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Understanding how to utilize the chi-square distribution to calculate probabilities involving sample
variances is fundamental in statistical inference, particularly in hypothesis testing and confidence
interval estimation for variance components. In this article, we will explore step-by-step how to
compute the probability \( P(a < \frac{S^2}{2} < B) \) using the chi-square distribution. This process
involves understanding the relationship between the sample variance and the chi-square distribution,
setting up the problem correctly, and applying the appropriate mathematical procedures.

---

Understanding the Chi-square Distribution and Its
Relevance

What Is the Chi-square Distribution?

The chi-square distribution is a continuous probability distribution that arises frequently in statistics,
especially in the context of variance analysis. It is characterized by its degrees of freedom (df), which
typically correspond to the sample size minus one in variance-related problems.

The chi-square distribution, denoted as \(\chi^2_{df}\), is skewed to the right and is used to describe
the distribution of the sum of squared standard normal variables.

Why Is the Chi-square Distribution Used in Variance
Problems?

When dealing with a normally distributed population with unknown variance \(\sigma^2\), the sample
variance \( S^2 \) calculated from a sample of size \( n \) follows a scaled chi-square distribution:
\[
\frac{(n-1) S^2}{\sigma^2} \sim \chi^2_{n-1}
\]

This property allows us to perform statistical inference about the population variance based on the
sample variance.

---



Setting Up the Problem: Calculating \( P(a <
\frac{S^2}{2} < B) \)

Suppose you have:

- A sample of size \( n \) from a normally distributed population.
- Sample variance \( S^2 \).
- Known or hypothesized population variance \(\sigma^2\).

You are interested in calculating the probability that the scaled sample variance \(\frac{S^2}{2}\)
falls between two bounds \( a \) and \( B \):
\[
P(a < \frac{S^2}{2} < B)
\]

Key assumptions:

- The data are normally distributed.
- The sample size \( n \) is fixed.
- The population variance \(\sigma^2\) is either known or being estimated.

---

Step-by-Step Guide to Using the Chi-square
Distribution for This Calculation

Step 1: Express the Probability in Terms of the Chi-square
Distribution

Recall the distribution of the scaled sample variance:
\[
\frac{(n - 1) S^2}{\sigma^2} \sim \chi^2_{n-1}
\]

Therefore, for any value \( c \):
\[
P\left(\frac{(n - 1) S^2}{\sigma^2} < c\right) = P(\chi^2_{n-1} < c)
\]

Now, rewrite the probability of interest:
\[
P\left(a < \frac{S^2}{2} < B \right)
\]



which is equivalent to:
\[
P\left(2a < S^2 < 2B\right)
\]

Express \( S^2 \) in terms of the chi-square variable:
\[
S^2 = \frac{\sigma^2}{n - 1} \chi^2_{n-1}
\]

Substitute into the inequalities:
\[
2a < \frac{\sigma^2}{n - 1} \chi^2_{n-1} < 2B
\]

Divide through by \( \frac{\sigma^2}{n - 1} \):
\[
\frac{2a (n - 1)}{\sigma^2} < \chi^2_{n-1} < \frac{2B (n - 1)}{\sigma^2}
\]

Define:
\[
L = \frac{2a (n - 1)}{\sigma^2}
\]
\[
U = \frac{2B (n - 1)}{\sigma^2}
\]

Thus, the probability becomes:
\[
P(L < \chi^2_{n-1} < U)
\]

---

Step 2: Find the Corresponding Chi-square Probabilities

Using the cumulative distribution function (CDF) of the chi-square distribution:
\[
P(L < \chi^2_{n-1} < U) = F_{\chi^2_{n-1}}(U) - F_{\chi^2_{n-1}}(L)
\]

where:

- \( F_{\chi^2_{n-1}}(x) \) is the chi-square cumulative distribution function evaluated at \( x \).
- \( \chi^2_{n-1} \) is the chi-square distribution with \( n - 1 \) degrees of freedom.

Therefore:
\[



P(a < \frac{S^2}{2} < B) = F_{\chi^2_{n-1}}(U) - F_{\chi^2_{n-1}}(L)
\]

---

Step 3: Calculate the Values of \( L \) and \( U \)

Given:

- Sample size \( n \)
- Population variance \( \sigma^2 \)
- Boundaries \( a, B \)

Calculate:

\[
L = \frac{2a (n - 1)}{\sigma^2}
\]
\[
U = \frac{2B (n - 1)}{\sigma^2}
\]

Ensure that \( a \) and \( B \) are positive and that the calculated \( L \) and \( U \) are suitable inputs
for the chi-square CDF.

---

Step 4: Use Statistical Software or Tables to Find the Chi-
square CDF Values

Calculating \( F_{\chi^2_{n-1}}(x) \) can be done via:

- Statistical software packages like R, Python (SciPy), SPSS, or SAS.
- Chi-square distribution tables for approximate values.

Example using Python:

```python
import scipy.stats as stats

Example parameters
n = 20
sigma_squared = 25
a = 10
B = 50

Calculate L and U



L = (2 a (n - 1)) / sigma_squared
U = (2 B (n - 1)) / sigma_squared

Compute probabilities
probability = stats.chi2.cdf(U, df=n-1) - stats.chi2.cdf(L, df=n-1)
print(f"The probability P({a} < S^2/2 < {B}) is approximately {probability:.4f}")
```

---

Practical Example and Interpretation

Suppose:

- Sample size \( n = 15 \)
- Population variance \( \sigma^2 = 20 \)
- Boundaries \( a = 5 \) and \( B = 15 \)

Calculating:

\[
L = \frac{2 \times 5 \times (15 - 1)}{20} = \frac{2 \times 5 \times 14}{20} = \frac{140}{20} = 7
\]

\[
U = \frac{2 \times 15 \times 14}{20} = \frac{2 \times 15 \times 14}{20} = \frac{420}{20} = 21
\]

Using a chi-square calculator or software:

\[
P(7 < \chi^2_{14} < 21) = F_{\chi^2_{14}}(21) - F_{\chi^2_{14}}(7)
\]

Suppose:

\[
F_{\chi^2_{14}}(21) \approx 0.85
\]
\[
F_{\chi^2_{14}}(7) \approx 0.20
\]

Then:

\[
P(a < \frac{S^2}{2} < B) \approx 0.85 - 0.20 = 0.65
\]



This means there is approximately a 65% chance that the scaled sample variance \( \frac{S^2}{2} \)
lies between 5 and 15, given the assumptions.

---

Additional Tips and Considerations

Assumption of Normality: The entire methodology hinges on the data being normally
distributed. Deviations from normality can affect the validity of the chi-square approximation.

Degrees of Freedom: Always verify the degrees of freedom \( n - 1 \) in your calculations.

Parameter Values: Ensure your parameters \( a \) and \( B \) are consistent units and correctly
reflect the scale of \( S^2 \).

Software Tools: Use statistical software for precise calculations, especially for larger sample
sizes or more complex problems.

---

Summary

Using the chi-square distribution to calculate probabilities involving the sample variance is

Frequently Asked Questions

What is the Chi-square distribution, and how is it used to
calculate probabilities like P(a < S²/2 < B)?
The Chi-square distribution is a continuous probability distribution used primarily in hypothesis testing
and confidence interval estimation for variance. When dealing with S², the sample variance, scaled
appropriately, follows a Chi-square distribution. To calculate P(a < S²/2 < B), we standardize the
variable and use Chi-square distribution tables or software to find the probability between the two
bounds.

How do you standardize the expression S²/2 for use with the
Chi-square distribution?
Since S² is related to the Chi-square distribution as (n-1)S²/σ² ∼ χ²(n-1), dividing S² by 2 scales the
distribution accordingly. To standardize, you express the probability in terms of the Chi-square



variable: P(a < S²/2 < B) = P((n-1)a/σ² < χ² < (n-1)B/σ²), where χ² is a Chi-square variable with (n-1)
degrees of freedom.

What are the steps to calculate P(a < S²/2 < B) using the Chi-
square distribution?
First, determine the degrees of freedom (n-1). Then, convert the bounds a and B to Chi-square values
by multiplying by (n-1)/σ²: lower bound = (n-1)a/σ², upper bound = (n-1)B/σ². Next, use Chi-square
tables or software to find the probabilities P(χ² < upper bound) and P(χ² < lower bound). The desired
probability is the difference between these two: P = P(χ² < upper bound) - P(χ² < lower bound).

How does the sample size n affect the calculation of P(a < S²/2
< B) using the Chi-square distribution?
The sample size n determines the degrees of freedom (n-1), which influence the shape of the Chi-
square distribution. Larger n results in a distribution that is more symmetric and better approximates
normality, making probability calculations more precise. It also affects the scaling factors when
converting bounds to Chi-square values.

Can you provide an example calculation of P(a < S²/2 < B)
using specific values?
Suppose n=10, σ²=4, a=1, B=3. First, degrees of freedom = 9. Convert bounds: lower = (9)(1)/4 =
2.25, upper = (9)(3)/4 = 6.75. Using Chi-square tables or software, find P(χ² < 6.75) and P(χ² < 2.25).
Assume P(χ² < 6.75)=0.85 and P(χ² < 2.25)=0.45. Then, P(a < S²/2 < B) = 0.85 - 0.45 = 0.40, or
40%.

Additional Resources
Chi-square Distribution: A Comprehensive Guide to Calculating P(a < S²/2 < B)

The chi-square distribution stands as one of the foundational tools in statistical inference, especially in
fields like quality control, genetics, and social sciences. Its applications stretch across hypothesis
testing, confidence interval estimation, and variance analysis. Among these, calculating the
probability that a scaled sample variance falls within a specific range—represented as P(a < S²/2 <
B)—is a common yet nuanced task that leverages the properties of the chi-square distribution. This
article aims to unlock the intricacies of this process, providing an in-depth, step-by-step guide suitable
for students, researchers, data analysts, and statisticians alike.

---

Understanding the Foundations: Chi-square
Distribution in Variance Analysis

Before diving into calculations, it's crucial to establish a clear understanding of the chi-square



distribution's role in variance estimation.

What Is the Chi-square Distribution?

The chi-square distribution is a family of distributions characterized by degrees of freedom (df), often
denoted as k. It arises naturally when considering the sum of squared independent standard normal
variables. Formally, if \( Z_1, Z_2, ..., Z_k \) are independent standard normal variables, then:

\[
Q = Z_1^2 + Z_2^2 + \cdots + Z_k^2
\]

follows a chi-square distribution with k degrees of freedom, denoted as \( \chi^2_k \).

Key properties of the chi-square distribution:

- It is positively skewed, especially for small degrees of freedom.
- Its mean is \( k \).
- Its variance is \( 2k \).

Connection to Variance Estimation

Suppose we have a sample of size \( n \) drawn from a population with an unknown variance \(
\sigma^2 \). The sample variance \( S^2 \) provides an estimate, and under certain assumptions
(normality, independence), the scaled sample variance follows a chi-square distribution:

\[
\frac{(n - 1) S^2}{\sigma^2} \sim \chi^2_{n-1}
\]

This pivotal quantity forms the backbone of many hypothesis tests and confidence interval
calculations regarding variance.

---

Formulating the Problem: Calculating P(a < S²/2 < B)

The problem asks: Given specific bounds \( a \) and \( B \), how can we compute the probability that
the scaled sample variance \( S^2/2 \) falls between these bounds?

Mathematically, this is expressed as:

\[
P(a < \frac{S^2}{2} < B)
\]



Important considerations:

- The bounds \( a \) and \( B \) are known or specified.
- The sample size \( n \) and the population variance \( \sigma^2 \) are known or assumed.
- The distribution of \( S^2 \) is derived from the chi-square distribution as shown above.

Step 1: Express the probability in terms of the chi-square distribution.

Starting from the pivotal quantity:

\[
\frac{(n-1) S^2}{\sigma^2} \sim \chi^2_{n-1}
\]

we can write:

\[
S^2 = \frac{\sigma^2 \chi^2_{n-1}}{n-1}
\]

Therefore:

\[
\frac{S^2}{2} = \frac{\sigma^2 \chi^2_{n-1}}{2(n-1)}
\]

The probability becomes:

\[
P\left( a < \frac{\sigma^2 \chi^2_{n-1}}{2(n-1)} < B \right)
\]

Step 2: Isolate the chi-square variable.

Dividing through by \( \frac{\sigma^2}{2(n-1)} \):

\[
P\left( \frac{2(n-1)a}{\sigma^2} < \chi^2_{n-1} < \frac{2(n-1)B}{\sigma^2} \right)
\]

This reduces the problem to computing the probability that a chi-square random variable falls within a
specific interval.

---

Step-by-Step Calculation: Using the Chi-square



Distribution to Find the Probability

Let's outline the detailed procedure for computing \( P(a < S^2/2 < B) \).

Step 1: Define the Parameters

- Sample size (\( n \)): Number of observations.
- Degrees of freedom (\( df = n - 1 \)): For the chi-square distribution.
- Population variance (\( \sigma^2 \)): Known or assumed.
- Bounds (\( a \), \( B \)): The interval within which we want to find the probability.
- Sample variance (\( S^2 \)): Observed or hypothetical, scaled as needed.

Step 2: Convert the bounds into chi-square bounds

Using the relationship:

\[
\chi^2_{lower} = \frac{2(n-1)a}{\sigma^2}
\]
\[
\chi^2_{upper} = \frac{2(n-1)B}{\sigma^2}
\]

These represent the lower and upper bounds for the chi-square variable.

Step 3: Calculate the probabilities using Chi-square CDF

The cumulative distribution function (CDF) of the chi-square distribution, \( F_{\chi^2_{k}}(x) \), gives
the probability that a chi-square random variable is less than or equal to \( x \).

Thus:

\[
P(a < \frac{S^2}{2} < B) = P(\chi^2_{lower} < \chi^2_{n-1} < \chi^2_{upper}) =
F_{\chi^2_{n-1}}(\chi^2_{upper}) - F_{\chi^2_{n-1}}(\chi^2_{lower})
\]

---

Practical Example: Calculating the Probability

Suppose we have:



- Sample size: \( n = 10 \)
- Known population variance: \( \sigma^2 = 4 \)
- Bounds: \( a = 1 \), \( B = 3 \)

Objective: Find \( P(1 < S^2/2 < 3) \).

---

Step 1: Determine degrees of freedom

\[
df = n - 1 = 9
\]

---

Step 2: Compute chi-square bounds

\[
\chi^2_{lower} = \frac{2 \times 9 \times 1}{4} = \frac{18}{4} = 4.5
\]
\[
\chi^2_{upper} = \frac{2 \times 9 \times 3}{4} = \frac{54}{4} = 13.5
\]

---

Step 3: Use chi-square CDF to find probabilities

Using statistical software, calculator, or chi-square tables:

\[
F_{\chi^2_9}(13.5) \approx 0.956
\]
\[
F_{\chi^2_9}(4.5) \approx 0.209
\]

Therefore:

\[
P(1 < S^2/2 < 3) = 0.956 - 0.209 = 0.747
\]

Interpretation: There is approximately a 74.7% chance that the scaled sample variance \( S^2/2 \)



falls within the specified interval.

---

Additional Considerations and Tips

Understanding the use of the chi-square distribution in this context is enhanced by awareness of
certain nuances:

1. Normality Assumption
The derivation relies on the assumption that the data are normally distributed. Deviations from
normality can affect the validity of the chi-square approximation.

2. Known vs. Unknown Population Variance
In many practical scenarios, \( \sigma^2 \) is unknown. In such cases, the distribution of \( S^2 \) can
still be used to estimate probabilities when constructing confidence intervals or conducting
hypothesis tests.

3. Critical Values and Software
Calculations often involve the chi-square CDF, which can be obtained via:

- Statistical software (R, Python, SAS, SPSS)
- Scientific calculators with statistical functions
- Chi-square tables

For example, in R:

```r
Chi-square CDF
pf(q = chi_square_value, df = n - 1)
```

4. Extending to Other Intervals and Confidence Levels
The methodology scales to different bounds or confidence levels by adjusting \( a \) and \( B \), or the
significance level in hypothesis tests.

---



Conclusion: Mastering the Use of Chi-square
Distribution for Variance Probabilities

Using the chi-square distribution to compute probabilities such as \( P(a < S^2/2 < B) \) is a powerful
technique in statistical inference. It hinges on understanding the pivotal role of the distribution in
variance analysis and translating bounds
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