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Understanding the behavior of multivariable limits is a fundamental aspect of advanced calculus.
When examining the limit of a function as the variables approach a specific point—in this case,
(0,0)—it is critical to analyze whether the limit exists and is unique or whether it depends on the path
taken toward the point. This article provides a comprehensive analysis of the limit in question:

\[
\lim_{(x,y) \to (0,0)} \frac{2x"4 y}{x~2 + xy"~4 + y~0}
\]

We will explore this problem step-by-step, employing various strategies such as substitution, path
analysis, and limit theorems to determine whether the limit exists and, if so, what its value is.

Understanding the Limit Expression

Before delving into the calculations, it's essential to understand the structure of the given function:

\[
f(x,y) = \frac{2x~4 y}{x"2 + xy™4 + y"~0}
\]

- The numerator: \(2x"~4 y\), which tends to zero as \(x, y \to 0\).
- The denominator: \(x"~2 + xy™4 + y~0\):

-\(x"2\): tends to 0.

-\(xy~4\): tends to 0.

-\(y™0\): equals 1 for all \(y \neq 0\). Since \(y"~0 = 1\), this term dominates the denominator as \(x, y
\to 0\).

This insight hints that, close to (0,0), the denominator approaches 1, which simplifies the analysis of
the limit. However, to confirm this rigorously, we need to evaluate the limit carefully.

Key Observations and Initial Intuition

- Because \(y~0 = 1\) for all \(y \neq 0\), the denominator simplifies to approximately 1 near (0,0).
- The numerator tends to 0, as both \(x”~4\) and \(y\) tend to zero.



- Therefore, the entire function behaves roughly like \(\frac{0}{1} = 0\), suggesting that the limit
might be 0.

However, this initial intuition must be confirmed by examining various paths toward (0,0), since
multivariable limits can sometimes depend on the path taken.

Path Analysis: Approaching (0,0) Along Different
Curves

To determine if the limit exists, evaluate \(f(x, y)\) along different paths toward (0,0). If the limit varies
along different paths, the overall limit does not exist.

Path 1: \(y = 0\)

Substitute \(y=0\):

\[

f(x, 0) = \frac{2x™4 \cdot 0} {x"2 + x\cdot 0 + 1} =\frac{0}{x"2+ 1} =0
\]

As \(x \to 0\), \(f(x, 0) \to 0\).

Path 2: \(x=0\)

Substitute \(x=0\):

\[

f(0, y) = \frac{2 \cdot 0 \cdot y}{0 + O \cdot y~4 + 1} = \frac{0}{1} =0
\]

As \(y \to 0\), \(f(0, y) \to 0\).

Path 3: \(y = kx\), where \(k\) is a constant

Substitute \(y = kx\):

\[

f(x, kx) = \frac{2x"4 \cdot (kx)}{x"2 + x \cdot (kx)"~4 + 1}
= \frac{2k x*5}{x"2 + k™4 x~5 + 1}

\]



As \(x \to 0\):

- Numerator: \(2k x™5 \to 0\).
- Denominator: \(x~2 + k™4 x~5 + 1 \to 1\).

Therefore,

\[

f(x, kx) \to 0
\]

Similarly, along any straight-line path \(y = kx\), the limit approaches O.

Path 4: \(y = x*m\), where \(m\) is a positive real number

Substitute \(y = x~m\):

\[

f(x, x”m) = \frac{2x"4 \cdot x"m}{x"~2 + x \cdot x~{4m} + 1}
=\frac{2 x* {4 + m}}{x*2 + x~{1 + 4m} + 1}

\]

As \(x \to 0\):

- The numerator: \(2 x~ {4 + m} \to 0\).
- The denominator: \(x~2 + x~{1 + 4m} + 1 \to 1\).

Thus,

\[

f(x, x”m) \to 0

\]

for all positive \(m\).

Conclusion from path analysis: The function tends to 0 along all straightforward paths approaching

(0,0). This strongly suggests that the limit might be 0, but to be thorough, we should consider more
irregular paths or examine the behavior of the function more precisely.

Refined Analysis: Behavior of the Function Near (0,0)

To confirm the limit's existence, analyze the behavior of the numerator and denominator more
carefully.

- Numerator: \(2x~4 y\). Near (0,0), it tends to 0 very rapidly.



- Denominator: \(x~2 + xy”~4 + 1\). Since the last term, \(y”~0 = 1\), dominates near (0,0), the
denominator remains close to 1.

Therefore,

\[

f(x, y) \approx 2x~4 y

\]

since the denominator approaches 1 for points sufficiently close to (0,0).

Because \(x™4 y \to 0\) as \(x, y \to 0\), the function approaches 0 along all paths, confirming the
initial hypothesis.

Formal Limit Calculation

Given the above reasoning, we can write:

\[
\lim_{(x,y) \to (0,0)} f(x,y) = \lim_{(x,y) \to (0,0)} \frac{2x"4 y}{x"2 + xy~4 + 1}

\]

Since the denominator approaches 1, the limit simplifies to:

\[
\lim_{(x,y) \to (0,0)} 2x~4 y
\]

which equals 0 because both \(x”~4\) and \(y\) tend to zero.

Conclusion: Does the Limit Exist?

Based on the path analysis and the algebraic simplification, the limit exists, and its value is 0.
Final answer:

\[

\boxed{

\lim_{(x,y) \to (0,0)} \frac{2x"4 y}{x"2 + xy~4 + y~0} =0
}

\]



Additional Insights and Tips for Evaluating
Multivariable Limits

Understanding the process used here can be valuable for students and professionals alike when
dealing with similar problems:

Key points:

1. Identify dominant terms: Recognize which parts of the function dominate near the point of interest.
2. Path testing: Evaluate the limit along multiple paths to check for path dependence.

3. Simplify the function: When possible, factor or approximate the function to assess limit behavior.

4. Use polar coordinates: For functions involving circular symmetry, switching to polar coordinates can
simplify analysis.

5. Check for indeterminate forms: Recognize when the limit results in indeterminate forms and apply
appropriate algebraic manipulations.

Summary

- The limit in question approaches 0 as \((x, y) \to (0, 0)\).

- Path analysis confirms the limit's consistency along various approaches.

- The dominant term in the denominator is 1 due to the \(y”~0\) term.

- The numerator tends to zero rapidly, ensuring the entire function tends to 0.

Therefore, the limit exists and equals zero.
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Frequently Asked Questions

What is the main goal when evaluating the limit of the
function lim_{(x,y)-(0,0)} (2x~4y) / (x~2 + xy~4 + y~0)?

The main goal is to determine whether the limit exists as (x,y) approaches (0,0), by analyzing the
behavior of the function along different paths and checking for potential path dependence or
indeterminate forms.

How does the presence of y*0 (which equals 1) in the
denominator affect the limit calculation?

Since y~0 = 1, the denominator simplifies to x~2 + xy”~4 + 1, which remains bounded away from
zero near (0,0), simplifying the analysis as the denominator approaches 1 when x and y approach 0.

Can the limit be directly evaluated by substituting (x,y) =
(0,0)?

No, because the numerator becomes 0, and the denominator approaches 1, so the function
approaches 0/1 = 0; however, to confirm the limit exists, we should analyze along different paths to
ensure no path-dependent behavior.

What is the value of the function along the path y = 0 as (x,y)
approaches (0,0)?

Along y=0, the function simplifies to (2x~4 0) / (x~2 +x0+ 1) =0/ (x~2 + 1) = 0, so the limit along
y=0is 0.

What about along the path x = 0? Does the limit differ?

Along x=0, the function becomes (20"4y)/(0+ 0+ 1) =0/1 =0, so the limit along x=0 is also 0.

Is the limit path-independent based on the analysis along y=0
and x=0?

Yes, both paths yield the limit 0, suggesting the limit may exist and be equal to 0, but further checks
along other paths are recommended for confirmation.

Should we test the limit along a nonlinear path, such asy = x
ory =x"2?

Yes, testing along nonlinear paths like y = x or y = x™2 helps verify whether the limit is consistent
regardless of the approach path, ensuring the limit exists.



What is the limit of the function along the path y = x?

Substitute y = x: numerator = 2x™4 x = 2x”5, denominator = x"2 + xx™4 + 1 =x"2 + x~5+ 1. As
x = 0, numerator -» 0, denominator - 1, so the limit along y=x is 0.

Based on the path tests, does the limit lim_{(x,y)-(0,0)}
(2x~4vy) / (x~2 + xy™4 + 1) exist, and what is its value?

Yes, all tested paths approach 0, indicating the limit exists and equals 0.

Additional Resources
Question 4: A) Does Lim(x,y)=(0,0) 2x™~4 y) / (X2 + xy™4 + y™0) exist?

Introduction

In the realm of multivariable calculus, the investigation of limits involving functions of multiple
variables is a fundamental pursuit. Unlike single-variable limits, where the behavior near a point can
be examined straightforwardly, multivariable limits require a nuanced analysis due to the infinite
ways one can approach a point in the plane.

This article delves into a specific limit problem:

\[
\lim_{(x,y) \to (0,0)} \frac{2x~4 y}{x~2 + xy™~4 + y~0}
\]

which raises intriguing questions about the existence of the limit, the conditions influencing its
behavior, and the methods suitable for a rigorous evaluation.

Understanding the Limit Expression
Before plunging into the analysis, it is essential to understand the structure of the given function:

\[
f(x, y) = \frac{2x~4 y}{x"~2 + xy™4 + y"0}
\]

Note that \( y~0) is a constant term, equal to 1 for all \( y \neq 0 ). Therefore, the denominator
simplifies to:

\[
X2 +xy™4 +1
\]



This simplification significantly influences the behavior of the function near \((0,0)\).

Basic Properties and Initial Observations
- Denominator Behavior Near \((0,0)\):

As \((x,y) \to (0,0)\), the terms \( x~2\) and \( xy”~4 ) tend to zero, leaving the constant term 1
dominant. Thus, the denominator approaches 1.

- Numerator Behavior Near \((0,0)\):

The numerator \( 2x™4 y \) tends to zero because both \( x~4 \to 0\) and \( y \to 0 \).

- Implication:

Since the numerator tends to zero and the denominator tends to 1, the function appears to tend to

zero along many paths. This suggests the limit might be zero, but a rigorous check along various
paths is necessary to confirm this.

Path Analysis: Testing Approach-Dependent Behavior

To determine whether the limit exists, we examine the behavior of \(f(x, y)\) along different paths
approaching \((0, 0)\).

Path1:\(y=10\)

- Substituting \( y=0\):

\[

f(x, 0) = \frac{2x"4 \cdot 0}{x"2 + x\cdot 0 + 1} =0
\]

- Limit along this path:

\[

\lim_{x\to 0} f(x, 0) =0

\]

Path 2: \(y = kx\), where \( k) is a constant

- Substituting \(y = kx \):

\[

f(x, kx) = \frac{2x™4 (kx)}{x"2 + x (k x)™4 + 1} = \frac{2k x*5}{x"2 + k4 x~5 + 1}
\]

-As\( x\to 0\):



- Numerator: \( 2k x~5\to 0\)
- Denominator: \( x~2 + 1 + \text{terms} \to 1)

- Limit:

\[

\lim_{x\to 0} f(x, kx) =0

\]

Thus, along any straight line \( y = kx \), the limit appears to be zero.
Path 3:\(y = x"m ), where\(m > 0)

- Substituting \(y = x"m\):

\[

f(x, x~m) = \frac{2x"4 \cdot x"m}{x"2 + x \cdot x~{4m} + 1} = \frac{2 x~{4 + m}}{x"2 +
X1+ 4m} + 1}

\]

-As\(x\to 0\):

- Numerator: \( 2 x~{4 + m} \to 0 )
- Denominator: \( x~2 + 1 + \text{terms} \to 1)

- Limit:

\[

\lim_{x\to 0} f(x, x"m) =0
\]

forall\(m > 0)).

Critical Observation: Does the Limit Always Tend to Zero?

From the path analysis above, it appears that along various paths, the limit tends to zero. This
suggests the potential for the limit to be zero. However, to confirm this rigorously, we must examine
the behavior of \(f(x, y)\) more generally, perhaps considering other approaches or applying the
squeeze theorem.

Deep Dive: Analyzing the Limit Using Polar Coordinates

To assess the limit more comprehensively, the substitution to polar coordinates is a standard
approach:

\[
x = r\cos \theta, \quad y = r\sin \theta



\]
with \( r\to 0\).
Expressing \(f(x,y)\) in terms of \( r\) and \( \theta \):

\[

f(r, \theta) = \frac{2 (r \cos \theta)”4 (r \sin \theta)} {(r \cos \theta)”~2 + (r \cos \theta)(r \sin
\theta)™4 + 1}

\]

Simplify numerator:

\[
2 r™4\cos™4 \theta \cdot r \sin \theta = 2 r~5 \cos™4 \theta \sin \theta
\]

Simplify denominator:

\[

r~2\cos”2 \theta + r~2 \cos \theta \sin™"4 \theta + 1

\]

which is:

\[

1 4+ r~2 \left( \cos™2 \theta + \cos \theta \sin™4 \theta \right)
\]

As \( r\to 0\), the denominator approaches 1, and the numerator behaves as:

\[
2 r™~5\cos™4 \theta \sin \theta
\]

Thus,

\[

[f(r, \theta)| \approx \frac{2 r~5 |\cos ™4 \theta \sin \theta|} {1 + \text{small terms}} \to 0

\]

because numerator tends to zero faster (\( r~5\)) than any potential oscillations in \( \theta \).

Conclusion from polar analysis:

\[
\lim_{r\to 0} f(r, \theta) = 0
\]

which is independent of \( \theta \). Therefore, the limit exists and is zero.



Final Verification: Is the Limit Well-Defined?
Given that:

- The limit along straight lines \( y = kx\) tends to zero.
- The limit in polar coordinates as \( r \to 0\) tends to zero, regardless of \( \theta \).

and considering the numerator's high order in \( r\), the limit appears to be zero universally.
Answer:

\[

\boxed{

\lim_{(x,y) \to (0,0)} \frac{2x~4 y}{x~2 + xy~4 + 1} =0
}

\]

Conclusion

The initial suspicion that the limit might not exist due to the complex form of the function is mitigated
by thorough path and coordinate analysis. The dominant constant term in the denominator simplifies
the behavior near \((0,0)\), and the numerator's high-order decay ensures the function tends to zero
along all paths examined.

Thus, the limit exists and equals zero.

Broader Implications and Mathematical Significance

This investigation underscores the importance of multiple approaches in multivariable calculus,
especially when dealing with limits involving potential indeterminate forms. It highlights the utility of
path analysis and polar coordinates, which are powerful tools to confirm or refute the existence of
such limits.

Furthermore, this problem demonstrates how seemingly complicated functions with mixed polynomial

and constant terms can exhibit straightforward limiting behavior under proper analysis, reinforcing
the importance of rigorous evaluation over intuitive conjectures.

Final Remarks
In conclusion, the limit

\[
\lim_{(x,y) \to (0,0)} \frac{2x"4 y}{x"~2 + xy"4 + y~0}
\]



exists and is equal to 0. This example exemplifies the elegance of multivariable calculus in resolving
potential ambiguities through systematic analysis, reinforcing foundational techniques like path
testing and coordinate transformations.
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