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Understanding the values of inverse functions on the unit circle is fundamental for
mastering trigonometry, especially when dealing with angles and their corresponding
ratios. One common query involves calculating the inverse cosine (arccos) of specific
values, such as cos(-1/2). This article will explore how to interpret this value using the unit
circle, the concept of inverse functions, and detailed step-by-step explanations of
determining \(\cos™ {-1}(-\frac{1}{2})\) in degrees. Whether you're a student preparing for
exams or a math enthusiast seeking clarity, this comprehensive guide will help you grasp
the concepts clearly.

Understanding the Unit Circle and Its Significance

What Is the Unit Circle?

The unit circle is a circle with a radius of 1 unit centered at the origin (0,0) in the coordinate
plane. It is a fundamental tool in trigonometry because it provides a visual representation
of sine, cosine, and tangent functions for all angles.

Key Features of the Unit Circle

e Coordinates: Any point on the unit circle can be represented as \((x, y)\), where \(x =
\cos \theta\) and \(y = \sin \theta\).

e Angles: Angles are typically measured from the positive x-axis, counterclockwise, in
degrees or radians.

e Quadrants: The circle is divided into four quadrants, each with different signs for sine
and cosine.

Why Is the Unit Circle Useful?

The unit circle simplifies the understanding of how angles relate to their sine and cosine
values. It allows for quick identification of these values for standard angles such as 0°, 30°,
45°, 60°, 90°, etc., and their respective negative and supplementary angles.



Inverse Functions in Trigonometry

What Are Inverse Functions?

Inverse functions reverse the effect of the original functions. For example, the inverse sine
function, \(\sin™ {-1} x\) (also called arcsin), gives the angle whose sine is \(x\).

Inverse Cosine Function (\(\cos”™ {-1}\) or arccos)

- It finds the angle \(\theta\) (usually in radians or degrees) where \(\cos \theta = x\).
- The range of \(\cos™{-1} x\) is typically from 0° to 180° (or 0 to \(\pi\) radians), which
corresponds to the principal value range.

Important Properties of Inverse Cosine

-\(\cos™{-1} x\) is defined for \(x \in [-1, 1]\).
- For each \(x\) in this domain, \(\cos”™ {-1} x\) yields a unique angle in [0°, 180°].

Calculating \(\cos~ {-1}(-\frac{1}{2})\) Using the
Unit Circle

Step 1: Recognize the Value of \(\cos \theta = -
\frac{1}{2}\)

On the unit circle, the cosine of an angle corresponds to the x-coordinate of the point where
the terminal side of the angle intersects the circle.

- \(\cos \theta = -\frac{1}{2}\) indicates that the x-coordinate of the point is \(-
\frac{1}{2}\).

Step 2: Find All Angles Corresponding to \(\cos \theta =
-\frac{1}{2}\)

- Standard angles where \(\cos \theta = \pm \frac{1}{2}\) are 60° and 120°.
- Since \(\cos \theta = -\frac{1}{2}\) is negative, the angles are in the second and third
quadrants.



Key angles:
- \(\theta = 120" \circ\) (second quadrant)
- \(\theta = 240" \circ\) (third quadrant)

Step 3: Use the Range of \(\cos”™ {-1}\) to Find Principal
Value

- The inverse cosine function, \(\cos™{-1} x\), returns values in [0°, 180°].
- Among the two angles, 120° is within this range, while 240° is outside it.

Therefore, the principal value of \(\cos”™ {-1}(-\frac{1}{2})\) is 120°.

Step 4: Confirm the Result

- Verify that \(\cos 120™\circ = -\frac{1}{2}\):
\[
\cos 120"™\circ = -\frac{1}{2}

\]
- This confirms the calculation.

Summary of the Inverse Cosine Value in Degrees

- The inverse cosine of \(-\frac{1}{2}\) is 120°.
- In notation:

\[
\cos”™ {-1} \left( -\frac{1}{2} \right) = 120"\circ
\]

Additional Insights and Related Concepts

Angles in Different Quadrants

- Quadrant I: \(\cos \theta > 0\), angles between 0° and 90°.

- Quadrant Il: \(\cos \theta < 0\), angles between 90° and 180°.

- Quadrant llI: \(\cos \theta < 0\), angles between 180° and 270°.
- Quadrant IV: \(\cos \theta > 0\), angles between 270° and 360°.

Since \(\cos™ {-1}\) yields angles in [0°, 180°], the values are confined to Quadrants | and II.



Real-World Applications

- Engineering: Calculating angles involving negative cosine values.
- Physics: Analyzing wave functions and oscillations.
- Navigation: Determining directions based on coordinate ratios.

Practice Problems for Reinforcement

- Find \(\cos™ {-1}(1/2)\) in degrees.
- Determine \(\cos™ {-1}(-\sqrt{2}/2)\).
- Calculate \(\cos™ {-1}(-1)\).

Conclusion

Using the unit circle to evaluate inverse cosine values is a powerful method for
understanding angles corresponding to specific ratios. For \(\cos(-\frac{1}{2})\),
recognizing the standard angles and understanding the principal value range of

\(\cos™ {-1}\) leads us to confidently determine that \(\cos™{-1}(-\frac{1}{2}) =
120™\circ\). Mastery of these concepts allows for better problem-solving in trigonometry,
calculus, physics, and engineering, providing a solid foundation for more advanced
mathematical study.
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Frequently Asked Questions

What is the value of cos~1(-1/2) in degrees?
cos~(-1/2) = 120°.

Why is the value of cos1(-1/2) equal to 120°?

Because cosine of 120° is -1/2, and the inverse cosine function gives the principal value in
[0°, 180°].



What is the general solution for cos-1(-1/2) in degrees?

The principal value is 120°, and the general solutions are 120° + 360°k and 240° + 360°k,
but the inverse cosine function outputs the principal value 120°.

How does the unit circle help in determining
cos1(-1/2)?

On the unit circle, cos(120°) = -1/2, so the inverse cosine of -1/2 is 120° because it is within
the principal range.

What is the inverse cosine of -1/2 in radians?

cos~(-1/2) = 2n/3 radians, which is equivalent to 120°.

Is cos~1(-1/2) positive or negative?

It is positive because the principal value of inverse cosine always lies between 0° and 180°.

Can cos 1(-1/2) be negative?

No, because the principal value of inverse cosine is always in the range [0°, 180°], which is
non-negative.

What is the significance of the unit circle in
understanding inverse trigonometric functions?

The unit circle helps identify exact angle measures for trigonometric values and their
inverse functions by visualizing sine and cosine values at specific angles.

Additional Resources
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Introduction

Mathematics, particularly trigonometry, plays a fundamental role in understanding the
relationships between angles and their corresponding ratios. Among the core concepts in
trigonometry are inverse functions, which allow us to determine angles from given ratios.
This article delves into the specific inverse cosine value of \(-\frac{1}{2}\), exploring its
calculation, significance, and the broader context of inverse functions on the unit circle. We
aim to provide a comprehensive, detailed exploration suitable for students, educators, and
enthusiasts seeking clarity on this critical topic.



The Significance of the Unit Circle in Trigonometry

The unit circle is an essential tool in trigonometry, serving as a geometric representation
that simplifies the understanding of sine, cosine, and tangent functions. Defined as a circle
with a radius of 1 centered at the origin of the coordinate plane, it allows us to visualize
angles and their corresponding ratios.

Why Use the Unit Circle?

- Visualization: It provides a visual means to understand the behavior of trigonometric
functions.

- Simplification: Coordinates on the circle directly relate to sine and cosine values.

- Periodicity and Symmetry: It demonstrates how trig functions repeat and their
symmetrical properties.

Understanding Inverse Trigonometric Functions

Inverse trigonometric functions are the mathematical counterparts to the basic trig
functions, designed to reverse the process. For cosine, the inverse is denoted as
\(\cos”™ {-1}\) or arccosine.

Definition and Domain

- Inverse Cosine (\(\cos™ {-1}\) or arccos): Given a value \(x\), it returns the angle \(\theta\)
in the principal value range \([0™\circ, 180~ \circ]\) such that:

\[
\cos \theta = x
\]

- Domain of \(\cos™ {-1}\): \([-1, 11\)
- Range of \(\cos”™ {-1}\): \([0™\circ, 180" \circ]\)

The restriction on the range ensures the inverse function is a proper function (single-
valued).

Calculating \(\cos™ {-1}(-\frac{1}{2})\)

Our focus is on evaluating the inverse cosine of \(-\frac{1}{2}\). This value is common in
trigonometry, especially relating to special angles associated with the unit circle.

Step 1: Recall the Unit Circle Coordinates
On the unit circle:

- \(\cos \theta\) corresponds to the x-coordinate.
- \(\sin \theta\) corresponds to the y-coordinate.



Angles where \(\cos \theta = -\frac{1}{2}\) are well-known from special triangles and the
unit circle.

Step 2: Identify Reference Angles

The cosine of certain standard angles:

| Angle (degrees) | Cosine value | Coordinates on unit circle |

o0 [\ckr o (@5 | |

| 120° | \(-\frac{1}{2}\) | (-0.5,y) |

The angle \(120"\circ\) on the unit circle corresponds to \(\cos 120" \circ = -\frac{1}{2}\).

Similarly, the supplementary angle to \(120"\circ\) in the range \([0™\circ, 180™\circ]\) is
also relevant.

The Principal Value: \(\cos™ {-1}(-\frac{1}{2})\)

Since the inverse cosine function yields values in \([0™\circ, 180™\circ]\), the angle that
satisfies \(\cos \theta = -\frac{1}{2}\) within this interval is:

\[
\boxed{
\theta = 120" \circ

}
\]

Thus,
\[

\cos”™ {-1}\left(-\frac{1} {2}\right) = 120" \circ
\]

Deep Dive: Why Is It 120 Degrees?
The answer is rooted in the symmetry of the unit circle and the properties of cosine.
Symmetry and Cosine Values

-\(\cos 60™\circ = \frac{1}{2}\)
-\(\cos 120™\circ = -\frac{1}{2}\)

Because cosine is an even function:

\[
\cos(-\theta) = \cos \theta



\]

but the inverse cosine, restricted to \([0™\circ, 1807 \circ]\), ensures the principal value is
positive or within this interval.

The Sign of \(\cos \theta\)

- For angles between \(0"™\circ\) and \(90™\circ\), cosine is positive.
- For angles between \(90"\circ\) and \(180™\circ\), cosine is negative.

Since \(-\frac{1}{2}\) is negative, the corresponding angle in the principal range must lie
between \(90™\circ\) and \(180"\circ\), which is precisely \(120™\circ\).

Inverse Function Value for \(\cos(-\frac{1}{2})\)
Now, considering the original expression:

\[
\cos \left( \theta \right) = -\frac{1}{2}
\]

When evaluating \(\cos™{-1}(-\frac{1}{2})\), the principal value is:

\[
\boxed{
120" \circ

}
\]

Note: The cosine function is even, meaning:

\[

\cos(-\frac{1}{2}) \text{ is not directly meaningful because } -\frac{1}{2} \text{ is a
value, not an angle.}

\]

However, if the expression intended was to find the angle \(\theta\) such that:
\[

\cos \theta = -\frac{1}{2}

\]

then the answer in degrees, within the principal range, is \(120"™\circ\).

Broader Context: Multiple Angles and Symmetry

While the principal value of \(\cos™ {-1}(-\frac{1}{23})\) is \(120™\circ\), it's crucial to



recognize the periodicity and symmetry:

- Cosine repeats every \(360™\circ\).
- Other solutions where \(\cos \theta = -\frac{1}{2}\) include:

\[
\theta = 180™\circ - 120"™\circ = 60™\circ
\]

but this is outside the principal value range for inverse cosine.

Applications and Significance
Understanding the inverse cosine of \(-\frac{1}{2}\) is fundamental in various fields:

- Engineering: Signal processing, wave analysis.

- Physics: Analyzing oscillations and wave functions.

- Mathematics: Solving trigonometric equations, calculus, and algebraic manipulations
involving inverse functions.

Summary of Key Points

- The unit circle provides a geometric foundation for understanding inverse trig functions.
-\(\cos™ {-1}(-\frac{1}{2}) = 120"\circ\) within the principal value range.

- The cosine function's symmetry and periodicity influence the general solutions.

- Recognizing standard angles like \(60™\circ\) and \(120"\circ\) simplifies calculations
involving inverse cosine.

Final Remarks

Mastering the evaluation of inverse functions like \(\cos™ {-1}(-\frac{1}{2})\) is not only
vital for academic success but also for practical applications across science and engineering
disciplines. The unit circle remains an invaluable tool in this endeavor, providing clarity and
insight into the relationships between angles and ratios.
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This investigation underscores the importance of understanding inverse functions through
the lens of the unit circle, revealing the elegant symmetry and structure underlying
trigonometric relationships.
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