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Understanding the long-run probabilities of different states within a stochastic process is a
fundamental aspect of probability theory and Markov chain analysis. When analyzing
systems such as Markov chains, the question often arises: what is the likelihood that the
system will be in a particular state after a large number of steps? Specifically, in the
context of Murphy's 1 and Ashley's 2, which can be interpreted as two competing states or
conditions within a stochastic process, exploring their long-term behavior provides valuable
insights into the stability, equilibrium, and expected outcomes of the system. This article
delves into the concept of long-run probabilities, examines the theoretical underpinnings,
and applies these ideas to the specific case involving Murphy's 1 and Ashley's 2.

Understanding Long-Run Probabilities in Markov
Processes

What Are Long-Run Probabilities?

Long-run probabilities, also known as stationary or equilibrium probabilities, refer to the
probabilities that a stochastic process will be in a particular state after a sufficiently large
number of steps. These probabilities are crucial because they tell us about the steady-state
behavior of the system, independent of the initial state.

For a Markov chain:

- The long-run probability of a state is the probability that the process is in that state in the
limit as time approaches infinity.

- These probabilities exist under certain conditions, such as the chain being irreducible (all
states communicate) and aperiodic (return times are not fixed), which ensure the chain has
a unique stationary distribution.

Significance of Long-Run Probabilities

Knowing the long-run probabilities allows analysts and researchers to:

- Predict the long-term behavior of complex systems.
- Evaluate the stability of states—whether certain states are more likely to be maintained
over time.



- Make informed decisions in scenarios involving stochastic modeling, such as economics,
gueuing systems, or biological processes.

Mathematical Foundations of Long-Run
Probabilities

Stationary Distributions

A stationary distribution, denoted as m, is a probability distribution over the states that
remains unchanged as the process evolves:

\[
\pi P = \pi
\]

where:

-\(\pi \) is the row vector of probabilities \( (\pi_1, \pi_2, ..., \pi_n)\),
-\( P\) is the transition matrix of the Markov chain.

Properties of a stationary distribution:

- Each \(\pi_i\geq 0),
-Sum ofall \(\pi_i=11),
- It represents the long-term proportion of time the process spends in each state.

Calculating Long-Run Probabilities

To determine the long-run probabilities for each state:

1. Define the transition matrix \( P \).
For example, in a two-state system involving Murphy's 1 and Ashley's 2, the matrix might
look like:

\[

P = \begin{bmatrix}
p {11} & p {12} \\
p_{21} & p_{22}
\end{bmatrix}

\]

2. Solve the stationary distribution equations:



\[
\pi_1=\pi_1p {11} + \pi_2 p_{21}
\]

\[
\pi_2 =\pi_1p {12} +\pi_2 p_{22}
\]

with the constraint:

\[
\pil+\pi2=1
\]

3. Obtain \(\pi_1\) and \(\pi_2\).
These are the long-run probabilities of Murphy's 1 and Ashley's 2, respectively.

Applying to Murphy's 1 and Ashley's 2

Contextualizing the States

Suppose Murphy's 1 and Ashley's 2 represent two competing states within a system—be it
a game, a biological process, or a decision-making scenario. The transition probabilities
between these states depend on various factors, which could include external influences,
internal dynamics, or strategic interactions.

For example:

- Murphy's 1 might represent a system being in a "success" state.
- Ashley's 2 could represent a "failure" or alternative state.

Understanding their long-run probabilities helps predict the system's ultimate behavior.

Constructing the Transition Matrix

Assuming a simplified two-state Markov chain:

\[

P = \begin{bmatrix}
p {11} & p {12} \\
p_{21} & p_{22}
\end{bmatrix}

\]
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Since each row sums to 1:

\[
p {11} +p {12} =1
\]
\[
p {21} + p {22} =1
\]

Calculating the Stationary Distribution

Solve the equations:

\[

\pi_ 1 =\pi_ 1p {11} + \pi 2 p {21}
\]

\[

\pi_ 2 =\pi_1p {12} +\pi 2 p {22}
\]

\[

\pi_l +\pi_2=1

\]

Express \(\pi_2\) in terms of \( \pi_1\):

\[
\pi2=1-\pi 1
\]

Plug into the first equation:

\[
\pi_1=\pi_1p {11} +(1-\pi_l) p_{21}
\]

Rearranged:

\[
\pi_1(1-p_{11} + p_{21}) = p_{21}
\]

\[



\pi_1 = \frac{p_{21}}{1-p_{11} + p_{21}}
\]

Similarly, \(\pi_2 =1 -\pi_1\).
Therefore:

\[

\boxed{

\text{Long-run probability of Murphy's 1} = \pi_1 = \frac{p_{21}}{p {21} + p_{12}}
}

\]

\[
\boxed{
\text{Long-run probability of Ashley's 2} = \pi_ 2 = \frac{p_{12}}{p {12} + p_{21}}

}
\]

Interpreting the Results for Murphy's 1 and
Ashley's 2

Implications of the Long-Run Probabilities

The derived formulas reveal the relative likelihoods of the system settling into each state:
-If\( p_{21} ) (transition from Ashley to Murphy) is high relative to \( p_{12} \), Murphy's 1
is more likely to dominate in the long run.

- Conversely, a higher \( p_{12} \) indicates Ashley's 2 is more stable over time.

Example scenarios:

- Balanced system: \( p_{12} = p {21} ), then both states are equally likely in the long
run.

- Dominant state: A significantly higher transition probability into one state results in a
higher long-run probability for that state.

Real-World Applications

Understanding these probabilities is essential in various fields:

- Economics: Predicting market states or consumer behavior.



- Biology: Modeling gene expression states or population dynamics.
- Game Theory: Analyzing strategic stability in repeated games.
- Operations Research: Planning for system reliability or customer flow.

Factors Affecting Long-Run Probabilities

Transition Probability Dynamics

The key factors influencing the long-term behavior include:

- Transition probabilities between states.
- The structure of the transition matrix (irreducibility and aperiodicity).
- External interventions or modifications to transition rates.

System Characteristics

- Irreducibility: All states communicate with each other; ensures a unique stationary
distribution.

- Aperiodicity: The system does not cycle through states in a fixed pattern, allowing
convergence to steady-state probabilities.

Conclusion: Long-Run Probabilities as a
Predictive Tool

The analysis of long-run probabilities provides a robust framework for understanding the
ultimate behavior of stochastic systems. In particular, for the case of Murphy's 1 and
Ashley's 2, the probabilities derived from transition dynamics enable prediction of which
state the system is likely to favor over time. Recognizing the influence of transition
probabilities and system properties helps in designing strategies, optimizing outcomes, and
understanding stability within complex processes.

By mastering these concepts, researchers and practitioners can better interpret the long-
term tendencies of systems modeled by Markov chains, ensuring informed decision-making
across diverse disciplines.



Frequently Asked Questions

What are the long-run probabilities of each state in
Murphy's 1 and Ashley's 2 models?

The long-run probabilities refer to the steady-state distribution of the Markov chain,
indicating the proportion of time the system spends in each state over the long term. They
can be calculated by finding the eigenvector associated with the eigenvalue 1 of the
transition matrix for each model.

How do | determine the long-run probabilities for
Murphy's 1 and Ashley's 2 models?

To determine the long-run probabilities, you need to construct the transition matrices for
each model, then solve for the stationary distribution by setting the vector n such that t =
nP, where P is the transition matrix, and ensuring that the probabilities sum to 1.

Are the long-run probabilities different between
Murphy's 1 and Ashley's 2 models?

Yes, the long-run probabilities can differ between the models depending on their transition
matrices. Each model's structure influences the stationary distribution, leading to different
long-term behavior.

What factors influence the long-run probabilities in
these models?

Factors include the transition probabilities between states, the structure of the transition
matrix, and whether the Markov chain is irreducible and aperiodic. These determine the
existence and uniqueness of the stationary distribution.

Can the long-run probabilities be used to predict future
states in Murphy's 1 and Ashley's 2 models?

While they provide the expected proportion of time spent in each state over the long term,
they do not predict specific future states. They are useful for understanding the system's
long-term behavior, not short-term predictions.

How do changes in transition probabilities affect the
long-run probabilities?
Adjusting transition probabilities alters the stationary distribution, potentially shifting the

long-run probabilities toward different states. This reflects how modifications in system
dynamics influence long-term outcomes.



Additional Resources
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Understanding the long-run probabilities of each state in a stochastic process is
fundamental for analyzing systems that evolve over time based on probabilistic rules. In the
context of Markov chains and related models, these probabilities tell us the likelihood of the
system being in a particular state after a sufficiently long period. When considering a model
such as "Murphy's 1 = Ashley's 2=", which suggests a two-state process with specific
transition dynamics, uncovering these long-term behaviors becomes both intriguing and
essential for applications across fields like economics, biology, and engineering.

In this article, we will explore what long-run probabilities of each state imply, how they are
calculated, and what they reveal about the stability and behavior of the underlying process.
We will specifically analyze the case where the states are labeled as "Murphy's 1" and
"Ashley’s 2," providing a detailed step-by-step guide to understanding and determining
their long-term probabilities.

What Are Long-Run Probabilities?

Long-run probabilities, also known as stationary distributions or steady-state probabilities,
refer to the probabilities that the system resides in each state after a long period, assuming
the process is ergodic (i.e., it is possible to reach any state from any other state, and the
process does not oscillate indefinitely). These probabilities are crucial because they give
insights into the typical behavior of the system rather than its short-term fluctuations.

Key points:

- They are independent of the initial state, provided the process is ergodic.

- They satisfy the stationary distribution equations, which balance the flow into and out of
each state.

- They are used to predict long-term averages and expected values of functions of the
states.

The Context: Murphy's 1 = Ashley's 2=
The notation “Murphy's 1 = Ashley’s 2” suggests a two-state Markov process where:

- State 1: Murphy’s state
- State 2: Ashley’s state

The model likely involves transition probabilities between these two states, which
determine how the system evolves over time.

Possible assumptions:

- The process is Markovian, meaning the next state depends only on the current state.



- Transition probabilities are fixed over time (time-homogeneous).

Setting Up the Model

To analyze the long-run probabilities, we first need to specify the transition matrix. Suppose
the transition probabilities are:

| | Next State = 1 (Murphy) | Next State = 2 (Ashley) |
R R —— oo |

| Current State = 1 (Murphy) | p11 | p12 |

| Current State = 2 (Ashley) | p21 | p22 |

Where:

- p1l1 = probability of staying in Murphy’s state

- p12 = probability of transitioning from Murphy’s to Ashley’s
- p21 = probability of transitioning from Ashley’s to Murphy’s
- p22 = probability of staying in Ashley’s state

Since the rows must sum to 1:

pll +pl2=1
p2l + p22 =1

Calculating the Long-Run Probabilities

The stationary distribution i is a probability vector:
nm = [m, m2]

such that:

-Ma+m=1
- The distribution remains unchanged after the transition, i.e.,

\[ \pi \times P = \pi \]
which leads to the system of equations:

\[\pi_1=\pi 1p {11} +\pi 2 p {21} \]
\[\pi_2 =\pi_1 p_{12} +\pi_2 p_{22}\]

Given the constraints, only one of these equations is independent. Typically, we solve:

\[\pi_1 =\pi_1 p_{11} + \pi_2 p_{21}\]
\[\pi_1 +\pi_2 = 1\]



Substituting m2 = 1 - m1 into the first equation:
\[\pi_l=\pi 1p {11} +(1-\pi_ 1)p {21} \]
Rearranged:

\[\pi_ 1 =\pi 1p {11} +p {21} -p {21} \pi_1\]
\[\pi_1-\pi 1p {11} +p {21} \pi 1 =p {21} \]
\[\pi_ 1 (1-p {11} +p {21}) =p_{21}\]

Thus:

\[\pi_1 =\frac{p_{21}}{1-p {11} + p {21}}\]

And:

\[\pi_2 =1-\pi_1=\frac{l-p_{11}}{1-p_{11} + p_{21}}\]

Interpreting the Long-Run Probabilities

Once the transition probabilities are known, the long-run probabilities give us the expected
proportion of time the system spends in each state over the long term.

Examples:
- If Murphy's state is highly stable (p11 close to 1), the system will spend most of its time in
Murphy's state.

- If transitions from Ashley to Murphy are frequent (p21 large), the system tends to favor
Murphy’s state in the long run.

Special Cases and Their Implications
1. Absorbing States
If one state is absorbing (e.g., p11=1), then:

- Long-run probability for that state is 1.
- The other state’s probability is 0.

This indicates the process will eventually settle permanently into that state.
2. Symmetric Transition Probabilities

If p11 = p22 and pl2 = p21, the process is symmetric, and the long-run probabilities are
equal (both 0.5), reflecting a balanced long-term behavior.

3. Irreducible and Aperiodic Chains



For a chain that is irreducible (all states communicate) and aperiodic (no cyclical behavior),
the stationary distribution exists and is unique. This guarantees convergence of the
distribution over time.

Practical Applications

Understanding the long-run probabilities of each state in models like Murphy's and Ashley’s
can be applied in various domains:

- Economics: Modeling market states, consumer behavior, or policy regimes.
- Biology: Population dynamics, gene expression states.
- Engineering: System reliability states, failure modes.

Summary: Step-by-Step Procedure
To determine the long-run probabilities in a two-state model like Murphy's 1 = Ashley's 2=:

1. Identify the transition matrix with the probabilities pl11, pl12, p21, p22.
2. Verify the Markov chain is ergodic (irreducible, aperiodic).
3. Set up the stationary distribution equations:

- =1 pll + m2 p21
-T2 = pl2 + M2 p22
-Mi+m=1

4. Solve for mx and 12 using algebraic manipulation.
5. Interpret the results to understand the long-term behavior of the system.

Final Thoughts

The question of what are the long-run probabilities of each state in a process like "Murphy's
1 = Ashley's 2=" underscores the importance of transition dynamics and stability analysis
in stochastic models. Whether modeling customer loyalty, biological states, or machine
reliability, these probabilities help predict the system's equilibrium behavior and inform
decision-making.

By carefully analyzing the transition probabilities and solving the stationary distribution
equations, analysts can gain valuable insights into the long-term expectations and stability
of the modeled process, ultimately leading to more informed strategies and better
understanding of the underlying phenomena.
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