concepts, and walk through a

detailed proof, providing clarity and intuition along the way.

Understanding the Key Concepts
Before diving into the proof, it's crucial to clarify the core ideas involved:

Convex Hull \(\operatorname{conv }(X)\)
- The convex hull of a set \(X\) in \(\mathbb{R}"d\) is the smallest convex set containing \(X\).

- Equivalently, it is the set of all convex combinations of points in \(X\):

\
\operatorname{conv }(X) = \left\{ \sum_{i=1}"{n} \lambda_i x_i \;\middle|\; x_i \in X, \lambda_i \ge 0,
\sum_{i=1}"n \lambda_i=1, n \text{ finite} \right\}

\

Affine Independence
- Aset \(X = \{x_0, x_1, \ldots, x_d\}\) in \(\mathbb{R}"d\) is affinely independent if the vectors \(x_1 -
x_0, x_2 - x_0, \ldots, x_d - x_0\) are linearly independent.

- Intuitively, \(X\) does not lie entirely within any lower-dimensional affine subspace; it forms a simplex.

Interior of a Convex Set \(\operatorname{Int}(\cdot)\)

- The interior of a convex set is the set of points that have a neighborhood entirely contained within the
set.

- For convex sets in \(\mathbb{R}"d\), the interior points are exactly those points that are strictly inside the

set, not on its boundary.

Intuitive Explanation of the Result

Suppose you have \(d+1\) affinely independent points in \(\mathbb{R }"d\). These points form a simplex,

which is the simplest possible convex polytope in \(d\)-dimensional space.

- The convex hull of these points is precisely this simplex.
- The interior of this simplex consists of all points that can be expressed as strict convex combinations of the

vertices, i.e., with all coefficients \(\lambda_i > 0\).

Thus, the interior of the convex hull is exactly the set of convex combinations where all weights are

strictly positive—no zero coefficients, which would place the point on a face or boundary.



This leads to the key statement:

\[
\operatorname{Int}(\operatorname{conv }(X)) = \left\{ \sum_{i=0}"{d} \lambda_i x_i \;\middle|\; \lambda_i
> 0, \sum_{i=0}"{d} \lambda_i=1 \right\} = \operatorname{conv }(X)"\circ

\

which is the relative interior of the simplex formed by \(X\).

Formal Statement and Goal
Given:

- \(X = \{x_0, x_1, \ldots, x_d\} \subseteq \mathbb{R}"d\) with \(d+1\) points.

- The points are affinely independent.

To Show:

\
\operatorname{Int}(\operatorname{conv }(X)) = \left\{ \sum_{i=0}"{d} \lambda_i x_i \;\middle|\; \lambda_i
>0, \sum_{i=0}"{d} \lambda_i=1 \right\}

\]

or equivalently,

\

\operatorname{Int}(\operatorname{conv }(X)) = \operatorname{conv }(X)"\circ

\]

Step-by-Step Breakdown of the Proof
Step 1: Recognize the Simplex Structure

Since \(X\) consists of \(d+1\) affinely independent points, the convex hull:

\[
\operatorname{conv }(X) = \left\{ \sum_{i=0}"d \lambda_i x_i \;\middle|\; \lambda_i \ge 0, \sum_{i=0}"d
\lambda_i=1 \right\}

\]



is a \(d\)-simplex.

Key property:

- The simplex is a convex polytope of dimension \(d\).

- Its vertices are the points \(x_0, \ldots, x_d\).

Step 2: Characterize the Interior of the Simplex

- The interior of a simplex in \(\mathbb{R}"d\) is the set of points that are strict convex combinations of its

vertices, i.e., all \(\lambda_i > 0\).

Why?

- Boundary points occur when one or more \(\lambda_i=0\), which places the point on a face, edge, or
vertex.

- Interior points are "strictly inside" the convex set, so all weights must be positive.

Thus,

\

\operatorname{Int}(\operatorname{conv }(X)) = \left\{ \sum_{i=0}"d \lambda_i x_i \;\middle|\; \lambda_i >
0, \sum_{i=0}"d \lambda_i=1 \right\}

\]

Step 3: Formalize the Inclusion

Part 1: Show that every point with \(\lambda_i > 0\) lies in the interior.

- For any such point \(x = \sum_{i=0}"d \lambda_i x_i\), with \(\lambda_i > 0\), there exists an open ball

around \(x\) entirely contained in the simplex.

Part 2: Show that any interior point has a representation with all \(\lambda_i > 0\).

- Any point \(x\) in the interior can be expressed as a convex combination with positive weights—this
follows from the fact that the simplex is the convex hull of its vertices, and interior points are those not on
any face.

Step 4: Connecting to Duality and Supporting Hyperplanes

The key geometric insight involves supporting hyperplanes:

- For each boundary point, there exists a hyperplane tangent to the convex set at that point.



- Interior points are those that are strictly on one side of all supporting hyperplanes, not lying on any.

In the case of a simplex:

- The boundary consists of the union of its faces of various dimensions.

- The interior is the set of points that do not lie on any face.

Step 5: Formal Proof Using Convex Analysis

Let’s consider the convex set \(C = \operatorname{conv }(X)\). Since \(X\) consists of \(d+1\) affinely

independent points:

- \(C\) is a full-dimensional simplex in \(\mathbb{R }"d\).
- The relative interior of \(C\), denoted \(\operatorname{relint}(C)\), coincides with the interior,
\(\operatorname{Int}(C)\), because \(C\) is full-dimensional in \(\mathbb{R }"d\).

Therefore:

\

\operatorname{Int}(\operatorname{conv }(X)) = \operatorname{relint}(\operatorname{conv }(X))

\]

and

\
\operatorname{relint}(\operatorname{conv }(X)) = \left\{ \sum_{i=0}"d \lambda_i x_i \;\middle|\; \lambda_i

> 0, \sum_{i=0}"d \lambda_i=1 \right\}

\]

which completes the proof.

Additional Remarks and Intuition

- The affine independence condition guarantees that the convex hull is a full-dimensional simplex. If the
points were affinely dependent, the convex hull would be a lower-dimensional polytope, and the interior
would be empty or degenerate.

- The nature of the interior as the strict convex combinations aligns with the geometric intuition: points

within the interior are "deep inside" the shape, away from the boundary.



Summary of the Main Result

In conclusion:

> If \(

Let Xr D Be A Set Of D 1 Affinely Independent Points Show
That Int Conv X

Let Xr D Be A Set Of D 1 Affinely Independent Points Show That Int Conv X

Related Articles

e For The Sequence Defined By: A1 =1AN1=5AN2Find: A2=A3=A4=
e In A Sinusoidal Ac Circuit With Rms Voltage ,v, What Is The Peaktopeak Voltage?
o FROM AND THE SIR GAWAIN GREEN KNIGHT TRANSILATED BY MARIE BORROFF ABC

Writing

Back to Home


https://sip.evo9x.com/ma06/let-xr-d-be-a-set-of-d-1-affinely-independent-points-show-that-int-conv-x.pdf
https://sip.evo9x.com/ma06/let-xr-d-be-a-set-of-d-1-affinely-independent-points-show-that-int-conv-x.pdf
https://sip.evo9x.com/ma06/for-the-sequence-defined-by-a-1-1-a-n-1-5-a-n-2-find-a-2-a-3-a-4.pdf
https://sip.evo9x.com/ma06/in-a-sinusoidal-ac-circuit-with-rms-voltage-v-what-is-the-peaktopeak-voltage.pdf
https://sip.evo9x.com/ma06/from-and-the-sir-gawain-green-knight-translated-by-marie-borroff-abc-writing.pdf
https://sip.evo9x.com/ma06/from-and-the-sir-gawain-green-knight-translated-by-marie-borroff-abc-writing.pdf
https://sip.evo9x.com

