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Understanding how to solve partial differential equations (PDEs) is
fundamental in mathematical physics, engineering, and many applied sciences.
One powerful technique for solving first-order linear PDEs is the Method of
Characteristics. This method transforms a PDE into a set of ordinary
differential equations (ODEs) along special curves called characteristic
curves, simplifying the solution process significantly. In this article, we
will explore how to apply the method of characteristics to solve the PDE:

\[
Xuy-Yux=1U
\1]

with the initial condition:

\ [
u(x, 0) = G(x)
\1]

Note: In the PDE above, \(X, Y, U, G\) are functions of the variables \(x\)
and \(y\), and \(u(x,y)\) is the unknown function to be determined.

Understanding the PDE and Its Characteristics

Before delving into the solution method, it’s essential to interpret the PDE
and understand its structure.

Form of the PDE

The PDE:

\ [
X(x,y) uy - Y(x,y) ux = U(x,y)
\1

is a first-order linear PDE with variable coefficients. The general form



resembles a transport or advection equation, often encountered in fluid
dynamics, wave propagation, and conservation laws.

Initial Condition

The initial condition:

\ [
u(x,0) = G(x)
\1

specifies the value of \(u\) along the line \(y=0\). This makes the PDE a
Cauchy problem, where the solution is sought in the domain extending from the
initial line into the \((x,y)\)-plane.

The Method of Characteristics: An Overview

The core idea of the method of characteristics is to find curves in the \((Xx,
y)\)-plane along which the PDE reduces to an ODE. These curves are called
characteristic curves.

Key Concepts

- Characteristic Curves: Paths \((x(s), y(s))\) along which the PDE
simplifies.

- Characteristic Equations: ODEs derived from the PDE that define these
curves.

- Along these curves: The PDE becomes an ODE in terms of \(u\) and its
derivatives.

Advantages of the Method

- Converts PDEs into manageable ODEs.
- Particularly effective for linear, first-order PDEs.
- Provides explicit solutions or integral representations.

Applying the Method of Characteristics to the



PDE

Let's now step through the process of solving the PDE:
\ [

Xuy-Yux=1U
\1]

with initial condition \(u(x, 0) = G(x)\).

Step 1: Rewrite the PDE in characteristic form

Identify the coefficients:

- \(a(x,y) = -Y(x,y)\)
- \(b(x,y) = X(x,y)\)
- \(c(x,y) = U(x,y)\)

The PDE can be written as:

\ [
a(x,y) ux + b(x,y) uy
\1

c(x,y)

or equivalently,

\ [
Y(X,y) ux - X(x,y) uy
\1

- U(X;y)

but for the method, it's often preferable to write in the standard form:

\ [
a(x,y) u_x + b(x,y) uy = c(x,y)
\1

with \(a = -Y\), \(b = X\), and \(c= U\).

Step 2: Find the characteristic equations

The characteristic curves are given by the system:

\ [
\frac{dx}{ds} = a(x,y) = -Y(x,y)
\1
\ [



\frac{dy}{ds} = b(x,y) = X(x,y)
\1
\ [
\frac{du}{ds} = c(x,y) = U(x,y)
\1

where \(s\) is a parameter along the characteristic.

These equations describe how \(x\), \(y\), and \(u\) evolve along the
characteristic curves.

Step 3: Solve the characteristic system

This involves solving the coupled ODEs:

\ [
\frac{dx}{ds}
\1
\ [
\frac{dy}{ds}
\1
\ [
\frac{du}{ds}
\1]

'Y(X:Y)

X(x,y)

U(x,y)

Note: The solution approach depends on the specific forms of \(X, Y, U\).

Implementing the Solution: Step-by-Step Guide

Let's provide a systematic method to solve the PDE for general functions \ (X,
Y, U\), assuming they are sufficiently smooth.

Step 1: Parameterize the initial data

Along the initial line \(y=0\), the initial condition specifies:

\ [
u(x, 0) = G(x)
\1

For each point \(x 0\) on this line, the initial point in the characteristic
system is:



\ [
x(0) = x 0, \quad y(0) = 0, \quad u(0) = G(x_0)
\1]

This allows us to parametrize the initial data by \(x 0\).

Step 2: Solve the characteristic equations

For each initial point \(x 0\), solve the ODEs:

\ [
\frac{dx}{ds}
\1]
\ [
\frac{dy}{ds}
\1
\ [
\frac{du}{ds}
\1]

-Y(x,y), \quad x(0) = x_0

Il
(o)

X(x,y), \quad y(0)

U(x,y), \quad u(0)

G(x_0)

The solution gives the characteristic curve:

\ [
(x(s), y(s))
\1]

and the evolution of \(u(s)\).

Step 3: Express the solution \(u\) in terms of
initial data

Since:

\ [
\frac{du}{ds} = U(x(s), y(s))
\1]

integrate along the characteristic:

\ [
u(s) = G(x 0) + \int 0~{s} U(x(\tau), y(\tau)) d \tau
\1

The solution \(u(x,y)\) is then obtained by eliminating the parameter \(s\).



Special Cases and Simplifications

The general method described applies broadly, but particular forms of the
coefficients \ (X, Y, U\) can simplify the problem significantly.

Case 1: Constant coefficients

Suppose:

\ [
X(x,y) = X 0, \quad Y(x,y) =Y 0, \quad U(x,y) =UDO
\1

with constants. Then the characteristic equations reduce to:

\ [
\frac{dx}{ds} = -Y 0, \quad \frac{dy}{ds} = X 0, \quad \frac{du}{ds} = U 0O
\1

which are straightforward to integrate:

\ [
x(s)
\1
\ [
y(s)
\1]
\ [
u(s)
\1

Y 0 s

Il
X
(o]

X0 s

G(x 0) + U0 s

Eliminate \(s\):

\ [
s = \frac{y}{X 0}
\1

and so,

\ [
X =x0 -Y 0 \frac{y}{X 0}
\1]

or rearranged:

\ [
x + \frac{Y 0}{X 0} y = x 0O
\1]



which parametrizes the characteristic curves as straight lines. The solution
becomes:

\ [
u(x,y) = G\left(x + \frac{Y 0}{X 0} y\right) + U 0 \frac{y}{X 0}
\1

subject to the initial condition.

Case 2: Homogeneous equations

If \(U=0\), then:

\ [

u\) remains constant along characteristics:
\ [

u(s) = G(x 0)

\1

and the solution is obtained directly from the initial data.

Examples of Solving Specific PDEs

Let's examine a concrete example to illustrate the process.

Example: Solve \(uy - u x = 0\) with \(u(x,0) =
G(x)\)

This PDE:

\ [
uy -ux=20
\1

has:

\ [
X =1, \quad Y = -1, \quad U=0
\1

Characteristic equations:

\ [
\frac{dx}{ds} = -Y =1



\1]
\ [
\frac{dy}{ds}
\1
\ [
\frac{du}{ds}
\1

Il
>
]
=

]
o

Integrate:

\ [
x(s)
\1]
\ [
y(s)
\1
\ [
u(s)
\1

X0+ s

Il
(o)
+
92]

G(x 0)

Eliminate \(s\):

\ [
s =Yy
\]
\ [
X = X

Frequently Asked Questions

What is the main goal when using the method of
characteristics to solve the PDE Xu y - Yu x = U
with the initial condition u(x, 0) = G(x)?

The main goal is to convert the partial differential equation into a set of
ordinary differential equations along characteristic curves, which can then
be solved to find the solution u(x, y).

How do you determine the characteristic equations
for the PDE Xu_y - Yu x = U?

By rewriting the PDE as a system of ODEs, the characteristic equations are
derived from the coefficients: dx/dt = -Y, dy/dt = X, and along these curves,
du/dt = U.



What initial data is used in the problem, and how is
it incorporated into the method of characteristics?

The initial data is given as u(x, 0) = G(x), which provides the initial
condition along the line y=0, serving as the starting point for integrating
along characteristic curves.

How do you find the characteristic curves for the
PDE Xu y - Yu x = U?

Characteristic curves are found by solving the system dx/dt = -Y and dy/dt =
X, which describe the paths along which the PDE reduces to an ODE for u.

What role does the initial condition u(x, 0) = G(x)
play in solving the PDE via the method of
characteristics?

It provides the initial values for u along the line y=0, allowing us to
integrate along characteristic curves starting from these points to determine
u(x, y) in the domain.

Can the method of characteristics be applied to
nonlinear PDEs like Xu y - Yu x = U? What are the
challenges?

Yes, it can be applied, but nonlinear PDEs often lead to complex
characteristic equations, potential formation of shocks or singularities, and
require careful analysis to ensure solutions are well-defined.

What is the significance of the function U in the
PDE, and how does it affect the solution process?

U acts as a source term or reaction term; its dependence on x, y, and u
influences the characteristics and the integration process, often making the
solution more complex.

How do you interpret the solution u(x, y) obtained
through the method of characteristics for this PDE?

The solution u(x, y) represents the value of the function along the
characteristic curves, which are constructed based on the initial data and
the PDE's structure, providing a complete description in the domain.

Are there any special cases or simplifications where



the method of characteristics becomes
straightforward for this PDE?

Yes, if U is zero (homogeneous case) or if U depends only on x or y, the
characteristic equations simplify, making it easier to integrate and find
explicit solutions.

What are common pitfalls to avoid when applying the
method of characteristics to this PDE?

Common pitfalls include neglecting the correct initial conditions,
miscomputing characteristic equations, ignoring the possible development of
shocks or singularities, and not verifying the domain of the solution.

Additional Resources

Use The Method Of Characteristics To Solve \( Xu y - Yu x = U \) With \( u(x,
0) = G(x) \)

When tackling partial differential equations (PDEs), especially first-order
linear equations, the method of characteristics stands out as a powerful
analytical tool. In particular, solving equations like

\[ Xuy -Yux=UN\quad \text{with} \quad u(x, 0) = G(x), \I

requires a systematic approach to reduce the PDE to a set of ordinary
differential equations (ODEs). This technique leverages the idea of
characteristic curves along which the PDE simplifies to an ODE, making the
problem more manageable.

In this comprehensive guide, we'll explore how to use the method of
characteristics to solve the PDE involving the first-order linear form,
including detailed derivations, step-by-step procedures, and illustrative
examples to clarify the process.

Understanding the PDE Structure
Before diving into the solution method, it's crucial to interpret the PDE:

\ [
Xuy -Yux-=U,
\1

where \( u = u(x, y) \), and \( X, Y, U\) are functions of \( x, y \) (or
sometimes constants). The initial condition:



\ [
u(x, 0) = G(x),
\1]

provides data along the line \(y = 0 \).

The Method of Characteristics: An Overview

The method of characteristics transforms a PDE into a family of ODEs along

specific curves called characteristics. For first-order linear PDEs, these

characteristic curves are determined by solving auxiliary ODEs derived from
the PDE's structure.

Key Idea:

- Along a characteristic curve \( (x(s), y(s)) \), the PDE reduces to an ODE
in terms of \( u \).

- The solution along these curves can then be integrated to find the general
solution.

Step-by-Step Procedure for Solving \( X uy - Yux=U)\)
1. Rewrite the PDE in standard form
Express the PDE to identify the coefficients:

\ [
Xuy-Yux-=U,
\1

or equivalently,

\ [

-Yux+ Xuy-=U.

\1]

2. Determine the characteristic equations

The characteristic curves are obtained from the characteristic system, which
comes from the PDE's coefficients:

\ [
\frac{dx}{ds} = -Y(x, y), \quad \frac{dy}{ds} = X(x, y).
\1

Alternatively, these can be written as:

\ [



\frac{dy}{dx} = \frac{X(x, y)HY(x, y)}.
\1]

This differential equation describes the characteristic curves along which
the PDE simplifies.

3. Parameterize the characteristic curves

Choose a parameter \( s \) along the characteristic curves and set initial
conditions based on the boundary data \( u(x, 0) = G(x) \). Usually, the
initial curve is the line \( y = 0 \), so:

\ [
x(0) = x_0, \quad y(0) = 0,
\1

and

\ [
u(x 0, 0) = G(x 0).
\1

4. Derive the ODE for \( u \) along the characteristics

Along a characteristic curve, the total derivative of \( u \) with respect to
\( s \) is:

\ [
\frac{du}{ds} = u x \frac{dx}{ds} + u y \frac{dy}{ds}.
\1

Substituting the expressions for \( dx/ds \) and \( dy/ds \):

\ [
\frac{du}{ds} = u x (-Y) + u y X.
\1

But from the PDE:

\ [
Xuy -Yux=U,
\1

which can be rearranged as:

\ [
ux (-Y) +uy X=-U.
\1

Therefore,



\ [
\frac{du}{ds} = - U(x(s), y(s)).
\]

5. Set up the system of ODEs

The entire system becomes:

\ [

\boxed{

\begin{cases}

\displaystyle \frac{dx}{ds}
\displaystyle \frac{dy}{ds}
\displaystyle \frac{du}{ds}
\end{cases}

}

\1

-Y(XI Y), \\
X(x, y), \\
- U(XI y)i

with initial conditions:

\ [
x(0) = x 0, \quad y(0) = 0, \quad u(0) = G(x 0).
\1]

6. Solve the characteristic equations

- First, solve the ODE for \( x(s), y(s) \):

\ [

\frac{dy}{dx} = \frac{X(x, y)HY(x, y)}.

\1

- Find the general solution \( y(x) \) or parametric solutions \( (x(s),

y(s)) \).

- Then, integrate the \( u \) equation along each characteristic:

\ [
u(s) = u(0) - \int 0~{s} U(x(\tau), y(\tau)) d\tau.
\1

Illustrative Example: Constant Coefficients
Suppose \( X, Y, U \) are constants:

\ [
X =a, \quad Y = b, \quad U = c,
\1]

where \( a, b, c \) are constants. The PDE simplifies to:



\[

auy-bux-=c¢c,

\1

with initial data \( u(x, 0) = G(x) \).

Step 1: Characteristic equations

\ [
\frac{dy}{dx} = \frac{a}{b}.
\]

Integrate:

\ [
y = \frac{a}{b} x + \text{constant}.
\1]

Set:

\ [
\xi =y - \frac{a}{b} x,
\1

which is constant along each characteristic.
Step 2: Solve for \( u \)
Along a characteristic:

\ [
\frac{du}{ds} = - c,
\1]

which integrates to:

\ [
u(s) = u(0) - c s.
\1

At \( s=0 \), corresponding to the initial line \( y=0 \):

\ [
X = x_0, \quad y=0, \quad u(0) = G(x 0).
\1]

From the characteristic:

\ [

y = \frac{a}{b} x + \text{constant} \Rightarrow \text{constant} =y -
\frac{a}{b} x.

\1



Along the initial line \( y=0 \):

\ [

0 = \frac{a}{b} x 0 + \text{constant} \Rightarrow \text{constant} = -
\frac{a}{b} x 0.

\1

Thus, the characteristic passing through \( (x 0, 0) \) is:

\ [
y = \frac{a}{b} x - \frac{a}{b} x 0.
\1]

Express \( x 0 \) in terms of \( x \) and \( y \):
\ [

x 0 = x - \frac{b}{a} vy.

\1]

The solution \( u \):

\ [

u(x, y) = G(x 0) - c s,
\1

where \( s \) corresponds to the parameter along the characteristic. Since:

\ [

\frac{dy}{ds} = a, \quad y(0) = 0,
\1]

we have:

\ [

y = a s \Rightarrow s = \frac{y}{a}.
\1]

Therefore,

\ [

u(x, y) = G\left(x - \frac{b}{a} y\right) - c \frac{y}{a}.
\1]

This explicit solution demonstrates the power of the method in
straightforward cases.

Handling Variable Coefficients \( X, Y, U \)

When \( X, Y, U \) depend on \( x \) and \( y \), the process remains similar



but involves solving the characteristic ODEs:

\ [
\frac{dy}{dx} = \frac{X(x, y)}{Y(x, y)},
\1

which may not have closed-form solutions. In such cases:

- Use numerical methods or qualitative analysis to find the characteristic
curves.

- Integrate \( du/ds = - U(x(s), y(s)) \) along these curves numerically or
analytically if possible.

Initial Conditions and Their Role

The initial condition \( u(x, 0) = G(x) \) imposes initial data along the
line \( y=0 \). This data helps:

- Set initial values \( u(0) = G(x 0) \) for each characteristic starting at
\( (x 0, 0) \).
- Ensure the solution is uniquely determined along each characteristic.

This initial-boundary data is crucial in solving the ODEs for \( u \).

Summary of the Solution Strategy

1. Identify the PDE structure and write it in the form suitable for the
method of characteristics.

2. Determine characteristic equations via the ratio \( dy/dx = X / Y \).
3. Parametrize the characteristics using an initial line (here, \( y=
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